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ABSTRACT. This paper shows how to, given X-ray data of a convex bodyfiwo sources (where
the line segment connecting the sources intersects thrgointd the convex body), compute tangent
lines at the points of intersection. These tangent linevigeous with an approximation of the
convex body and we use this as a starting point for the reaggiiin algorithm. We show the global
error in reconstruction is bounded by the arbitrarily srt@dhl error in our initial approximation.

1. INTRODUCTION

Many questions in the field of geometric tomography are stiitnswered. We focus on the
problem of reconstructing a convex badyrom its directed X-ray data from two sources. Previous
work has been done on the situation where the line connetttentyvo point sources intersects the
interior of K. It has been proven that in this situation, the two point sesiuniquely determine
a convex body. A method of finding the location of the two piot intersection has also been
determined. One reconstruction algorithm has been pudaligking this knowledge. We build from
this previous knowledge to find tangent lines at the poiniatefsection, as well as create another
algorithm for reconstruction. We also look at the error imed in our theory of reconstruction.

1.1. Background and Definitions.

Definition 1.1. Throughout this paper, aonvex body, K, is assumed to be a compact, convex
subset of the plane with non-empty interior. The bounda#y sfdenotedK.

Definition 1.2. Given a convex bodi, a source s, and a rag from s, thenearside point is the
closest point inp N K and thefarside point is the furthest point in the intersection.

Definition 1.3. Thenearsidefunction, r(¢), is determined by the set of near side points. Similarly,
thefar side function, R(¢) is determined by the set of far side points.

Definition 1.4. A directed X-ray is the chord length of a convex body along a particular dii@ct
¢ from a given point s, which is called tipeint source. The directed X-ray oK is equivalently
defined as

X(9) =R(9) —r(¢).

This work was done during the Summer 2005 REU program in Mattties at Oregon State University.
1



2 Jason Siefken, Lena Spargo

Definition 1.5. The curvature operator, Xf(¢), characterizes the direction of concavity and is
defined as

Kf=f242(f)2— 1.

where X f(¢) is positive and takes on the sign of the signed curvatureeofitbph of the function
fat¢. This operator is defined when f i$G1]

K will be used throughout this paper to denote an arbitraryeomody. We will focus on the
situation whereK lies between two point sources andb, such that the line connectiregandb
intersects the interior of.

Theorem 1.6. Suppose a and b are two points in the plane, &hand K are convex bodies with
the same chord functions at a and b. If the interiorgdodnd K meet the line segmenjoining a
and b, and a and b are exterior td and K, thenH = K. [4]

This was proved by Gardner [4] in 1978 and revised in 1983wastalso independently proven
by Falconer [3] in 1981. In Falconer’s paper, he producedmatita that finds the intersection of
0K and the line/ connecting our two point sourcasandb.

Lemma 1.7. If a and b are both interior points, then two X-ray functiog, and X, uniquely
determine p and g, the intersectionfthe line connecting a and b, aX. If a,b ¢ K, X5 and

Xp, may allow two possibilities for p and q: eithergplie between a and b or,p lie to one side of
a,b.[3]

Lemma 1.8. Suppose that p and g are known and that a and b are either bt¢hion or both
exterior points. ThedK is determined in some neighborhood of p and q by the choictifurs X
and X%,. [3]

Using these theorems, Dartmann [2] was able to create astaction algorithm. He assumed
the tangent lines at the points of intersection were vdréind found an approximation point of
the convex body. From this point he added the X-ray data andd@ new approximation. He
continued this process until he reconstructed the entidg.dde apparently was not aware that the
tangent lines can be computed at the two points of intexm@ctlis assumption that the tangent
line is vertical limits his reconstruction algorithm.

2. TANGENT LINES OFK

Before we begin, let us define some notation: Nearside painatsienoted,(dn) andry(Yn).
Farside points are denot&(¢n) andR, (). The nearside and farside points at zero are denoted
raandRy, rp andRy,. Nearside approximated points are dengtggdandy, . Farside approximated
points are denotel,, andl, . Nearside and farside approximated points at zero are elépot
andr 5, yp andlp,.

SinceK is convexdK has left and right tangent lines at every point. In particulese are easily
computable at the point of intersection from Falconer'sitssand some elementary calculations.
We have the following theorem:

Theorem 2.1.Given a convex bod¥ and X-ray sources a and b such that the line passing through
a, b intersect9)K at two points p and q, it is possible to compute upper and |denegent lines of
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JK at p and qg. In particular,
—ra(RaXt/, —pX3)

(1) rh= RRo_rary
2) Mp = _rT-\EaR;bxé:rzxé)

3) R, — _raFgaRFjbxf ;;;Xé) X
© R

Proof. BecauseK is convex, we know that upper and lower tangent lines must exievery point
ondK. Let ¢ be the positive polar angle measured anticlockwise fromt@oandy be the angle
measure clockwise from poift Letry(¢) andRa(¢) denote the nearside and farside functions
from sourcea, respectively. Similarly, let,(Q) andR, () be the nearside and farside functions
from sourceb. Considera, b to be on the x-axis and any useaéndb in an equation will refer to
the x-coordinate o& andb.

Any pointx € dK can be represented in two different ways. Assumxtigs on the farside with
respect to sourca, x can be described by the coordinates(¢),$) or (Ro(W), ).

With the triangle/Aaxb, the law of sines gives us

(W) _ Ra(9)
(

sin(¢)  sin

By cross multiplying, we find thaty () sin(W) = Ra(¢)sin(¢). Differentiating this with respect
to ¢ and treatingp as a function ofp, we obtain

[rh(W) sin(W) + ro(W) cos )| W' (9)
Solving fory/ yields

(5) W (0) =

Ra(9) sin(9) + Ra(¢) cog9).

Ra($)sin(¢) +Ra(¢) cos(¢)
rp(W) sin(y) + rp(W) cogy)
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Substitutingp = 0 gives

©) WO =

Note thatR, andrp, are shorthand foR;(0) andry(0).
Alternatively, the law of cosines tells us

ro(W)? = (b— )+ Ra($)? — 2(b— a)Ra(9) cog$).
Differentiating with respect t¢ gives us
(7)) 2p(W)rp(W)W (9) = 2Ra(9)R,(9) — 2(b— )R;(¢) co(d) +2(b— a)Ra(d) sin(9),

and solving forr{ () yields

Ra(¢)Ra(9) — (b—a)Ry(¢) cogd) + (b—2)Ra(9) sin(9)
(W)W (9) '

Letting ¢ = 0 and substituting equation (6) fgr, we obtain

I'b
N=—2"R.
b Ra a

If we now assume is on the nearside with respecta@nd go through the same computations, we
get
/ / —ra
0)=— and rg=—
¢ ( ) ra a Rb

Note that
Xa=Ry,—ry and X =R,—r}.

After cross-multiplying our nearside derivatives and siilng our equations above solved for
R, andR;, we get the matrix equation

g1

Notice that de< it)’ ;Z ) = RaRp —rarp > 0 becaus®,R, > rarp. This ensures there are always

solutions forry, andry,. Elementary linear algebra shows us

—Ta(RaXj — o Xa)
RaRo —rarp
—Ip(RoXg — raXp)

RaRo—ralp

/
ra

_1
o=
I
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We now have an expression figrandr{ involving only known quantities. We add the derivative
of our X-ray data to find

—ra(Raxtl, —pX3) /

— X

a RaRo—Talp 2
. _rb(RbXé_ raxkl)) /
Ro= RaRo —rafb %

O

2.1. Second Derivative. If we assum@K € C?, we may calculate’/ andry. Recall equation (7)
from our first derivative formula.

25(W)rp (W' (9) = 2Ra(¢)Ra(9) — 2(b— a)Ry(9) co9) +2(b — a)Ra(¢) sin(¢).

Differentiating again and substitutifg= 0, we get

o _ (Ra)®+RaRg — (b— )R + (b—a)Ra — (1) *(¥/(0)) — rurp"(0)
a ro('(0))? '

Working from equation (5), we can fingt’,

B 2r2R, — 2R2r},

3
s

V' (0)

Substituting this in gives

|(Ro)2+RaRi — (b—@)R{ + (b— @)Ra — 2R, + (1) 2RE| 1o
ry = :
Combining this with our previous result theit= —é—iR’w
. [(0—2)[Re— RaRy] +2égRa+ "b)(Ra)*+ RER4] 1.

Noticing that(R; + rp) = (b—a), we can factor outb — a) and notice our curvature operator
leftover. We get a nice formula fof and through a similar process;

! — rb(b_ a) KRa R,a{rb
o _Ta@-b)XR,  Ryra
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3. RECONSTRUCTIONIDEA

The basic idea behind reconstructikgs to repeatedly push (and sometimes pull) X-ray data
from both sources onto the continually-improving nearsigdproximations until we are arbitrarily
close toK.

It is clear that given an approximation kf, ya 1, an approximation t&a, a1, is

Ma1(d1) = Ya1(d1) + Xa(dz).

With the appropriate change of coordinateég; becomes a nearside approximation from sobrce
calledyy 1. It is then evident that

Mb1(0) = Yo,1(0) +Xo(d).

Now change to polar coordinates centered ahdl", 1 becomes our new nearside approximation,
Ya2. This process gives a sequence of functi{)m((q))}le.

4. ERRORESTIMATES IN RECONSTRUCTINGK

In this section, assumaK < C2. Theorem (2.1) shows we can obtain valuesrfoexactly. Let
our first approximationya 1(¢1), of ra(¢1) be the point of intersection of the tangent linedéf at

ra and the rayp1. Then

4

racog(91) —rasin(¢s)
A standard measure of error is given by the difference batweactual and our estimate, namely,
Ea1(91) =ra(91) —Ya1(d2).
Expanding via Taylor Series shows us
r! 2 I h2
Ea1(9) = (ra+ rad + ag’ ) - (va+\/a¢+ Vag’ ) +0(¢°).

Ya is tangent taa(¢) at¢ = 0, so the first two terms of the Taylor Series fg@n andra(¢1) are
equal. This simplifies our equation to

Ya1(91) =

2
Ean(0) = (1 v ¥+ 0(0%).
Focusing just om} —ys, multiplying byra/ra and noticing a = ya, we see
rg _Va{ _ rarg _Vay’e{
la
Sincerg =y, andr, =y, by (1),
(rars —2(r2)> = 12) = (YaV4 — 2022 )

la

Vi

_ —(Kra) + (KYa)

la



An Algorithm for Reconstruction of a Convex Body From Two RidBources 7

Becausey, 1 is a line, Kya 1 = 0. This means our error is

—(Kra)0?

3
o +O(0%).

(8) Ea71(¢) =

4.1. Iterations of Local Error. In the previous section, we found the local error betweerficair
approximated point and the actual point. In this section @ak lat how the local error changes
with the first two iterations of our proposed reconstructbgorithm. Adding the X-ray data to
our first approximationy, 1, we findlM5 1. Looking atl"3 1 as a point on the ray; from the source
b, we now call thisy, 1 and will look at the difference between this approximatethpand our
actual pointrp(y1)

Ep1(Y1) = rp(P1) — Yo (Y1).

Expanding using Taylor series and canceling the first twmsesf each, as we did in the previous
error, our error simplifies to

2
Epa(P1) = (rp — Vb/)% +0(43),

sincery, = yp andrg, =y, by (2).
Focusing just omy — Vi, we remember we have found a formula ffrpreviously, and we can
similarly find a formula for our approximated poij}

s to(b—a)KRa  Rirp ,_ Yo(b—a)KTa  Tivs

Note that all of our approximation points and their first datives at zero are equal to our actual
points and first derivatives at zero. Using our definitionshef second derivatives, our difference

becomes
v g (To(b—a)KRa  Rarp) (ro(b—a)XTa  Tarp
o —VYo = ( R + R = - R, )
Factoring and combining like terms we see
rp(b—a rp

© 5 = 20 (R &)+ 2R T
Focusing orR} — 'y, multiplying by Ra/R,, and remembering th&,; =I5, we find

R/ " = RaR’e{ — rarg

a a .

Ra

Adding terms that equal zero we get

/ " (RaRa{ _ Z(Ra)z - Rg) _ (rarg _ 2(”1)2 - rg)
Ry~ = =

_ —(XRa— KTa)
e
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Plugging this back into our equation (9) and factoring we see

. rb<b_a) My
_V,b— Rg (KRa_Kra)_ﬁg(KRa_Kra)
rp(b—a) —rpRa

= Rg (KRa— Kra)-

Note that

rp(b—a) —rpRa =rp(b—a—Ry)

= rp(rp)

=r2.

With this observation our equation now looks like

= Yb = _(KRa KT a).

Expanding the curvature operators, cancellng equal teanasfinally factoring, we find
r2
Yo = —b[(R2+ 2(Rp)? —RaRg) — (M5 +2(T0)? —Tal3)]

I’

R%( ar// RaR//)

a

I’

Rt;(l—// R//)

Note that

Mo =Ry = (i +X4) = ({+X¢)
= V414,

With this we have
2
r
i = a2
a
In the previous section, we found a formula for the oppoditg e-r;, but we restate it as
V/ r// — (‘](ra>

a a

Our final formula becomes
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Inserting this back into our error equation, we see

2 2
Epa(0) = (%) ]

With a second iteration we can compare the first two approtxema that are considered nearside
points of the same source, a. Adding the X-ray date,(f1) to the approximated poiry, 1, we
find our new approximated poifit, 1, or Ya 2. The error between this point and the actual point
will be

Ea2(92) = ra(d2) — Ya2(d2).

Expanding with Taylor series, as we did with the last calitoig we find

¢2
Ea2($) = (r{ —¥4) % +0(0%).

Focusing ot —V,, and following the same steps as the last iteration, we olth&i formula
" V/ _rg " V/
ra—Ya= o (rb_ b)-
Ry

Our previous calculation revealed an equationrfor yp. Substituting this in we see

() (R) 5

Inserting this back into the error equation, we finally olser

2 2 2
a\ ("o —(Kra)o 3
<) (j) 2 row

We have now found the coefficient of thé term of our error. Observe that < Ry andrp, < Ry,
If we refer back to our first error, equation (8) and compaeedbefficient ofp? to the coefficient
of $2 in our iterated error in equation (10), it can be determired t

2 2N\ _ _
T2\ (b)) —(Xra) < (Kra) and therefore Es2 <Ea1
R% th) la ra / /

As far as theh? term we know the local error is decreasing with each itenatibwe continued the

(10) Ea72(¢) = (

2 2
algorithm, it would continue to get smaller by a factor@g) (%) with each iteration of our
algorithm. Proceeding inductively we have the followinguk

Theorem 4.1. Let ry(¢x) be the nearside point from source a at angdg) andy,k(¢x) be its
approximation. With each iteration of the reconstructidgaithm, the formula for the local error
on ray (¢k) is as follows

2(k-1) 2(k-1) 5
Eak(dx) = ra(dx) — Yak(dk) = — [(;—Z) ] [(%) ] K:q) +0(6%), Vk>1.

We have not yet determined what happens to the terms beayond
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4.2. p-error.

Definition 4.2. p-measure is defined as

/ f(xy) dA.
B Y

where B is some area andXy) is a function that isl if (x,y) € B andO otherwise. p-error has a

polar form
/¢1 /°° f(r, 6
sin(6

We will define thep-error, E;, to be thep-measure of the symmetric difference between our
approximation oK andK itself. The symmetric difference betweBrandK is defined as

B\K UK\B.

Note that

[ ety X
0 Sin(®) " sin@)’

The localp-error ofy, 1 is therefore by (8)

_ %1ra(d) —va1(9)
Eiiyas ($1) _/o Sin0) dé

gr —2(K10° L0009
_/ sm sm(q))

Considering onlyp; small, sid) ~ ¢ for all 0 < ¢ < ¢4, therefore

o —1 a
Epiyaq (91) :/o @4‘0(4’2)@

- ) "2 007 do,

2ra a

finally giving
1
Epyaa(01) = —7(Kra)d1° +0(07) = O(07).
Now consider thgr-error oflg 1 = Ya 1 + Xa.

[P Ra(0) a0 (Fa(®) + Xa($)) — (Ya1(®) +Xa(0))
Eursy(62) = [ s ) dp / p—

do =Epy,, (91)
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Eiiyas (91)

But, becauset-error can be represented in rectangular coordinategy-#veor is invariant if we
change the origin of our polar coordinates.

Let Y1 be the angle needed to meet the pdigti(¢1) from sourceb and letyy, 1 be the repre-
sentation of 4 1 in polar coordinates centeredlatlt is geometrically clear that

By (W1) <EBura, (1)

We will exploit this fact when discussing reconstruction.

5. RECONSTRUCTION

We intend to show that we can construct an arbitrarily clgggr@ximation toK, but first we
need a helpful lemma.

5.1. Intersections of Approximations.

Lemma 5.1. Given a continuous near-side approximatiggy on [0, ¢], that is always “closer”
to the source than the actual nearsidg, ite. ya 1 < ra andya 1(0) =ra(0) and similarly,y, 1, then
if M1, p 1 are the corresponding farside approximatiohg, NIy 1 € K.
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Proof. First consider the case wheyg, is strictly closer thamy, i.e. ya1(¢) <ra(¢) for ¢ >0
andy, 1(0) = ra(0).

Without loss of generality, we need only consider the top bhbur convex bodyK. Define
the angled, > O such that the ray from soureeat this angle is a supporting ray, and suppose
Xa(¢1) = 0. Similarly define an angley; > 0 such that the ray at anglp; from sourceb is
a supporting ray and assun¥g(y;) = 0. Let ray(¢1) denote the ray at angle; emanating
from a and ray, (1) denote the ray fronb. & = ray,(d1) Nray,(P1), m= ray,(¢1) N oK, and
n = ray,(P1) NoK.

Let px denote thex-component of a poinp. It is clear thatmy, < {x < ny. Indeed, leta =
Ma,1NOK andB = 1 NOK. Note thatoy < my < ny < By. This is evident if you consideg, 1 is a
strictly closer approximation of meaningy, 1 +Xa =41 is a strictly closer approximation &%.
Therefore[ 31(¢) NRa(p) =0 for ¢ > 0. Soa =Tz1(dp)Nra(d) for > O which by definition,
must be on the left side oh. Similarly, Bx > n.

Call By 1 the body with near-sidg, 1 and farsidd 5 1 andBy, ; the body with near-sidg, 1 and
farsidel, 1. The only points ofB, 1 exterior toK are those to the left ak and the only points
of By 1 exterior toK are to the right ofd. Considering only the region strictly above the line
ab, labelt = Ba 1M Bp,1. In order fort to be exterior tK, By < ty < ay must be satisfied. But
Ox < my < ny < By yields a contradiction. Soe K.

Now consider the case wheyg; < ra. Define a new nearside approximation

Yae(®) = Ya1(d) — €9,

for smalle > 0. Note thaty,¢ < ra when¢ > 0, sola¢ NIy € K. Lete take on values of the
convergent sequenc%mlk}k . for some appropriatey > 1. Because&K is compact and all our
functions are continuouﬁ,a;m Mpe Will remain inK asya ¢ — ra.

If Xa($1) >0 orXp(W1) > 0, the same proof goes through with obvious modifications. [
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Let our first attempt at an approximating body have the néargi 1, defined as the tangent line
tora(0),
(9) = £
Yt =t cog9) — rgsin(e)

Intuitively, the first farside approximation is

Fa1(9) =VYa1(9) +Xa(9).

Identically to Section 4.2, defing 1 () to be the 5 1 as represented by polar coordinates centered
atb. Then

Mb,1(W) = Yo, 1(W) + Xo(W).

Switchingly 1 to polar coordinates centeredaatwe get our next approximatiog ». Inductively,
continue to defing, n this way. We will show vigu-error that this sequence convergesd@nd
therefore reconstructs our body.

First, consider an arbitrarily small angpe > 0. We already showed that

Epyas(91) = O(09).
Now consider the corresponding. We also showed
Epiyai(91) > By, (W1)

We are now ready to do the next iteration, this time over eleaggled,, but there is one situation
we must avoid if we are to keep a non-increasing sequengegbrs.

A simple solution is to use Lemma 5.1. Consider using thisaitee approximation method to
make approximations starting from bathandb. Then, letd, point to the intersection between
some farside approximation from soutzand the farside approximation from souece
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Choosing subsequed, in this way ensures

Epiyas(91) > By ,(02) > -+ > By, o (0n).

So, p-error is certainly bounded as our approximation sweepsadatger and larger area. But,
because,y,, (¢1) = O(¢%), we can make the totakerror small by choosing; small.

6. CONCLUSION

We've shown here how to find the first and second derivativéBehearside and farside func-
tions at the base points of our convex body from the X-ray dathFalconer’'s lemma, (Lemma
1.7). Using our theory of reconstruction we should be abletonstruct a convex body. We have
also looked at the local error between the convex body andeaonstruction, and we have shown

2 2
that the first term in this error is decreasing by a facto(@‘) (%) with each iteration of our

algorithm.

We have not been able to show complete convergence to thie eativex body, but we can as-
sure convergence on a finite interval of substantial lenginalso have not been able to investigate
local error terms on the ordée.
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