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ABSTRACT. This paper shows how to, given X-ray data of a convex body from two sources (where
the line segment connecting the sources intersects the interior of the convex body), compute tangent
lines at the points of intersection. These tangent lines provide us with an approximation of the
convex body and we use this as a starting point for the reconstruction algorithm. We show the global
error in reconstruction is bounded by the arbitrarily smalllocal error in our initial approximation.

1. INTRODUCTION

Many questions in the field of geometric tomography are stillunanswered. We focus on the
problem of reconstructing a convex bodyK from its directed X-ray data from two sources. Previous
work has been done on the situation where the line connectingthe two point sources intersects the
interior of K. It has been proven that in this situation, the two point sources uniquely determine
a convex body. A method of finding the location of the two points of intersection has also been
determined. One reconstruction algorithm has been published using this knowledge. We build from
this previous knowledge to find tangent lines at the points ofintersection, as well as create another
algorithm for reconstruction. We also look at the error involved in our theory of reconstruction.

1.1. Background and Definitions.

Definition 1.1. Throughout this paper, aconvex body, K, is assumed to be a compact, convex
subset of the plane with non-empty interior. The boundary ofK is denoted∂K.

Definition 1.2. Given a convex bodyK, a source s, and a rayϕ from s, thenearside point is the
closest point inϕ∩K and thefarside point is the furthest point in the intersection.

Definition 1.3. Thenearside function, r(ϕ), is determined by the set of near side points. Similarly,
thefar side function, R(ϕ) is determined by the set of far side points.

Definition 1.4. A directed X-ray is the chord length of a convex body along a particular direction
ϕ from a given point s, which is called thepoint source. The directed X-ray ofK is equivalently
defined as

X(ϕ) = R(ϕ)− r(ϕ).

This work was done during the Summer 2005 REU program in Mathematics at Oregon State University.
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Definition 1.5. The curvature operator, K f(ϕ), characterizes the direction of concavity and is
defined as

K f = f 2+2( f ′)2− f f ′′.

whereK f (ϕ) is positive and takes on the sign of the signed curvature of the graph of the function
f at ϕ. This operator is defined when f is C2. [1]

K will be used throughout this paper to denote an arbitrary convex body. We will focus on the
situation whereK lies between two point sources,a andb, such that the line connectinga andb
intersects the interior ofK.

Theorem 1.6. Suppose a and b are two points in the plane, andH andK are convex bodies with
the same chord functions at a and b. If the interiors ofH andK meet the line segmentℓ joining a
and b, and a and b are exterior toH andK, thenH = K. [4]

This was proved by Gardner [4] in 1978 and revised in 1983, butwas also independently proven
by Falconer [3] in 1981. In Falconer’s paper, he produced a formula that finds the intersection of
∂K and the lineℓ connecting our two point sourcesa andb.

Lemma 1.7. If a and b are both interior points, then two X-ray functions,Xa and Xb, uniquely
determine p and q, the intersection ofℓ, the line connecting a and b, and∂K. If a,b /∈ K, Xa and
Xb may allow two possibilities for p and q: either p,q lie between a and b or p,q lie to one side of
a,b. [3]

Lemma 1.8. Suppose that p and q are known and that a and b are either both interior or both
exterior points. Then∂K is determined in some neighborhood of p and q by the chord functions Xa
and Xb. [3]

Using these theorems, Dartmann [2] was able to create a reconstruction algorithm. He assumed
the tangent lines at the points of intersection were vertical and found an approximation point of
the convex body. From this point he added the X-ray data and found a new approximation. He
continued this process until he reconstructed the entire body. He apparently was not aware that the
tangent lines can be computed at the two points of intersection. His assumption that the tangent
line is vertical limits his reconstruction algorithm.

2. TANGENT L INES OFK

Before we begin, let us define some notation: Nearside pointsare denotedra(ϕn) andrb(ψn).
Farside points are denotedRa(ϕn) andRb(ψn). The nearside and farside points at zero are denoted
ra andRa, rb andRb. Nearside approximated points are denotedγa,n andγb,n. Farside approximated
points are denotedΓa,n andΓb,n. Nearside and farside approximated points at zero are denotedγa
andΓa, γb andΓb.

SinceK is convex,∂K has left and right tangent lines at every point. In particular, these are easily
computable at the point of intersection from Falconer’s results and some elementary calculations.
We have the following theorem:

Theorem 2.1.Given a convex bodyK and X-ray sources a and b such that the line passing through
a,b intersects∂K at two points p and q, it is possible to compute upper and lowertangent lines of
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∂K at p and q. In particular,

(1) r ′a =
−ra(RaX′

b− rbX′
a)

RaRb− rarb
,

(2) r ′b =
−rb(RbX′

a− raX′
b)

RaRb− rarb
,

(3) R′
a =

−ra(RaX′
b− rbX′

a)

RaRb− rarb
+X′

a,

(4) R′
b =

−rb(RbX′
a− raX′

b)

RaRb− rarb
+X′

b.

Proof. BecauseK is convex, we know that upper and lower tangent lines must exist at every point
on ∂K. Let ϕ be the positive polar angle measured anticlockwise from point a andψ be the angle
measure clockwise from pointb. Let ra(ϕ) andRa(ϕ) denote the nearside and farside functions
from sourcea, respectively. Similarly, letrb(ψ) andRb(ψ) be the nearside and farside functions
from sourceb. Considera,b to be on the x-axis and any use ofa andb in an equation will refer to
the x-coordinate ofa andb.

Any pointx∈ ∂K can be represented in two different ways. Assumingx lies on the farside with
respect to sourcea, x can be described by the coordinates

(

ra(ϕ),ϕ
)

or
(

Rb(ψ),ψ
)

.

x

a bψϕ
Ra(ϕ)

rb(ψ)

With the triangle△axb, the law of sines gives us

rb(ψ)

sin(ϕ)
=

Ra(ϕ)

sin(ψ)
.

By cross multiplying, we find thatrb(ψ)sin(ψ) = Ra(ϕ)sin(ϕ). Differentiating this with respect
to ϕ and treatingψ as a function ofϕ, we obtain

[

r ′b(ψ)sin(ψ)+ rb(ψ)cos(ψ)
]

ψ′(ϕ) = R′
a(ϕ)sin(ϕ)+Ra(ϕ)cos(ϕ).

Solving forψ′ yields

(5) ψ′(ϕ) =
R′

a(ϕ)sin(ϕ)+Ra(ϕ)cos(ϕ)

r ′b(ψ)sin(ψ)+ rb(ψ)cos(ψ)
.



4 Jason Siefken, Lena Spargo

Substitutingϕ = 0 gives

(6) ψ′(0) =
Ra

rb
.

Note thatRa andrb are shorthand forRa(0) andrb(0).
Alternatively, the law of cosines tells us

rb(ψ)2 = (b−a)2+Ra(ϕ)2−2(b−a)Ra(ϕ)cos(ϕ).

Differentiating with respect toϕ gives us

(7) 2rb(ψ)r ′b(ψ)ψ′(ϕ) = 2Ra(ϕ)R′
a(ϕ)−2(b−a)R′

a(ϕ)cos(ϕ)+2(b−a)Ra(ϕ)sin(ϕ),

and solving forr ′b(ψ) yields

r ′b(ψ) =
Ra(ϕ)R′

a(ϕ)− (b−a)R′
a(ϕ)cos(ϕ)+(b−a)Ra(ϕ)sin(ϕ)

rb(ψ)ψ′(ϕ)
.

Lettingϕ = 0 and substituting equation (6) forψ′, we obtain

r ′b = −
rb

Ra
R′

a.

If we now assumex is on the nearside with respect toa and go through the same computations, we
get

ϕ′(0) =
Rb

ra
and r ′a =

−ra

Rb
R′

b.

Note that

X′
a = R′

a− r ′a and X′
b = R′

b− r ′b.

After cross-multiplying our nearside derivatives and substituting our equations above solved for
R′

a andR′
b, we get the matrix equation

[

Rb ra
rb Ra

][

r ′a
r ′b

]

=

[

−raX′
b

−rbX′
a

]

.

Notice that det

(

Rb ra
rb Ra

)

= RaRb−rarb > 0 becauseRaRb > rarb. This ensures there are always

solutions forr ′a andr ′b. Elementary linear algebra shows us

r ′a =
−ra(RaX′

b− rbX′
a)

RaRb− rarb

r ′b =
−rb(RbX′

a− raX′
b)

RaRb− rarb
.
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We now have an expression forr ′a andr ′b involving only known quantities. We add the derivative
of our X-ray data to find

R′
a =

−ra(RaX′
b− rbX′

a)

RaRb− rarb
+X′

a

R′
b =

−rb(RbX′
a− raX′

b)

RaRb− rarb
+X′

b.

�

2.1. Second Derivative. If we assume∂K ∈C2, we may calculater ′′a andr ′′b. Recall equation (7)
from our first derivative formula.

2rb(ψ)r ′b(ψ)ψ′(ϕ) = 2Ra(ϕ)R′
a(ϕ)−2(b−a)R′

a(ϕ)cos(ϕ)+2(b−a)Ra(ϕ)sin(ϕ).

Differentiating again and substitutingϕ = 0, we get

r ′′b =
(R′

a)
2+RaR′′

a− (b−a)R′′
a +(b−a)Ra− (r ′b)

2(ψ′(0))2− rbr ′bψ′′(0)

rb(ψ′(0))2 .

Working from equation (5), we can findψ′′,

ψ′′(0) =
2r2

bR′
a−2R2

ar ′b
r3
b

.

Substituting this in gives

r ′′b =

[

(R′
a)

2+RaR′′
a− (b−a)R′′

a +(b−a)Ra−2r ′bR′
a+ 1

r2
b
(r ′b)

2R2
a

]

rb

R2
a

.

Combining this with our previous result thatr ′b = − rb
Ra

R′
a,

r ′′b =

[

(b−a)[R2
a−RaR′′

a]+2(Ra+ rb)(R′
a)

2+R2
aR′′

a

]

rb

R3
a

.

Noticing that(Ra + rb) = (b− a), we can factor out(b− a) and notice our curvature operator
leftover. We get a nice formula forr ′′b and through a similar process,r ′′a:

r ′′b =
rb(b−a)K Ra

R3
a

+
R′′

arb

Ra

r ′′a =
ra(a−b)K Rb

R3
b

+
R′′

bra

Rb
.
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3. RECONSTRUCTIONIDEA

The basic idea behind reconstructingK is to repeatedly push (and sometimes pull) X-ray data
from both sources onto the continually-improving nearsideapproximations until we are arbitrarily
close toK.

It is clear that given an approximation ofra, γa,1, an approximation toRa, Γa,1, is

Γa,1(ϕ1) = γa,1(ϕ1)+Xa(ϕ1).

With the appropriate change of coordinates,Γa,1 becomes a nearside approximation from sourceb
calledγb,1. It is then evident that

Γb,1(ϕ) = γb,1(ϕ)+Xb(ϕ).

Now change to polar coordinates centered ata andΓb,1 becomes our new nearside approximation,
γa,2. This process gives a sequence of functions

{

γa,k(ϕ)
}∞

k=1.

4. ERROR ESTIMATES IN RECONSTRUCTINGK

In this section, assume∂K ∈C2. Theorem (2.1) shows we can obtain values forr ′a exactly. Let
our first approximation,γa,1(ϕ1), of ra(ϕ1) be the point of intersection of the tangent line of∂K at
ra and the rayϕ1. Then

γa,1(ϕ1) =
r2
a

racos(ϕ1)− r ′asin(ϕ1)
.

A standard measure of error is given by the difference between the actual and our estimate, namely,

Ea,1(ϕ1) = ra(ϕ1)− γa,1(ϕ1).

Expanding via Taylor Series shows us

Ea,1(ϕ) =

(

ra+ r ′aϕ+
r ′′aϕ2

2

)

−

(

γa+ γ′aϕ+
γ′′aϕ2

2

)

+O(ϕ3).

γa is tangent tora(ϕ) at ϕ = 0, so the first two terms of the Taylor Series forγa,1 andra(ϕ1) are
equal. This simplifies our equation to

Ea,1(ϕ) = (r ′′a − γ′′a)
ϕ2

2
+O(ϕ3).

Focusing just onr ′′a − γ′′a, multiplying by ra/ra and noticingra = γa, we see

r ′′a − γ′′a =
rar ′′a − γaγ′′a

ra
.

Sincera = γa andr ′a = γ′a by (1),

r ′′a − γ′′a =

(

rar ′′a −2(r ′a)
2− r2

a

)

−
(

γaγ′′a−2(γ′a)2− γ2
a

)

ra

=
−(K ra)+(K γa)

ra
.
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Becauseγa,1 is a line,K γa,1 = 0. This means our error is

(8) Ea,1(ϕ) =
−(K ra)ϕ2

2ra
+O(ϕ3).

4.1. Iterations of Local Error. In the previous section, we found the local error between ourfirst
approximated point and the actual point. In this section we look at how the local error changes
with the first two iterations of our proposed reconstructionalgorithm. Adding the X-ray data to
our first approximation,γa,1, we findΓa,1. Looking atΓa,1 as a point on the rayψ1 from the source
b, we now call thisγb,1 and will look at the difference between this approximated point and our
actual pointrb(ψ1)

Eb,1(ψ1) = rb(ψ1)− γb,1(ψ1).

Expanding using Taylor series and canceling the first two terms of each, as we did in the previous
error, our error simplifies to

Eb,1(ψ1) = (r ′′b − γ′′b)
ψ2

1

2
+O(ψ3

1),

sincerb = γb andr ′b = γ′b by (2).
Focusing just onr ′′b − γ′′b, we remember we have found a formula forr ′′b previously, and we can

similarly find a formula for our approximated pointγ′′b

r ′′b =
rb(b−a)K Ra

R3
a

+
R′′

arb

Ra
γ′′b =

γb(b−a)K Γa

Γ3
a

+
Γ′′

aγb

Γa
.

Note that all of our approximation points and their first derivatives at zero are equal to our actual
points and first derivatives at zero. Using our definitions ofthe second derivatives, our difference
becomes

r ′′b − γ′′b =

(

rb(b−a)K Ra

R3
a

+
R′′

arb

Ra

)

−

(

rb(b−a)K Γa

R3
a

+
Γ′′

arb

Ra

)

.

Factoring and combining like terms we see

(9) r ′′b − γ′′b =
rb(b−a)

R3
a

(K Ra−K Γa)+
rb

Ra
[R′′

a−Γ′′
a].

Focusing onR′′
a−Γ′′

a, multiplying byRa/Ra, and remembering thatRa = Γa, we find

R′′
a−Γ′′

a =
RaR′′

a−ΓaΓ′′
a

Ra
.

Adding terms that equal zero we get

R′′
a−Γ′′

a =
(RaR′′

a−2(R′
a)

2−R2
a)− (ΓaΓ′′

a −2(Γ′
a)

2−Γ2
a)

Ra

=
−(K Ra−K Γa)

Ra
.



8 Jason Siefken, Lena Spargo

Plugging this back into our equation (9) and factoring we see

r ′′b − γ′′b =
rb(b−a)

R3
a

(K Ra−K Γa)−
rb

R2
a
(K Ra−K Γa)

=
rb(b−a)− rbRa

R3
a

(K Ra−K Γa).

Note that

rb(b−a)− rbRa = rb(b−a−Ra)

= rb(rb)

= r2
b.

With this observation our equation now looks like

r ′′b − γ′′b =
r2
b

R3
a
(K Ra−K Γa).

Expanding the curvature operators, canceling equal terms,and finally factoring, we find

r ′′b − γ′′b =
r2
b

R3
a
[(R2

a+2(R′
a)

2−RaR′′
a)− (Γ2

a+2(Γ′
a)

2−ΓaΓ′′
a)]

=
r2
b

R3
a
(ΓaΓ′′

a−RaR′′
a)

=
r2
b

R2
a
(Γ′′

a−R′′
a).

Note that

Γ′′
a−R′′

a = (γ′′a +X′′
a )− (r ′′a +X′′

a )

= γ′′a− r ′′a.

With this we have

r ′′b − γ′′b =
r2
b

R2
a
(γ′′a− r ′′a).

In the previous section, we found a formula for the opposite of γ′′a− r ′′a, but we restate it as

γ′′a− r ′′a =
(K ra)

ra
.

Our final formula becomes

r ′′b − γ′′b =

(

r2
b

R2
a

)

(K ra)

ra
.
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Inserting this back into our error equation, we see

Eb,1(ϕ) =

(

r2
b

R2
a

)

(K ra)ϕ2

2ra
+O(ϕ3).

With a second iteration we can compare the first two approximations that are considered nearside
points of the same source, a. Adding the X-ray data ofrb(ψ1) to the approximated pointγb,1, we
find our new approximated pointΓb,1, or γa,2. The error between this point and the actual point
will be

Ea,2(ϕ2) = ra(ϕ2)− γa,2(ϕ2).

Expanding with Taylor series, as we did with the last calculation, we find

Ea,2(ϕ) = (r ′′a − γ′′a)
ϕ2

2
+O(ϕ3).

Focusing onr ′′a − γ′′a, and following the same steps as the last iteration, we obtain the formula

r ′′a − γ′′a =
−r2

a

R2
b

(r ′′b − γ′′b).

Our previous calculation revealed an equation forr ′′b − γ′′b. Substituting this in we see

r ′′a − γ′′a =

(

−r2
a

R2
a

)(

r2
b

R2
b

)

(K ra)

ra
.

Inserting this back into the error equation, we finally observe

(10) Ea,2(ϕ) =

(

r2
a

R2
a

)(

r2
b

R2
b

)

−(K ra)ϕ2

2ra
+O(ϕ3).

We have now found the coefficient of theϕ2 term of our error. Observe thatra < Ra andrb < Rb.
If we refer back to our first error, equation (8) and compare the coefficient ofϕ2 to the coefficient
of ϕ2 in our iterated error in equation (10), it can be determined that

(

r2
a

R2
a

)(

r2
b

R2
b

)

−(K ra)

ra
<

−(K ra)

ra
and therefore Ea,2 < Ea,1

As far as theϕ2 term we know the local error is decreasing with each iteration. If we continued the

algorithm, it would continue to get smaller by a factor of
(

ra
Ra

)2(

rb
Rb

)2
with each iteration of our

algorithm. Proceeding inductively we have the following result

Theorem 4.1. Let ra(ϕk) be the nearside point from source a at angle(ϕk) and γa,k(ϕk) be its
approximation. With each iteration of the reconstruction algorithm, the formula for the local error
on ray(ϕk) is as follows

Ea,k(ϕk) = ra(ϕk)− γa,k(ϕk) = −

[

(

ra

Ra

)2(k−1)
][

(

rb

Rb

)2(k−1)
]

K raϕ2

ra
+O(ϕ3), ∀k≥ 1.

We have not yet determined what happens to the terms beyondϕ2.
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4.2. µ-error.

Definition 4.2. µ-measure is defined asZ
B

f (x,y)
y

dA,

where B is some area and f(x,y) is a function that is1 if (x,y) ∈ B and0 otherwise. µ-error has a
polar form Z ϕ1

0

Z ∞

0

f (r,θ)

sin(θ)
drdθ.

We will define theµ-error, Eµ to be theµ-measure of the symmetric difference between our
approximation ofK andK itself. The symmetric difference betweenB andK is defined as

B\K∪K\B.

Note that Z ∞

0

f (r,ϕ)

sin(ϕ)
dr =

Xa(ϕ)

sin(ϕ)
.

The localµ-error ofγa,1 is therefore by (8)

Eµ,γa,1(ϕ1) =
Z ϕ1

0

ra(ϕ)− γa,1(ϕ)

sin(ϕ)
dϕ

=

Z ϕ1

0

− 1
2(K ra)ϕ2

ra

sin(ϕ)
+

O(ϕ3)

sin(ϕ)
dϕ.

Considering onlyϕ1 small, sin(ϕ) ≈ ϕ for all 0≤ ϕ ≤ ϕ1, therefore

Eµ,γa,1(ϕ1) =

Z ϕ1

0

−1
2(K ra)ϕ

ra
+O(ϕ2)dϕ

= −
(K ra)

2ra

Z ϕ1

0

ϕ
a

+O(ϕ2)dϕ,

finally giving

Eµ,γa,1(ϕ1) = −
1

4ra
(K ra)ϕ1

2 +O(ϕ3
1) = O(ϕ2

1).

Now consider theµ-error ofΓa,1 = γa,1 +Xa.

Eµ,Γa,1(ϕ1) =
Z ϕ1

0

Ra(ϕ)−Γa,1(ϕ)

sin(ϕ)
dϕ =

Z ϕ1

0

(ra(ϕ)+Xa(ϕ))− (γa,1(ϕ)+Xa(ϕ))

sin(ϕ)
dϕ = Eµ,γa,1(ϕ1)



An Algorithm for Reconstruction of a Convex Body From Two Point Sources 11

a bϕ1
Eµ,γa,1(ϕ1)

But, becauseµ-error can be represented in rectangular coordinates, theµ-error is invariant if we
change the origin of our polar coordinates.

Let ψ1 be the angle needed to meet the pointΓa,1(ϕ1) from sourceb and letγb,1 be the repre-
sentation ofΓa,1 in polar coordinates centered atb. It is geometrically clear that

Eµ,γb,1(ψ1) ≤ Eµ,Γa,1(ϕ1).

a b

Γa,1Γa,1

Γa,1

KK

ϕ1

Eµ,Γa,1(ϕ1)

ψ1

Eµ,γb,1(ψ1)

We will exploit this fact when discussing reconstruction.

5. RECONSTRUCTION

We intend to show that we can construct an arbitrarily close approximation toK, but first we
need a helpful lemma.

5.1. Intersections of Approximations.

Lemma 5.1. Given a continuous near-side approximation,γa,1 on [0,ϕ], that is always “closer”
to the source than the actual nearside, ra, i.e. γa,1 ≤ ra andγa,1(0) = ra(0) and similarly,γb,1, then
if Γa,1,Γb,1 are the corresponding farside approximations,Γa,1∩Γb,1 ∈ K.
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Proof. First consider the case whereγa,1 is strictly closer thanra, i.e. γa,1(ϕ) < ra(ϕ) for ϕ > 0
andγa,1(0) = ra(0).

Without loss of generality, we need only consider the top half of our convex body,K. Define
the angleϕ1 > 0 such that the ray from sourcea at this angle is a supporting ray, and suppose
Xa(ϕ1) = 0. Similarly define an angleψ1 > 0 such that the ray at angleψ1 from sourceb is
a supporting ray and assumeXb(ψ1) = 0. Let raya(ϕ1) denote the ray at angleϕ1 emanating
from a and rayb(ψ1) denote the ray fromb. ξ = raya(ϕ1)∩ rayb(ψ1), m = raya(ϕ1)∩ ∂K, and
n = rayb(ψ1)∩∂K.

Let px denote thex-component of a pointp. It is clear thatmx ≤ ξx ≤ nx. Indeed, letα =
Γa,1∩∂K andβ = Γb,1∩∂K. Note thatαx < mx < nx < βx. This is evident if you considerγa,1 is a
strictly closer approximation ofra meaningγa,1+Xa = Γa,1 is a strictly closer approximation ofRa.
Therefore,Γa,1(ϕ)∩Ra(ϕ) = /0 for ϕ > 0. Soα = Γa,1(ϕ)∩ ra(ϕ) for ϕ > 0 which by definition,
must be on the left side ofm. Similarly,βx > nx.

Call Ba,1 the body with near-sideγa,1 and farsideΓa,1 andBb,1 the body with near-sideγb,1 and
farsideΓb,1. The only points ofBa,1 exterior toK are those to the left ofα and the only points
of Bb,1 exterior toK are to the right ofβ. Considering only the region strictly above the line
ab, label t = Ba,1∩Bb,1. In order fort to be exterior toK, βx < tx < αx must be satisfied. But
αx < mx ≤ nx < βx yields a contradiction. Sot ∈ K.

Now consider the case whereγa,1 ≤ ra. Define a new nearside approximation

γa,ε(ϕ) = γa,1(ϕ)− εϕ,

for small ε > 0. Note thatγa,ε < ra whenϕ > 0, soΓa,ε ∩Γb,ε ∈ K. Let ε take on values of the

convergent sequence
{

1
wk

}∞

k=1
for some appropriatew > 1. BecauseK is compact and all our

functions are continuous,Γa,ε ∩Γb,ε will remain inK asγa,ε → ra.

a b

t

ξ

β
α

x y

γa,1

γb,1

If Xa(ϕ1) > 0 orXb(ψ1) > 0, the same proof goes through with obvious modifications. �
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Let our first attempt at an approximating body have the nearside,γa,1, defined as the tangent line
to ra(0),

γa,1(ϕ) =
r2
a

racos(ϕ)− r ′asin(ϕ)
.

Intuitively, the first farside approximation is

Γa,1(ϕ) = γa,1(ϕ)+Xa(ϕ).

Identically to Section 4.2, defineγb,1(ψ) to be theΓa,1 as represented by polar coordinates centered
at b. Then

Γb,1(ψ) = γb,1(ψ)+Xb(ψ).

SwitchingΓb,1 to polar coordinates centered ata, we get our next approximationγa,2. Inductively,
continue to defineγa,n this way. We will show viaµ-error that this sequence converges tora and
therefore reconstructs our body.

First, consider an arbitrarily small angleϕ1 > 0. We already showed that

Eµ,γa,1(ϕ1) = O(ϕ2
1).

Now consider the correspondingψ1. We also showed

Eµ,γa,1(ϕ1) ≥ Eµ,γb,1(ψ1)

We are now ready to do the next iteration, this time over a larger angleϕ2, but there is one situation
we must avoid if we are to keep a non-increasing sequence ofµ-errors.

a bϕ2

Γa,2

Added Error

A simple solution is to use Lemma 5.1. Consider using this iterative approximation method to
make approximations starting from botha andb. Then, letϕ2 point to the intersection between
some farside approximation from sourceb and the farside approximation from sourcea.

a bϕ2 ψ1

Simultaneous ApproximationΓa,2
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Choosing subsequentϕn in this way ensures

Eµ,γa,1(ϕ1) ≥ Eµ,γa,2(ϕ2) ≥ ·· · ≥ Eµ,γa,n(ϕn).

So, µ-error is certainly bounded as our approximation sweeps outa larger and larger area. But,
becauseEµ,γa,1(ϕ1) = O(ϕ2

1), we can make the totalµ-error small by choosingϕ1 small.

6. CONCLUSION

We’ve shown here how to find the first and second derivatives ofthe nearside and farside func-
tions at the base points of our convex body from the X-ray dataand Falconer’s lemma, (Lemma
1.7). Using our theory of reconstruction we should be able toreconstruct a convex body. We have
also looked at the local error between the convex body and ourreconstruction, and we have shown

that the first term in this error is decreasing by a factor of
(

ra
Ra

)2(

rb
Rb

)2
with each iteration of our

algorithm.
We have not been able to show complete convergence to the entire convex body, but we can as-

sure convergence on a finite interval of substantial length.We also have not been able to investigate
local error terms on the orderϕ3.
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