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ABSTRACT. Fibonacci numbers have been discussed for nearly a thdysams. For reasonable
values ofn, then™™ Fibonacci number can be efficiently computed by the staritinative algorithm,
based on the Fibonacci recurrence relation. This methoglsisgle addition. For large values of
n, algorithms that use multiplication are faster.

We used Maple to explore the run-times of several multitibeebased methods. We found
that predicting run-times was made difficult by the fact thi@ple uses a variety of multiplication
algorithms, based on the size of the operands. It is fourtdhiegroduct of Lucas numbers method
is still the fastest known algorithm, although for large rhers, the Two-Term method based on the
Chinese Remainder Theorem seems to be quite competitive.

1. INTRODUCTION

This research was inspired by the work of Adam Murakami [Ijagicipant in the 2004 REU
program at Oregon State University. Murakami was invesiigaa method for computing Fi-
bonacci numbers based on the Chinese Remainder Theoren), @Rdea that was first explored
by Babb. Babb was one of the very first participants in thigpam on Oregon State’s campus,
and he left behind very little documentation of his work aesuits.

Last year, Murakami reviewed the remnants of Babb’s notdsattempted to expand them— with
the addition of proofs— into a complete, cohesive reporfodiunately, the time trials at the end of
the report offered results that were not consistent witrehrdier calculations of the bit operations
used by each of his algorithms. Furthermore, in his conatusturakami expressed surprise at the
factor of 3 time increase upon doubling the input size of igerdthms. Assuming that his system
was using arO(n?) method, one would have expected the run-time of his algostto increase
by a multiple of 4 upon doubling the input size. This papeersfcorrected calculations of the bit
operations required for each algorithm, as well as supplesxplanation for the factor of 3 time
increase.

We begin by defining the Fibonacci sequence and supplyingsedlformula for computing the
n" Fibonacci number. Then we review Murakami’s timing resaftsl supply an explanation for
the factor of 3 time increase. A brief description of the nplication algorithms used by Maple
is discussed. Next, we review the iterative method, Tworland Three-Term CRT methods, and
the product of Lucas numbers method for computing Fibonaggibers. A Maple program will
be provided for each one, as well as a calculation of the l@tatppns used. Finally, we will review
and analyze my own timing results for all four algorithms.

Date 12 August, 2005.
This work was done during the Summer 2005 REU program in Ma#ties at Oregon State University.
1



2 Stephanie Young

1.1. The Fibonacci Sequence.

Definition 1.1. TheFibonacci Sequends defined as the sequence of numbers wjth @, f1 =
1,and f=fh_1 + fhoforn> 2.

Example 1.2. Some of the first elements of the Fibonacci sequence are:1021 3, 5, 8, 13, 21,
34,55, 89, 144, 233...

The characteristic polynomial associated with the Fibohaequence is f(x)%*-x-1. We call
the roots of this equatiok; andA»,, where

A1 = %(14— V5) and\, = %(1—\@).

Binet's formula [CH] for computing the'" Fibonacci number is

1
fo=—<(A"—AD).
n \/5( 1 2)

Although this is a “closed” formula, it is still somewhat fiilt to use because of thgb term,
and since\1 andA» are irrational.

1.2. Algorithms. This paper will review and compare four algorithms for conipy Fibonacci

numbers: the iterative method, the two methods by Murakand,the product of Lucas numbers
method, which is currently the fastest known algorithm fmmgputing Fibonacci numbers. In order
to measure the efficiency of each algorithm, we will calaildite number of bit operations used.

n
Sincef, is asymptotic toA—ls, our analysis should use something liketo represent the number of

bits in f,, wherey = log, A1 ~ 0.69424. That is, since the value ffcan be approximated b%

for large values oh, taking log, of that value will give us the number of bits. However, we will
denote this ternm for the sake of simplicity. We will focus our analysis on sdlbr multiplication,
since that is the operation which most significantly contiés to the number of bit operations used
by each algorithm.

Most of the algorithms we are dealing with can be convenyahtbught of as two phase opera-
tions. There is @op phase which calculates the final result, and thererecarsivephase which
(recursively) calculates the information needed to complug final result.

Murakami claimed that his two-term and three-term CRT més$hosed the same number of
bit operations as the product of Lucas numbers method, wthighgested that all three algorithms
ought to be equally efficient on a computer. However, thisrditthold when he actually timed
each of the procedures. This report will review all four aitfons and attempt to determine the
correct number of bit operations used by each.

1.3. Multiplication. In the section of his report entitletiming Murakami included a table of
results of the time (in seconds) that it took Maple to comkiteonacci numbers using three
different programs. The first program featured the iteeathethod, and the second and third had
algorithms based on the Two-Term and Three-Term CRT methdlds table can be viewed in
Figure 1.

In the table, the programs are labelled, “itfib,” “fib2,” arfth3,” respectively. Murakami ran out
of time before implementing a working product of Lucas numsh@ogram. For each timing, the
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inputs increase exponentially by powers of 2. So, for exampls took just under 11 minutes to
compute using the iterative method, but it was computed autib second and 1.5 seconds using

the CRT-based methods.

Exponent itfib fib2 fib3
8 0.002085| 0.002435 0.00179
9 0.005105| 0.00303| 0.0022
10 0.01223 | 0.003745 0.002585
11 0.0402 | 0.00451 | 0.003337
12 0.106615| 0.005445 0.00405
13 0.261125| 0.007345 0.005945
14 0.778185| 0.011085 0.01085

15 2.624305| 0.020575 0.02379
16 9.53832 | 0.04708| 0.061565
17 36.428915 0.124955 0.17064
18 141.515 | 0.347255 0.50022
19 647.397 | 1.01283| 1.47754
20 3060.648| 3.0075 | 4.4224

FIGURE 1. Murakami’s Timing Results

For the last third of these results, one can see that the tegmé to increase by approximately
a factor of 3, upon doubling the input sizes. This result saegl Murakami, who was under
the impression that Maple used &in?) multiplication algorithm. If this were the case, the time
increase upon doubling input sizes should have been musbrdio a factor of 4. It is worth noting
that we do see the factor of 4 increase for the iterative nektsiace this method relies on addition
rather than multiplication.

| contacted Maplesoft, the company that distributes Mapkware, and was informed that
Maple actually has numerous algorithms available for rplittation [M]. These algorithms are
based on the GNU Multiple Precision Arithmetic Library (GMPG]. The algorithm that is used
for any particular call is based on the size of the operandutibers are small enough to fit into
a single computer word, then multiplication is carried optlsingle machine (computer) instruc-
tion. So for small-enough numbers, we expect the time toipiylto be constant, independent of
the numbers themselves. When numbers are larger, they danoken into smaller numbers and
the products of the large numbers can be easily calculabed various products of these smaller
components.

What follow are brief descriptions of three multiplicatialgorithms used by Maple. They are
ordered beginning with the algorithm that would be used fealsinput sizes and ending with the
algorithm that would be used for largest input sizes.

For each algorithm, let our goal be to multiply two polynotsia base 2,

A=ap+ag2+-- +an 12"

and
B=bg+bi+---+by 12" L.
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1.3.1. Classic Multiplication. This algorithm organizes our numbers A and B such fhatAg +
A125 andB =By + 812%, where

Ag = a0+alz+...+a2712%_1,
Ar=apg+ag 12+ +an-1227
Bo=bo+b12+-+by_1227%, and
By=bn+by 124+ bn_12271.
Multiplication is accomplished using the FOIL method:
AxB = [Ag+A122] * [By+ B127]
:A0>l<B()-i-[A0>I<B;|_-i-BQ>l<A;|_]2L21 +A1>l<B;|_2n

It is important to note that multiplication by powers of 2 aeally just shifts in base 2, so this
operation requires little work. Basecase multiplicatiamdescribed here, is &{(n?) algorithm.

1.3.2. Karatsuba (3-Half Size) MultiplicationThis method organizes our polynomials A and B
into partsAg, A1, and By, B1, as in the Basecase Multiplication. The algorithm contininethe
following fashion:

Letmy = [Ag+ Aq] * [Bo+ B1] = Ag* Bg+ Ag * By + Bo * Ay + A % By,
mp = Ag * Bp, and
mg = A1 *x By.
ThenAxB = m2+[m1—m2—m3]2g +mg2".

Karatsuba is asymptotically aB(n'°%3) (or ~ O(n-58%)) method, where log3 comes from the
three multiplications and the base-2 accounts for themdpbalf the size of the input.

1.3.3. Fast Fourier Transform (FFT)Last, we have the Fast Fourier Transform (FFT) method.
The key to this method is to think of the operands as beingrotyals rather than numbers.
A polynomial with n coefficients can be represented by its coefficients or by #heeg of the
polynomial atn distinct points. The value of a product polynomiD(x;) atx; is just the product
of P(x) andQ(x;). So the products can be computed easily in value-space. Sualgarithm
becomes useful if “evaluation” and “interpolation” can bend quickly. These transformations
can be done quickly using the Fast Fourier Transform, whidiased on evaluation at tk€ roots
of unity, wherek is a power of 2.

The transform follows the pattern that is illustrated in gy 2 [C]. It is asymptotically an
O(nlognloglogn) method.

In light of these algorithms, we are able to review Murakartirhing results and conclude that
the switch to the factor of 3 time increase corresponds tohiplication algorithm switching to
the Karatsuba method. That is, upon doubling the input sebave

T(2n)

T(n) _ (2)I0923 -3
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FIGURE 2. Model of Fast Fourier Transform

It is important to bear in mind each of these multiplicatiorthods when computing the bit
operations used by a particular algorithm, as the total ietrations used will vary depending on
the input size and corresponding multiplication algorittivow, let us consider our algorithms for
computing Fibonacci numbers.

2. ITERATIVE METHOD

The iterative method is by far the most elementary of therélyms for the Fibonacci sequence
that we will explore. It simply uses the difference equatiocompute the desired terms. That is,
it remains faithful to the elementary idea of determiningri! term of the sequence by adding the
two previous terms. This procedure is repeated until theelbterm is achieved.

2.1. Algorithm. The algorithm that uses the iterative method to producetthéibonacci number
is programmed in Maple as shown below. In order for the algorito be compatible with the
needs of Murakami’s two-term and three-term CRT methods pérticular algorithm outputs the
nt" and(n+ 1)t Fibonacci numbers.
itfib:=proc(n) local a, b, i;
a:=0;
b:=1;
if n <1 then
return (0,1)
elif n = 1 then
return (1,1)
else
for i from 2 to n do
if a < b then a:=a+b else b:=a+b end if;
end do;
if a > b then return (a,a+h) else return (b,a+bh) end if;
end if;
end proc;

2.2. Bit Operations. According to a report by Cull and Holloway [CH], the numbetafopera-
tions used by this method to computgis

yn(n—1)
—



6 Stephanie Young

So this predicts that for Iarge-enoughT((znr;)

+m ~ 4. This prediction is verified by the timings in

Figures 1 and 3.

3. Two-TErRM CRT METHOD

The algorithms explored by Murakami are based on the ChiReseainder Theorem. While
this report does not intend to reproduce all of his work, aegaihunderstanding of the Chinese
Remainder Theorem would be beneficial in comprehendingdbes lof his algorithms.

Theorem 3.1.Let my, Ny, ... , My be integers greater than 0, pairwise relatively prime, aei,
ro, ..., In be any integers. Assumifig< f < M, consider the following system of congruences:

f =ri(modnmy)
f =ra(modmy)

f =rn(modmy).
LetM=nmmy---mpand M = % fori=1,2,...,n. Lety be a solution to
Miyi = 1(modm) fori=1,2,....n.
Then a unique solution to the original system of congrueiges

n
f =Y Myyiri(modM).
i; (DALY

Both the two-term and the three-term CRT methods for comgutibonacci numbers rely on
the fact that the Fibonacci sequence yields a periodic anbiulo f,,, where f,, is a Fibonacci
number> 2. This allows us to easily compute terms that are required ByORT. Furthermore,
the simple Fibonacci difference equation causes many tefthe orbit to turn out being congruent
to 1 or -1, which greatly reduces the overall number of openatin the algorithm.

The two-term CRT method computes the desired Fibonacci euimp using two systems of
congruences with relatively prime moduli and applying tHeTC

3.1. Algorithm. Murakami programmed his two-term method for computing Rémxi numbers
in a recursive fashion. The algorithm calls on itself ungidching a lower limit L (supplied by
the user), at which point it calls on the iterative methodtfar desired values. This algorithm is
programmed in Maple as shown below. Once again, the algoathitputs both thet" and(n+ 1)t
terms.
fib2:=proc(n) local nb, i, k, I, m, s, t, a, b;
if n <L then
itfib(n)
else
nb:=floor(1/2*n)+1;
(f(0),f(2)):=fib2(nb-2);
for i from 2 to 4 do
f(i):=f(i-1)+f(i-2)
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end do;
for i from 0 to 1 do
s:=floor(1/2*n+1/2*)+1,;
k:='mod‘(n+i,2)+1;
l:=ceil(1/2*n+1/2*));
m:=‘mod‘(n+i+1,2);
t:=f(s-nb+2)*(2°{m}*f(s-nb+2-m)+(-1)"{k}*f(s-nb))+( A1
a:=h;
b:=t;
end do;
return (a,b);
end if;
end proc;

3.2. Bit Operations. This algorithm features one recursive call, with a halesigput. It appears
as though there is only one multiply and some shifts and madditions/subtractions, but it actu-
ally loops through the procedure twice. So there are twoipligs in total. Thus, we represent the
time for the recursion by

n n
5)+2M(3).
whereM(n) is the time it takes to multiply two n-bit numbers. Letepresent the multiplication
variant. Then assuminig (n) = nK andTo(n) = ank gives us

Tz(n) = Tz(

k Nk AN
on :O‘(§> —|—2(§)
Xa=a+2

g 2

k-1

Combining the top and recursive levels, we have total tinmdHe algorithm represented by the
equation

n

T(n) = Ta() +Ta(3)

n 2 Ny

= M(é)"‘ 2k_1(§>

3.2.1. Bit Operations with Classic MultiplicationFor classic multiplication, we have= 2. In-
serting this into the formula above, we calculate the tosmhber of bit operations with this multi-
plication to be

n 2 .n

2.n 5
N N 9 2

_2:
+3) =50

I
—~
NI
N
N
|
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3.2.2. Bit Operations with Karatsuba MultiplicationFor Karatsuba multiplication, we havé 2
3. This substitution results in a total count of bit operatibmbe
2 . n nk 2 nk 2
Nk Nk_"MT e 2k
G+ GG =3+ E33 =3
3.2.3. Bit Operations with FFT Multiplication.To calculate the bit operations used during FFT
multiplication, we still have our time equation for recunsibeing

To(n) = Tal(5) + 2M(3).

Then assuminyl(n) ~ nlogn andT,(n) = Bnlogn gives us

n n n n
Bnlogn:BEIogé-l—Zélogé
ZBIogn:BIogg-l—Zlogg

Sof =~ 2 andT, ~ 2nlogn.
At the top level, we still have a single multiplication of twalf-size values. So we say

n n n
T(n) =M(3) = 5log.
In total, we have
n
() =Ta(n) + o)
~ Dlog" + 21092 ~ Zniog”
¥ 51095 7451095~ 5n0gs5.

4. THREE-TERM CRT METHOD

The three-term CRT method differs from the two-term methpdising three (instead of two)
systems of congruences with relatively prime moduli andyapg the CRT.

4.1. Algorithm. This algorithm varies only slightly from the two-term CRTgalithm. Because
of the additional congruence, slightly different calcidas were required to solve for the values
used by the CRT. Once again, the algorithm outputsnth@nd (n+ 1)$ Fibonacci terms. The
algorithm is programmed in Maple as follows:
fib3:=proc(n) local nb, a, b, i, k, I, m, s, t;
if n < L then
itfib(n)
else
nb:=floor(1/3*n)+1;
(f(0),f(1)):=fib3(nb-2);
for i from 2 to 4 do
f(i):=f(i-1)+f(i-2)
end do;
for i from 0 to 1 do
s:=floor(1/3*n+1/3*)+1,;
k:='mod‘(n+i,3);
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l:=ceil(1/2*K);

m:='mod‘(k,2)

t:=5*(s-nb+2)*f(s-nb+1)*f(s-nb+k)+(-1){n+1}*(-2)" {abs(l-1)}*
f(s-nb+1+3*m-I);

b;

t;

o

end do;
return (a,b);
end if;
end proc;

4.2. Bit Operations. As with the two-term case, Murakami claimed that the thexeatalgorithm
requiredl%yzn2 bit operations. The later timings showed that, not only vis@stihhree-term method
slower than the product of Lucas numbers method, but it wassdightly slower than the two-term
method, given a large-enough input. What follows is a redaton of the bit operations used for
this method, determined in the same fashion as above.

Once again, this algorithm features a recursive call with klmops. Each loop multiples three
third-size inputs. Let us assume that, to multiply thesedherms, we first multiply just two of
them and get a value of about si@ and then multiply that product by the lag})-size term.
Then we say that the total time for recursion is

2n

n
Ta(n) = Ta(3) +2M(5) +2M(3).
AssumingM(n) = nk andTz(n) = an®, we find
K N,k n
=dad(z 2 2
ark = a(3)+2(5)K+2( )"
3o = o2+ 21
2k+1+2
T
At the top level we have a single multiplication of three thaize values. So we say
2n n 2n

_ Mk Mk
Combining the top and recursive levels, we have
n
T(n) =Ta(n) + T2(3)
_ N, 2ng, 2042 0

4.2.1. Bit Operations with Classic MultiplicationFor classic multiplication, we have thiat= 2.
Inserting this into the formula above, we calculate theltotanber of bit operations with this
multiplication to be

2n 22112 n n 4n? 10n? 25
N2 N2 o 2:_ - - 2
R+t ) =gt g tgg 3"
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4.2.2. Bit Operations with Karatsuba MultiplicationFor Karatsuba multiplication, we havé 2
3. This substitution results in a total count of bit operatibmbe

n 2n

2k+1+2 n
)k k =
(3)+ ()

2%«3+2 n
k1 (3 3

F—1 ](3)k

M= [1+25+
B+ 4(3— 1(E>k
- 3k-1 '3

4(3¢+1)
=———n
3K(3k—-1)
~ 0.986n"°%3,

4.2.3. Bit Operations with FFT Multiplication.To calculate the bit operations used during FFT

multiplication, we use the same time equation for recursi®above:

n n 2n
— )4 2M(==
3 3) T 2M(

3 )
Then assumingyl(n) ~ nlogn andT,(n) = Bnlogn gives us
n_ n n._n 2n,_ 2n
Blogn—BZlog; +2210g % +2%10g"
2
3Blogn = Blogg +2IogE +4Iog—n

3 3
SoP~P+2+4

Ta(n) = T3(3) + 2M(

6
dB~ = =3.
andp >

At the top level, we still have a single multiplication of #erthird-size values. So we say

n 2n n n 2n 2n
T =M(=)+M(—) ~ =log= + —log—.
1(n) =M(3) +M(F) ~ zlogz + Flog 3

In total, we have

n
T =Ta(m) + To()
~ o D4-@Io @—i-BDIo n
~ 3093131093 +°3/003

~ [%+§+1]nlogg = 2n|ogg.

This means that for large values of n, the time ratio betwherTtvo-Term and Three-Term CRT

methods comes out to approximately

fib3(n) _ 2logz
fib2(n) ~ 3log}

Q

wl A
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5. PRODUCT OFLUCAS NUMBERS METHOD
This method is based on the Lucas numbers, which are defined by
lo=2l1=1Inh=In_1+In o forn>2.

Example 5.1. Some of the first elements of the Lucas numbers sequence, 4re3,2, 7, 11, 18,
29,47,76,123,199, 322, 521...

It is worth noting that the sequence of Lucas numbers satigfeeFibonacci difference equation.
Lucas numbers can be computed quickly using the followimgntda [CH]:
In=A]+A3,
with A1 andA, the same as those associated with the Fibonacci sequence. Si

fn  AZV_AZY
f_n: ):1-2_)\2 = Q"‘}‘g:lna

n—1
fzn = |_L |2k.
k=

With a few minor alterations, this concept can be expandduhtbthe value of any Fibonacci
term. However, since Murakami worked with inputs that wesevers of two, | wrote my Maple
program to use this formula.

it follows that

5.1. Algorithm. Last summer, Murakami ran out of time before he could impletnaeworking
product of Lucas numbers algorithm. The algorithm | coredtrd uses the product formula listed
above. Unlike the earlier algorithms that | have descriti@d,one calls for an input that is just the
exponent of the desired power of two term. That is, to comthe€2<)™" Fibonacci number, one
would only input the k-value, rather than the entife&m.
lucas:=proc(k)
local i, I, f:
f:=1:
:=3:
for i from 2 to k-1 do
f:=f*:
l:=I*I-2:
end do:
f:=f;
return(f);
end proc;

5.2. Bit Operations. The basic idea with this method is that Fibonacci numberdeaomputed

as products of several Lucas numbers. In the recursive pbasie a Fibonacci number and a
Lucas number are calculated. If we look at the algorithm, eeethat we compute the Fibonacci
number by multiplying the previous Fibonacci number by thevpus Lucas number. The new
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Lucas number is computed by squaring the previous Lucas euarid subtracting two. Letting
M(n) represent the time it takes to multiply, our time equatiarrézursion is
n n
2 TG
AssumingM(n) = nK andT (n) = an?, we find
k Nk AN
an®=a(x 2(=
(5)°+2(3)
X0 =a+2
2
k1
At the top level, we simply multiply two half-size numbers ®e corresponding equation is

To=T(5)+2M(

a=

Combining the top and recursive levels, we find the equatoiotal time:
n
T(n) =Ta(n) + T2(3)

n 2 n
= EaG)"

5.2.1. Bit Operations with Classic MultiplicationFor classic multiplication, we have= 2. Sub-
stituting this into the above formula, we get the total numifebit operations to be

(M, 2
1 1,
5 >

—1—2n .

5.2.2. Bit Operations with Karatsuba MultiplicationFor this multiplication, we havek2= 3.
Thus, we calculate the total number of bit operations to be

n 2 n
T =G+ )
e 2n
3 23
2
= =-n".
3

5.2.3. Bit Operations with FFT Multiplication.To calculate the bit operations used with FFT mul-
tiplication, we still have our time equation for recursiogirg

DHQM&

'MWIEQ 2)
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Then assuminy(n) ~ nlogn andT,(n) = Bnlogn gives us
n_ n _n_n
Bnlogn = B§ Iogé +2§ Iogé
n n
2Blogn= Blogé -|—2Iogé
SofB =~ 2 andT, ~ 2nlogn.
At the top level, we still have a single multiplication of twalf-size values. So we say

n n_ n
T(n) =M(3) = 5log.
In total, we have

n
5)

~ Do D+29Io D'\Jg’nlo n
~ 51095 7451095 = 5nogs.

T(n) = Ty(n) + Tx(

6. TIMING

Figure 3 offers a table of the time (in seconds) that it tookpMado run each of the algorithms
described in this paper, according to inputs with sizes itha@tease exponentially by powers of
two. For very small input sizes, | created a looping functioet performed the desired procedure
as many as 1,000 times. That allowed me to divide the totaltreg time by 1,000, which resulted
with a fairly accurate timing for a single iteration of theopedure. Upon reaching inputs of size
224 _the iterative method took an unreasonably long amount af torcompute. Therefore, the last
four rows in that column are blank.

6.1. Analysis. One might note that my timing results vary considerably friglmrakami’s tim-
ings of the same algorithms. This is hardly surprising, sihcan my experiments on a different
computer as well as with an updated version of Maple. Whatsdigrise me was the fact that
the constant factor of three did not appear as the ratio lBtwensecutive timings, as it had in
Murakami’s results. This led me to believe that my versiorMaple either didn’t call on the
Karatsuba multiplication algorithm for any of my compudais, or it did, but only for select input
sizes lying somewhere between a pair of consecutive povénso

In order to test the validity of the latter possibility, | dered the equation

T(n) =crk,

whereT (n) is the time an algorithm takes to compute given an input, késnultiplication variant,
and c is the leading coefficient. Then

logT (n) =logc+ klogn.
For large values of n, this approximates to:
logT (n) = klogn.

This equation tells me that, on a plot of [@gn)) versus logn), the value of the slope over a
given interval would be approximately equal to the multption variant for computations over
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Exponent itfib fib2 fib3 lucas
8 0.00044 | 0.00074| 0.00048| 0.00002
9 0.00088 | 0.00083| 0.00066| 0.00005
10 0.00259 | 0.00098| 0.00070| 0.00006
11 0.00642 | 0.00114| 0.00077| 0.00009
12 0.01506 | 0.00130| 0.00105| 0.00011
13 0.03477 | 0.00150| 0.00102| 0.00017
14 0.09558 | 0.00184| 0.00142| 0.00027
15 0.29811 | 0.00258| 0.00236| 0.00062
16 0.98001 | 0.00436| 0.00423| 0.00158
17 3.46880 | 0.00862| 0.00989| 0.00411
18 12.52145 | 0.02056| 0.02566| 0.01148
19 60.91000 | 0.05376| 0.06412| 0.03170
20 201.13000 | 0.11920| 0.17980| 0.07590
21 768.27000 | .026170| 0.33060| 0.17940
22 3203.81000| 0.55720| 0.81360| 0.38300
23 13532.33000 1.26600| 1.74500| 0.88090
24 — 2.72800| 3.90500| 1.85900
25 — 6.32800| 9.24500| 4.37000
26 — 13.46200 20.12200 9.31700
27 — 27.86700 44.26400 20.49400

FIGURE 3. Timing Results

the interval. | created such plots for the Two-Term and THrelen CRT algorithms, as well as for
the product of Lucas numbers algorithm. The results forhaé varied only slightly, so for the
purpose of saving space | will include and analyze only tlelting graph of the Two-Term CRT
algorithm. Figure 4 shows that graph.

One may notice that on the intervg® 13, (18,19, and [19,26] the curve seems to assume
nearly-linear slopes. This suggests that the multiplicatiariant was constant over the intervals
for input sizeg28, 213, [218 219 and[21°,229]. The next step was to fit lines to these intervals in
order to determine the slope (and corresponding k-valuegol. | was able to produce and graph
three line fits using Maple, which are displayed in Figure 5.

6.1.1. Line Fit Analysis. The straight line fit over the first interval has a slope-valfi@.207. This
can be understood by the fact that, for small input valuegl®ean do single-word multiplications
in constant (almost zero) time. We can conjecture that ehdit timings for inputs smaller than
28 would yield an even smaller slope.

The slope over the second interval has a value of 1.387, whiddther close to the value of
log, 3. Since this interval was characterized by only two end-peataesn; = 28 andn, = 21°,
it seemed very likely that the desired 1.585-slope (whichhadentify Karatsuba multiplication)
could be approached if | computed more timings along thisrvial. |1 found that line-fitting to a
plot over the interval of inputs [340000, 380000] yieldedaps-value of 1.588. With a little more
tinkering, the desired 1.585-slope might very well be acolished.
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FIGURE 5. Lines y = 26.927 + 0.207x, y = 8.436 + 1.387x, and y = 13.118 +
1.140x, respectively

The straight line fit over the third interval offered a slofd d40. This suggests that, beginning
with input values of approximately*2, Maple shifts to an even faster multiplication algorithm.

7. CONCLUSION

According to my calculations, the Two-Term CRT algorithnesishe same number of bit op-
erations as the product of Lucas numbers algorithm. Althomg timings show that the Lucas
algorithm was faster for input values up té’2if multiplication really is the dominant operation
then we can expect the algorithms to be nearly equally efi¢er very large n-values. As for my
timings, we can account for the time difference between wWwedlgorithms by the fact that the
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product of Lucas numbers algorithm is very clean and condibat is, it does not feature nearly
the amount of intermediary computations that are necessaing CRT-based algorithm.

The iterative method behaves just as we expected, with arfat4 time increase once the
Fibonacci numbers became too large to fit within a single agerpwvord. Additionally, the Three-
Term CRT method was slower than the Two-Term and product odkumumbers methods, just as
our calculations of the bit operations suggested.

Although | am pleased with the results of this research, iildbave been nice to have been able
to produce time results for still-larger inputs. Unforttelg, my Maple program refused to operate
for inputs larger thanZ, and | could not alter the settings to allow computations beytbis level.
Further timings might verify some of my conclusions that atehis point, still conjectures.

Last, it was incredibly educating to discover Maple’s vaganultiplication algorithms, and to
see concretely the impact they had on the outcomes of mydsnin
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