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1. Introduction

Nonlocal dispersal equations have been widely employed as models in the applied fields such as biology,
material science, neuroscience, chemistry and ecology [1-7].
The current paper is to investigate the following nonlocal dispersal equation,

ou(t, x)

o - Ak(y—@u(t,y)dy—u(t,x)+f(x—ct»u>u<t7w>a veR 1)

We assume that k(-) : R — RT is a C! convolution kernel function that satisfies the following:
(H1) k(-) € C'(R,[0,00)), k(z) = k(—2), [z k(z)dz = 1, k(0) > 0, and there exist 1, M > 0 such that
k(z) < e "2l and K/ (2)] < e "2l for |2| > M.

Typical examzples satisfying (H1) include the probability density function of the normal distribution

k(z) = \/—76_% and any C! symmetric convolution kernel functions supported on a bounded interval.
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Biologically, in (1.1), the term [, k(y — z)u(t,y)dy — u(t, ) characterizes the dispersal of the organisms
that exhibits long range internal interactions. f(x — ct,u) is the reaction term that is related to the growth
of species. Noting a speed ¢ in the reaction term f(z — ct,u), biologically we assume the reaction of the
populations will change with the moving habitat of speed ¢ due to some external environment change, like
climate change. Without loss of generality, we assume that ¢ > 0. If ¢ < 0, biologically it means that the
habitat moves in an opposite direction. Mathematically, by changing variables with ¢ = —c and Z = —=x,
we can obtain an equivalent equation as (1.1) for ¢ > 0 and #. Let ¢4 (x) be C! functions satisfying that
¢+(Fx) =1for x <0, ¢L(£x) =0for z > 1, ¢4 (2) = ¢_(—x), ¢ (z) <0 and ¢’ () > 0 for z € R. We
assume that f satisfies

(H2) There are r,q,L,Ly > 0 such that f(x,u) is C' in (z, ) flz,u) = —q for || > L + Lo;
fle,u) = r(1 —w) for |z| < L; f(z,u) = —q+ (r(1 —u) + (I L) for L < x < L+ Ly; and
flz,u) = —qg+ (r(1 —u) —&—q)qL(“‘L) for =L — Lo <x < —L.

Observe that f(z,) = f(—x,") and

—q for x>1L
lim f(z,u)=<¢r(1—u) for —L<z<L
L
00" —q for x < —L.

Here is an example of f(z,u) which satisfies (H2),

—q for z>Lo+L

,q+%(l+cosﬂ(i )) for L<x<Lyg+ L
fle,u)=<¢r(1—u) for —L<x<L

7Q+W(I+Sin%ﬁ+m) for —Log—L<z<-L

—q for =< —Lo— L.

Assumption (H2) indicates that the region |z| < L is the favorable habitat for the species; there is a
finite mortality rate g outside of the region |z| < L 4+ Lg; and the region L < |z| < L + Lg is the transition
region. It should be pointed out that the specific form of f(z,u) in the transition region in (H2) is just
for concreteness. It can be replaced by a general form in this region as long as f(z,u) is C! in (x,u), is
non-increasing in v for u > 0, and is non-decreasing with respect to L.

Recently, modeling the effects of global climate change on populations has drawn a lot research attention
in the scientific community [8-12]. Berestycki et al. in [8] and Li et al. in [10] considered the following
reaction—diffusion equation, for ¢ > 0

ou(t, ) 0?u(t,z)

5 D 9 + f(z — ct,w)u(t,x), =xeR. (1.2)

but with different reaction term f. In [8], f is assumed to be

r—u for |z—ct|<L

1.3
—q otherwise (13)

flx —ct,u) = {
for some L > 0, which indicates that favorable habitat is bounded and surrounded by unfavorable habitat.
It should be pointed out that the paper [11] addresses the same question as in [8], but focuses on the effect
of a moving climate on the outcome of competitive interactions between two species, and that it is in [11]
that terms of the form f(z — ct,u) appear for the first time. It should also be pointed out that the [9] gives
a comprehensive study of the problem in terms of integrodifference equations in the presence of climate
change. One is also referred to [12] for a study on the critical speed for extinction, and the role that the
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dispersal and growth play in persistence in integrodifference equations with shifting species ranges. In [10],
f is of the form
flz —ctyu) =r(x — ct) — u, (1.4)

where 7 is continuous, non-decreasing and bounded with r(—o0) < 0 and r(co) > 0. Note that, in this
case, the favorable habitat is unbounded. The reader is also referred to [13] and [14] for the study of lattice
differential equations and for nonlocal dispersal equations with the nonlinear reaction term (1.4).

Interesting dynamical issues for (1.1) and (1.2) include the persistence and extinction of the population,
in particular, the dependence of the persistence and extinction on the speed ¢ and the patch size of the
moving habitat. It will be seen that the persistence and existence of traveling wave solutions with speed ¢
are strongly related, and the extinction and nonexistence of traveling wave solutions with speed c are also
strongly related. In the current paper, we are interested in the existence and nonexistence of traveling wave
solutions of (1.1) with speed ¢, i.e., positive solutions of the form wu(t,z) = v(x — ct).

To this end, we consider solutions of (1.1) of the form u(t, z) = v(t,x —ct) with v(¢, x) being differentiable.
Then letting £ = x — ct, v(t, &) satisfies

ou(t.€) _ ow(t.€)

ot o€ + /]R k(n—&v(t,n)dn —v(t, &) + f(&,v)v(t,€), E€R. (1.5)

We remark that Eq. (1.5) models the nonlocal dispersal, advection and reaction of a single species in a
heterogeneous environment. The number ¢ measures the advection velocity. The term c%@g describes the
drift of the population with the constant speed c. Advective processes occur, for example, in a river or ocean,
where organisms may drift, sink or rise due to the water flows and their own relative weights compared with
the surrounding medium (i.e water).

Note that any nontrivial stationary solution v(€) of (1.5) satisfies

')+ [ K- Oulmdn - o(€) + (€ 0o€) =0, €€ (1.6
R
and gives rise to a traveling wave solution u(t,z) = v(z — ct) of (1.1).
Let
X =CR)={uec C(R)|u isuniformly continuous and bounded on R}
with norm ||u|| = sup |u(x)|, and
R

Xt ={ue X |u(z)>0}.
Consider initial value problem for (1.1) and (1.5) on X. By semigroup theory (See [15,16]), for any ug € X,
(1.1) has a unique local classical solution u(t, z;ug) with w(0,z;ug) = ug(x), and for any ug € X, and (1.5)
has a unique local mild solution v(t,&;up) with v(0,&;ug) = wug(§). Moreover, if ug is differentiable and
up(+) € X, then v(t, & up) is the classical solution of (1.5).

We say that persistence occurs in (1.1) if for any ug € X+ with in@fR up(§) > 0,
fAS

liminf inf o(t, & up) > 0
i g o650

for any K > 0. We say that extinction occurs in (1.1) if for any ug € X,

lim supv(¢,&;up) = 0.
t—o00 ¢€R

For r > 0, let ¢* be the spreading speed of

Uy = /Rk(y —zult,y)dy —u(t,z) + r(l —u)u, zeR, (1.7)
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that is,
“HE(z)dz — 1
¢* = inf Ja (2)dz T
n>0 H

(see Proposition 2.4).
For given A > —q, let

g(mA) =cu+ / e"k(n)dn —1—q— A
R

Then
Gun = /}Rnge“”k(n)dn >0,
and g(0;A) = —¢ — X < 0. Note that g(u; \) — oo as u — +oo. Hence there are pu—(A) < 0 < pq(A) such
that
9(p£(A); A) = 0. (1.9)
The main results of the current paper can then be stated as follows.
e (Tail properties of traveling wave solutions) Suppose that v(§) = () is a bounded positive solution of

(1.6). Then
lim sup 2(6)

E—+too 6N$5

< o0,

where px = px(0) (see Theorem 3.1).
e (Equivalence of persistence and existence of traveling wave solutions) The following two statements are
equivalent: persistence occurs in (1.1) and there are traveling wave solutions of (1.1) with speed ¢, which
implies that the following two statements are equivalent: extinction occurs in (1.1) and there are no traveling
wave solutions of (1.1) with speed ¢ (see Theorem 4.1 and Remark 4.1).
o (Existence, uniqueness, and nonexistence of traveling wave solutions) There is 0 < L* < oo such that if
L* < L < oo, then (1.5) has a unique positive stationary solution v(t,&) = ®(£). On the other hand, if
0 < L < L*, then there is no positive stationary solution of (1.5). Moreover, if 0 < ¢ < ¢*, then 0 < L* < o0,
and if ¢ > ¢*, then L* = oo (see Theorems 5.1 and 5.2).

Observe that persistence and extinction in (1.5) are strongly related to the spectral problem of the
linearization of (1.5) at the trivial solution v = 0,

ov(t, &) ov(t,§)

ot =c 8{ + /]RH(T] - g)v(ta 77)d77 - U(ta 5) + f(fv O)U(tv 6)7 § eR. (1'10)

Let A(e, L) be the principal spectral point (see Definition 6.1) of the spectral problem associated with (1.10).
We also prove that

e (Principal eigenvalue) A(e, L) 4s a principal eigenvalue. It is continuous in (¢, L) € (0,00) x (0, 00), and for
fized ¢ > 0, it is strictly increasing in L > 0 (see Theorem 6.2(1)—(3)). Moreover, if 0 < ¢ < c*, then there is
0 < L** < oo such that A(¢,L) > 0 for all L > L**, and for any 0 < L < L**, X(¢, L) < 0. If ¢ > c*, then
A, L) <0 for all L > 0 (see Theorem 6.2(4)—(5)).

o (Persistence/extinction) If A(c, L) > 0, then there is a positive stationary solution of (1.5), and for any

uo(§) > 0 and lgim inf Yo

eﬂ—(A(C)L))g ——00 e“«k(A(CvL))f > 0}

K>0anduye X1 :={u e X|u> 0} satisfying ligm inf
— o0

liminf inf wv(¢,¢; 0
i o 0650 > 0
where v(t, &;up) is the solution of (1.5) with v(0,&;ug) = ug(§), and pr(A(e, L)) are asin (1.9). If M, L) < 0,
then for any ug € X,
lim supv(t,&; up) = 0.

t—=00 1R
(see Theorem 6.3).
e (Dependence of L* and L** on ¢) L* = L**, and L* — oo as ¢ — (¢*)~ (see Corollary 6.1).



P. De Leenheer, W. Shen and A. Zhang / Nonlinear Analysis: Real World Applications 54 (2020) 103110 5

We conclude the introduction with the following three remarks.

First, as was pointed above, the specific form of f(z,u) in the transition region in (H2) can be replaced
by a more general form. But, in general, the number L* depends on the form which f takes in the transition
region.

Second, for fixed L > 0, it remains an open problem whether A(¢, L) is monotone in ¢ > 0.

Third, in the case A(c, L) > 0, due to the lack of compactness of v(t, £;ug) for ug € X, it is a nontrivial
problem to study the convergence of v(t,&;ug) as t — oo. The reader is referred to [8] and [9] for such a
convergence study in random dispersal equations, and integrodifference equations with a shifting climate,
respectively.

The rest of the paper is organized as follows. In Section 2, we present some preliminaries such as
comparison principles for nonlocal evolution equations. In Section 3, we show the tail behaviors of the
traveling waves. We examine in Section 4 the equivalence of the occurrence of persistence and the existence
of traveling wave solutions. In Section 5, we prove the existence, uniqueness and nonexistence of the traveling
wave solutions. In Section 6, we investigate the spectral theory of nonlocal operators and discuss their
applications to species persistence and extinction.

2. Preliminaries

In this section, we present some preliminary materials to be used in the following sections.

2.1. Comparison principle of nonlocal evolution equations

A continuous function v(¢,£) on [0,T) x R is called a super-solution or sub-solution of (1.5) if %, %Z exist

and are continuous on [0,7) x R and satisfy

gj cf+/ (n — E)o(t, n)dy — v(t,€) + (€, v)u(t,€), €ER

or

gjqf /kn Ev(t,m)dn —v(t, &) + (€, v)u(t,€), EE€R

for ¢ € [0,T), respectively. The super-/sub-solutions for the linear equation (1.10) are defined similarly.

Proposition 2.1 (Comparison Principle).

(1) If v(t, &) and B(¢, &) are sub-solution and super-solution of (1.10) on [0,T), respectively, v(0, ) <w(0,-),
and U(t, &) —v(t, &) > —Bo for (t,€) € [0,T) x R and some Sy > 0, then v(t,-) <o(t,-) for t€]0,T).

(2) Suppose that vi,vy € X and v; < vg, v1 # va. Then v(t,&v1) < v(t,&v2) for allt > 0, € R, where
v(t, & vg) is the solution of (1.5) with v(0,&;vg) = vi for k =1,2.

Proof. (1) This follows by modifying the arguments in [4, Proposition 2.1]. Let v (¢, &) = et (v(t, £) —v(t, £)).
Then v(t, &) > —e?t By, and

%> et )+ [ k- ult i +p(Elt,6), <R, 2.)

for t € (0,T) and p(&) = f(&§,0) — 14 0. Choose o > 0 such that p(&) > 0 for all (¢,£) € [0,T) x R. We claim
that v(¢,€) > 0 for (¢,€) € [0,T) x R.

(t
Let pg = supp(§). Let Ty = min{T
EER

,p01+1}. Let £ =& — ¢t and n = §j — ct, then

W > / k(g —2)v(t,§ — ct)dg + p(& — ct)v(t, & —ct), ZER, (2.2)
i

for t € (0,T).
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Assume that there are £ € (0,7p) and # € R such that v(¢,%) < 0. Let

Vinf = inf v(t, T — ct) < 0.
(t,2)€[0,f] xR

Observe that there are ¢, € (0,7] and z,, € R such that
V(tn, Tn — Cty) = Ving @S N — 00.

By (2.2), we have that
tn
V(tn, Ty — cty) —v(0,zy,) > / [/ k(g — zp)v(t, § — ct)dy + p(zn — ct)v(t, @, — ct)]dt
o Jr

tn
> / [/ k‘(gj - xn)'Uinfd?j + pO'Uinf] dt
0 R
= tn (1 + Po)Vint
> #(1 4 po)vint

for n =1,2,.... Note that v(0,z,) > 0 for n =1,2,.... We then have that
V(tn, Tn — ctn) > (1 + po)Vint
for n =1,2,.... Letting n — oo, since (1 + po) < To(1 + po) < ﬁ(l +po) = 1 and viyr < 0, we get
Ving > E(1 + Po)Ving > Ving.

This is a contradiction, that implies that v(¢,&) > 0 for (¢,€) € [0,Tp) x R. The above procedure can be
repeated for t € [kTp, (k + 1)To)([0,T) for k = 1,2.... Hence v(t,&) > 0 for (¢,€) € [0,T) x R and then
u(t, €) <(t,€) for (¢,£) € [0,T) x R.

(2) This follows from similar arguments as in [4, Proposition 2.2]. O

2.2. Comparison principle for nonlocal Dirichlet boundary problems

In this subsection, we consider the following linear nonlocal equations with non-homogeneous Dirichlet
boundary conditions:

{6},’9 = 2208 4 [0 k(n — ©)p(t, n)dn — (t,€) + a(€)(£,€), € € (a,b)
@(tvg) = g(g)’ § ¢ (a’v b)
for a,b € R, b > a, q(¢), g(&) € X.

Let Lpv = /(&) + [z k(n—&v(n)dn — v(§) + q(§)v(§) for v,v" € X. A function v(t,&) is called a
super-solution or sub-solution of (2.3) for t € [to,to + T if v(¢,-),ve(t,-) € X and v satisfies

(2.3)

ve(t,€) > Lpv, £ € (a,b)
v(t,§) > g(§), € ¢ (a,b)

or

ve(t,€) < Lpv, £ € (a,d)
v(t,€) < g(&), ¢ (a,b),

respectively, for ¢ € [to,to + T
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Proposition 2.2. Letw and v be the super-solution and sub-solution of (2.3) with boundary conditions g, g

respectively. Suppose that u(to, &) > w(to,§) for & € [a,b], (&) > g(§) for& & (a,b) and q(§) < 0 for & € (a,b).
Then u(t, &) > v(t,§) fort € [to,to +T| and § € [a,b].

Proof. Let w —v. Then
Lpw = Lpu— Lpv < wy.

We claim that w > 0. Suppose not, then there are t° € [tg,to + T], & € [a,b] such that w(t°,&) =

min {w(t, &)} < 0. By g(§) > g(&) for £ ¢ b), w(te,§) > 0 for & € Ja,b], we have
teltg,to+T],£€a,b]

(a,
that t° € (to,to + 1] and & € (a,b), and then w(t°,&) < 0 and we(t°,&) = 0. Therefore, since
<0

w(t®,n) —w(t® &) > 0 for n € (a,b), w(t® &) < 0 and ¢(&) there holds
[ Heo =l — .l [ b i@ &) + a(Eo)(, )50
R\(a,b)

Thus we have that Lpw(t°,&) > 0, which is a contradiction. [

2.3. Convergence on compact sets

In this subsection, we explore the convergence property of solutions of (1.10) and (1.5) in compact open
topology. Note that f(§,v) depends on r, q, L, and Lg. View L as a parameter and write f(£,v) as f(&,v; L).
Let f(&,v;00) = (1 —v). For fixed 7, ¢, and Ly, to indicate the dependence of solutions of (1.10) and (1.5)
on L, we denote the solution of (1.10) (or (1.5)) by 9(¢,&; ug, L) (or v(¢,&; ug, L)).

Proposition 2.3 (Convergence on Compact Subsets). Suppose that ugn,up € X (n =1,2,...) and {||uon|/}
1s bounded.

(1) If as n — 00, upn(§) — uo(§) uniformly in & on bounded sets and L, — oo, then for each t > 0,
0(t, & uon, Ln) — 0oo(t, & up) as n — oo uniformly in € on bounded sets, where 0(t,&; uon, L) is the
solution of (1.10) with ©(0,&; uon, Ln) = ton and 0 (t,&;ug) is the solution of

w=evet [ = €utdn—o(t.€) + (6.9, R (2.4)

With U0 (0,&; up) = up(&) for & € R.

(2) Fiz L. If up, (&) = ug(€) as n — oo uniformly in £ on bounded sets, then for each t > 0, v(t,&; uon) —
v(t, & ug) as n — oo uniformly in & on bounded sets, where v(t,&; upn) and v(t,&;ug) are the solutions of
(1.5) with v(0,&; uon) = uon and v(0,&;ug) = ug respectively.

Proof. It can be proved by the similar arguments as those in [17, Proposition 3.3]. For completeness, we
provide a proof in the following.
(1) Let v™(¢,&) = 0(t,&; uon, Ln) — D00 (t,&; ug). Then v™(¢, &) satisfies

vi' (t,€) ZCU?(M)+/Rf€(77—§)vn(tm)dn—v"(tyf)+an(€)vn(t7€)+bn(tv£),

where a,(£) = f(£,0; Ly,) and by, (£, &) = o0 (t, & uo) (an(§) — 7).
Note that {a,(£)} is uniformly bounded and continuous in & with |a,(§)] < max{r,q}. By (H2),
bn(t,€) — 0 as n — oo uniformly in (¢,£) on bounded sets of [0, 00) x R.
Take a p > 0. Let
X(p) = {ue CRR) | u(-)e 'l € X}
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with norm [Ju||, = |lu(-)e=?I'l||. Let
Au=ci + [ kn = €uta)dn - u(e)
R

for u € X(p) with v'(-) € X(p). Let D : X'(p) — X(p) be defined by Du = v’ for u € X(p) = {u €
X(p)|w'(-) € X(p)}. Since the resolvent, denoted by R(A, D), can be computed explicitly as

3
R(\,D)u = / e ME=y(s)ds, € € R.

Moreover, |R(A,D)| x(,) < )\%rp for all A > 0. Thus, D is dissipative and AI —D is surjective for A > 0,where
I denotes the identity operator. Hence, by Lumer—Phillips theorem (See Section 1.4 of [16]) D generates a
Coy-semigroup on X (p). Therefore, by perturbations of bounded linear operators (Theorem 1.1 in Section 3.1
of [16]), A generates a Cy-semigroup on X (p) denoted by e*?, and there are M > 0 and w > 0 such that

e x(p) < Me*" Wt > 0.

Hence

t ¢
() = e“Atv"(O, ) +/ eA(t_T)an(~)v"(7', dr +/ eA(t_T)bn(T, dr
0 0
and then

t
0™ () x () < Me“ 0™ (0, )| x(p) + Mzgg |an(€)|/0 e 0 (7, )| x () dT
t
M / 0D |lb (7, ) x ()7
0

t
< Me“t|[o™ (0, MNixep) + M?elg |an(§)|/0 e“’(t—T)HU”(T, Nix (pdr

M
+ — sup ||bn(7,-) et
o P 16n (T, ) x ()
By Gronwall’s inequality,
M
o &) oy < eap((w+ M sup lan(©)DE) (M0 (0, )lx(o + = sup [1ba(r)llx (o) )-
£eR W orelo,t]

Note that [[v™(0,-)||x(,) —+ 0 and sup |[b,(7,-)||x(p) — 0 as n — oo. It then follows that
T€[0,t]

o™ (t, )x(p) — 0 as n— oo

and then
0(t, & uon, Ln) — U0 (t,&5up) a8 n— 00

uniformly in € on bounded sets.
(2) Let v™(¢t,&) = v(t,&; upn) — v(t, & ug). Then v™ (¢, &) satisfies

v (t:€) = cvg (1,6) + A k(= v (t,m)dn — 0" (£, ) + an(t, E)v" (£,€) + bn(t, ),

where L
00 () = F(€ vlt,6 w0n)) +0(t: ) [ Duf(€s0(t €5 ) + (1= 5)o(t, o))
and ’
bu(t,€) = v(t, & uo) - (F(& vos(t, & u0)) — (&, v(t, & u0))).
By the boundedness of {|uon|}, {an(t,€)} is uniformly bounded and continuous in ¢ and £. By (H2),

bn(t,€) — 0 as n — oo uniformly in (¢,£) on bounded sets of [0,00) x R. The rest follows from a simple
modification of the proof in (1). O
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2.4. Spreading speeds in fixed habitats

In this subsection, we review some properties about the spreading speeds of the nonlocal dispersal
equation (1.7). Let u* > 0 and ¢* satisfy that

& it Jpe " k(z)dz =1+ _ Jae " k(z)dz — 147

2.5
inf . e (2.5)

Proposition 2.4.

(1) For any ug € X with nonempty compact support,

limsup sup u(t,z;up) =0 Ve>c*
t—oo |z|>ct

and
liminf inf (u(t,x;ug) —1)=0 VO0<ec<c,
t—oo |z|<ct
where u(t, x; ug) s the solution of (1.7) with u(0, x;ug) = uo(z).

(2) For any ¢ > ¢*, (1.7) has a positive traveling wave solution u(t,z) = ¢(x — ct) with ¢(—o0) = 1 and
e H¥k(z)dz—1+r
¢(o0) = 0. Moreover, for y € (0, u*) such that ¢ = Jx e , lim ¢(z) =1

K r—00 € HT

Proof. (1) See Theorem E of [4].
(2) See Theorem 2.4 of [5]. O

3. Tail behavior of traveling waves

In this section, we study the tail behavior or decay behavior of positive stationary solutions of (1.6)
(assuming they exist), or equivalently, traveling wave solutions of (1.1). The main result of this section can
then be stated as follows.

Theorem 3.1. Suppose that ¢ is a bounded positive solution of (1.6). Then there are M* such that

o(&)

limsup—5 <Mt

E—oco €77

d
" 2E) _ /-

lim sup i S ,

E—s—c0 €

where py = p+(0) and pL(N) is as in (1.9).

To prove the above theorem, we first prove a lemma.
For given M > 0, R™ > L+ Lo, R~ < —(L + Ly), and 7 > 0, consider the following nonlocal Dirichlet
problems,

(&) + [p k(€ —nv(n)dn —v(€) —qu(€) =0, R* <{ <Rt +r7 .

v(€) =M, £¢ (RT, Rt + 1), :
and

Cv/(g) + I]R k(f - W)U(W)dn - U(f) - qv(f) =0, R —-7< f < R~ (3 2)

o€ =M, £¢ (R —1.R). .
Let

WF(E) = ket =B 4 phens (=R, (3.3)
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and
Gy (&) = ky e =) g et (R (3.4)

+ _ eH+7 1 + _ 1—et—T7 - _ 1—e H+7 - _
Where kl —Mw, k2 —Mw,and kl —MW? kQ =M

e HF-"T-1
e TH=T _eTH+T

Lemma 3.1. 1 (€) is a super-solution of (3.1) and ¥ (€) is a super-solution of (3.2), that is, they are
super-solutions of (2.3) witha = R*, b= R* + 7, and g(§) =M, anda= R~ —7,b=R~, and g(§) = M,
respectively.

Proof. Consider

/() + /R K(E — n)o(n)dn — v(€) — qu(€) = 0. (3.5)

Let v(£) = e#¢ and then the characteristic equation of (3.5) becomes

o+ / 1=k (¢ —m)dn — 1 — ¢ = g(1;0) =0, (3.6)
R

where

9(p;0) = cp + /R e"k(n)dn — 1 —q.

Note that g(u+;0) = 0. Thus, (&) = kiet~§ + kgel+¢ is a solution of (3.5) for any choice of the scalars
k1 and ks.

Let ¢} be as in (3.3). Note that ¢ (R") = ¢ (RT +7) = M. Then there exists a § € (RT, RT +7) such
that (1) (6) = 0. (¢¥7F)”(€) > 0 implies that () (€) < 0 for £ < 6 and (Y1) (€) > 0 for £ > 0. Therefore
(&) > M for £ < RY and € > RY + 7. By definition, ¢ (€) is a super-solution of (3.1).

Similarly, we can prove that ¢~ (£) is a super-solution of (3.2). O

We now prove Theorem 3.1.

Proof of Theorem 3.1. Choose M = mgax @(&). Observe that v(t,§) = ¢(§) is a sub-solution of (2.3)

witha = RY, b= R™ + 7, and g(§) = M for any Rt > L + Lg and any 7 > 0. Then by Lemma 3.1 and
Proposition 2.2, for any given Rt > L+ Ly and 7 > 0, (&) < ¢ (&) for £ € (RT, RT + 7). Note that

lim o (€) = Met—(E—RD),

T—r00

We then have that

B(¢) < Met—ERY) v e s R, (3.7)
and thus - .
0< liminfﬁ < limsup& <Mt = Me—r—R"
£—o0 e“—g 00 eﬂ—{
Similarly, we have that
() < M+~ Y e <R, (3.8)
and thus . -
0 < lim infﬁ < lim Supﬁ <M~ = Me M8
Eo—co el+E T e ettt

] ¢
Remark 3.1. In general, it remains an open question whether the limits lim ©) and lim (©) exist.

E—o0 6‘“*E £——o0 6”4—5
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4. Equivalence of the persistence and the existence of traveling wave solutions

In this section, we show that the occurrence of persistence and the existence of traveling wave solutions
are equivalent.
Theorem 4.1. The following two statements are equivalent:
(1) Persistence occurs in (1.1)

(2) There are traveling wave solutions of (1.1) with speed c.

Proof. First, we prove that (2) implies (1).
Suppose that (2) holds and that & is a bounded positive solution of (1.6). Then o(¢,&;v®P) = yP(€)
satisfies

vo=eve-t [ = €ottmdy —v(t.€) + F6 HOWE), € e R (11)
for any v € R. Let v(t,£;v®) be the solution of (1.5) with v(0,£;v®) = v@(§). Fix T' > 0. Note that

|§|<iIL1fL P(¢) > 0 and v(t,£0) = 0 for all ¢ > 0 and € € R. Then there is 749 > 0 such that for any
<L+Lg

0<7<’YO7
v(t,&yP) < @) for 0<t<T, || <L+ Lo.

This implies that for any 0 < v < 7o,
(& 28) < f(Ev(t,&v®)) for 0<t<T, (R

Thus v(t,&) = v(t,&;vP) is a super-solution of (4.1) because
ui(t, €) — [eve + /R k(n = §)v(t, n)dn —v(t, ) + (&, (£))v(t, §)]

= vp — [eve + /R/f(n =&t n)dn —v(t,€) + f(&v)v(t, §)] + (f(§v) — F(§ 2(£)))v(t,€)
= (f(&v) = F(&, 2(§))v(t, €)
> 0.

Note that v(t,&v@) — 0(¢,&7P) > —Fo = —m?x{fy@(g)} and then by the comparison principle (see
Proposition 2.1(1)) applied for (4.1), we have that for any 0 < v < 7o,

v(t,§79) 2 0(t,§7P) =79(§), VO<t<T, {€R
and then by the strong comparison principle (see Proposition 2.1(2))
v(t, &y P) >y P(§), VE>0, (ER. (4.2)

Note that for any given ug € X with §in]111 uo(&) > 0, there is 0 < v < v such that
€

up(§) =2 v9(§), VEER.
Then by Proposition 2.1(2), we have that
v(t, & uo) = v(t, &y P) 2 v9(€), VE=0, L€R.
This implies that

liminf inf wo(¢,¢; 0
min ot Ervo) >

for any K > 0. Therefore, (1) holds.
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Next, we prove that (1) implies (2).
Assume (1) holds, that is, persistence occurs in (1.1). Choose M > 1 such that up(§) = M is a
super-solution of (1.5). Then by the definition of persistence in (1.1)

liminf inf w(¢,&; >0
mint o o5

for any K > 0. By Proposition 2.1,
v(t,&upy) <upy(=M), V>0, EER, (4.3)
and for any to > t; > 0,
v(te, &upnr) = v(t, & v(te —t1, s M) <wo(t,§up) <M, VEER. (4.4)
It then follows that there is @(§) such that
tli}lrolov(t,E;uM) =@, VEER

and

inf ®(6)>0, VK >0.
lel<K ©)

In the following, we show that ®(¢) is C* and v(t,£) = () is a positive stationary solution of (1.5). To
this end, let u(t,x; upr) be the solution of (1.1) with w(0, x;upr) = ups. Note that with &€ = 2 — ct,

’U(t,f; UM) = u(tvx;uM)'

It then suffices to show that (¢, x; ups) and ug (¢, x5 ups) are uniformly bounded on RT xR, and w, (¢, z;ups)
exists and is uniformly bounded and continuous in ¢ > 0 and = € R.

By (H2), the right hand side of (1.1) with u(¢,z) being replaced by w(t,z;ups) is uniformly continuous
int > 0and x € R. Hence wu;(t,z;ups) is uniformly continuous in ¢ > 0 and = € R. This implies that
the right hand side of (1.1) with u(¢, 2) being replaced by u(t, x; ups) is differentiable in ¢ and its derivative
with respect to ¢ is uniformly continuous in ¢ > 0 and = € R. It then follows that w (¢, z;upr) exists and is
uniformly bounded on Rt x R.

To show that wu, (t,2;ups) exists and is uniformly bounded and continuous in ¢ > 0 and = € R, let

w(t, ) = u(t, myupr) + ult, x;unr) — fx — et u(t, z5up))u(t, o5 upn). (4.5)

By (1.1), we have that
w(t,z) = / k(y — z)u(t, y; upr)dy.
R

This together with (H1) implies that w(¢, ) is differentiable in = and w, (¢, x) is uniformly bounded and
uniformly continuous. For fixed x, let ¢(t; ) = u(t, x;unr). By (4.5), ¢(t; x) is the solution of

{cgf = —o+ f(z - ct,$)¢ + w(t, z)

¢(0;2) = w(0,z). (4.6)

View x as a parameter in the initial value problem (4.6). Note that —¢ + f(z — ct, ¢)¢ + w(t, ) and w(0, x)
are continuously differentiable in € R. Then by the smooth dependence of solutions of ODEs on the
parameters, ¢(t; ) is differentiable in x (hence u, (¢, x;ups) exists), and ¥(t; x) = ¢, (t; x) satisfies

{‘Zf = (71 + fu(‘r - Cta ¢)¢(tv ‘T) + f(’l‘ - Cta ¢))¢ + wz(tax) + fr(x - Cta ¢)¢(t,$) (47)

Y(0;z) = 0.
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Let p(t;z) = =1+ fu(z — ct, d)d(t; ) + f(a — ct, ¢). By the variation of constants formula, we have that

D (t,x) = Y(t;x) = /0 efrt usiz)ds (wm(T, x) + fo(x — crT, ¢)¢(T;I))d7. (4.8)

It is not difficult to see from (4.8) that ¥ (¢; ) is uniformly bounded and continuous in ¢ > 0 and = € R. We
then have that u,(t, x;ups) exists and is uniformly bounded and continuous in ¢t > 0 and x € R.
Recall that

o(t, & unr) = ult, T un).
We then have that vy (¢, &; unr), v (t, & uar), and ve (¢, & uar) exist and are uniformly bounded and continuous
in ¢ > 0 and £ € R. This implies that ¢’(&) exists, and

lim v(t, & upnr) = D(),

t—o00
tli{go Ut (t7 Ev UM) = 07
and
. . _ !
tli)n;olo (%3 (ta é-’ u]V[) =9 (5)
locally uniformly in £ € R. It then follows that v(t,&) = ®(£) is a positive stationary solution of (1.5). This
proves that (1) implies (2). O

Remark 4.1. By Theorem 4.1, the following two statements are equivalent:

(1) Extinction occurs in (1.1)
(2) There are no traveling wave solutions of (1.1) with speed c.

5. Existence, uniqueness, and nonexistence of traveling wave solutions

In this section, we study the existence, uniqueness, and nonexistence of positive traveling wave solutions
of (1.1) with speed ¢, or equivalently, of positive stationary solutions of (1.5). In the next result we refer to
the spreading speed ¢* which was defined in formula (2.5) in Section 2.4.

Theorem 5.1 (Ezistence/nonezistence of Traveling Wave Solutions). Fix r,q, Ly > 0.

(1) For given 0 < ¢ < c*, there is L* > 0 such that for L > L*, (1.5) has a positive stationary solution
v(t,&) = #(§). For 0 < L < L*, there is no positive stationary solution of (1.5).
(2) For given ¢ > c*, for any L > 0, there is no positive stationary solution of (1.5).

Proof. First of all, we note that f(z,u) depends on r, ¢, L, and Lg. For clarity, for fixed r, ¢, and Lo, we
write f(z,u) as f(z,u; L). By (H2), for 0 < Ly < Lo, we have that

flz,u; L) < f(z,u,Ly), for 0<u<l1, ze€R. (5.1)

Next, let u(z) = 1. We have that v(t,x) = 1 is a super-solution of (1.5). Let v(¢, z;u, L) be the solution
of (1.5) with v(0,z;u, L) = u(x) = 1. By the arguments in the proof of Theorem 4.1, there is @(x; L) such
that

3 .« a7 e . <
tli)rglo v(t,z;u, L) = &(z; L) < 1

locally uniformly in « € R, and v(z) = &(z; L) is a nonnegative stationary solution of (1.5). Moreover, note
that u = 0 is a solution of (1.5). Then by Proposition 2.1, we have that either @(z;L) =0, or ¢(z;L) is a
positive stationary solution of (1.5). By (5.1) and Proposition 2.1, for any 0 < L; < Lo, we have that

v(t,x;u, L) <wv(t,x;u,Ls), Vt>0, x€R.



14 P. De Leenheer, W. Shen and A. Zhang / Nonlinear Analysis: Real World Applications 54 (2020) 103110

Hence
P(x;L1) < (w5 Lo), VaweR, Ly < Lo.

Therefore, there is 0 < L* < oo such that

$(x:L)=0, VO0<L<L*
P(x;L) >0, VL>L"

We claim that any nonnegative stationary solution v*(z) of (1.5) satisfies that
v*(z) <1, VzekR

In fact, suppose that v*(x) is a nonnegative stationary solution of (1.5). Let M = supv™(z). If M > 1, then
z€R
v(t,z) = M is a super-solution of (1.5). By the comparison principle (Proposition 2.1),

v (z) <v(t,e; M) <M, Vit>0, zeR.
This together with the tail property (Theorem 3.1) implies that

M =supv*(z) = maxv*(z) < M,
z€R z€R

which is a contradiction. Hence M < 1. It then follows that
v*(z) <wv(t,z;u,L), Vi>0, zeR

and then
v*(x) < P(x; L).

Hence, if @(z; L) =0, then (1.5) has no positive stationary solution.

We now prove (1) and (2).

(1) Tt suffices to prove that L* < oco. To this end, first, for 0 < ¢ < ¢*, choose ¢’ € (¢,¢*) and fix it. For
given ug € X+ with nonempty and compact support supp(ug), by Proposition 2.4,

liminf inf (ueo(t,x;ug) — 1) =0,
i Jul (et o) =)

where uso(t, ;3 ug) is the solution of (1.7) with ue (0, z;ug) = up(x). Then we have that

hggggf 7(c’+c)t?£§(c’7¢:)t(uoo<t, x+ctyug) —1) =0.

Next, choose 1y to be C. View z as a parameter and by the smooth dependence of solutions of ODEs
on the parameters, then us (¢, 7;ug) is also C! in z and veo (¢, 75 Ug) = Uso (t, T + ct; ug) is the solution of
(2.4) with v (0, 2;up) = ug(z) and satisfies

hggggf7(C/+C)tlélfg(dic)t(voo(t,:r; ug) — 1) = 0.

Now choose ug such that ug < 1/2. Then there is T > 0 such that
Voo (T, 23 ug) > 1/2, x € supp(ug).
Let v(t, x;ug, L) be the solution of (1.5) with v(0, z;ug, L) = ug(x). By Proposition 2.3,

lim v(t,x;up, L) = veo(t, 2;up)
L—oo
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locally uniformly in (¢,2) € R x R. Then
(T, x;ug, L) > ug(x), for L>1.
Then by the comparison principle (Proposition 2.1), we have that for L > 1,
v(mT, x;ug, L) > v((m — 1)T, z;up, L) > up(x), VaxeR, m=1,2,....
Since v(mT, x;u, L) > v(mT, z;up, L) and @(x; L) = Agrloov(mT, x;u, L), we have that

P(x; L) > up(z), VaeeR

for L > 1. Hence u(t,z) = @(x; L) is a positive stationary solution of (1.5) when L > 1, and then L* < oc.
(2) It suffices to prove that L* = co. To this end, let p* > 0 be such that

fe e kOdn 147 e h(dy — 1+

= = in
W >0 1%
Recall that p— < 0 < py are such that
cp+ + / !+ (n)dn — 1 — q = 0. (5.2)
R

We claim that p* < |pu_]|.
Indeed, let

W) = ~c+ [ ek(n)dn — 1~
R
Then h(—p—) =0, A'(u) > 0 for p > —p_. Let

- B0

for 41 > 0. Note that [, n"™k(n)dn = 0 for odd integers m = 1,3,5,... and we have that

() = J2 ek dn - = (g eh(m)dn =1~ q)
112
4 6
= % [A(an(n)NQ + k)’ 4 k)’ 4 )dn

-~ / (k(n) + %Tk(n)MQ + Z*TM??)#‘* o )dn+1+ q}
e . I

= %[q T /R((l - %)an(n)uz’ + (% — %)n‘*k(n);ﬁ + (é - é)n%(n)/f +. ~-)d77]
>0, for p>0.

Then p = —p_ = |p_| > 0 is the only solution of A(u) = ¢ in the interval (0, c0), and

o Je @ k()dn —1—q

h(u
(1) p
H Nk (n)dn — 1
< e (77)*77 T
"
B=nlo(p)dy — 1 —
co= WKM7 g g g 50

—



16 P. De Leenheer, W. Shen and A. Zhang / Nonlinear Analysis: Real World Applications 54 (2020) 103110

_ flR efluflnk(n)dn —1—g¢q
. ||
_ e kﬁl”T" “17 by k() = k(=)

= Al ))-

It then follows that |pu_| > p*.
We now assume that (1.5) has a positive stationary solution v = @(£). By Theorem 3.1, there is M > 0
such that
B(E) < Mte =16 for £>1.

Choose ¢ € (c¢*,c). By Proposition 2.4, (1.7) has a traveling wave solution u(t,2) = ¢(x — ét) such that

¢(—00) = 1,¢(+00) = 0,and lim 9(z)

P

~1, (5.3)

where 0 < fi < p*(< |p—]) is such that

Jr e Mk(n)dy —1+r

I

This implies that v(t, ) = ¢(x—(é—c)t) is a super-solution of (1.5). Then by (H2), v(t, z;v) = yd(x—(é—c)t)
is a super-solution of (1.5) for any v > 1. By Theorem 3.1, there is v > 1 such that

é:

b(x) < v9().
Hence, by the comparison principle (Proposition 2.1), we have that
P(z) <v¢p(x —(¢—c)t), VaxeR, t>0.

Letting ¢ — 00, since é < ¢ we have that z — (¢ — ¢)t — oo and so by (5.3), tlim d(x— (¢—c)t) = ¢(o0) =0,
— 00
implying that
P(x) <0, VzeR,

which is a contradiction.
Hence for any L > 0, (1.5) has no positive stationary solution and then L* = co. [

The following corollary follows directly from the proof of the above theorem.

Corollary 5.1. Suppose that there is no positive traveling wave solution of (1.1). Then for any ug > 0,

tlggo v(t, z;up) =0

locally uniformly in x € R, where v(t, z;ug) is the solution of (1.5) with v(0,x;ug) = ug(x).
We will prove the following theorem about the uniqueness of traveling waves of (1.1) by modifying the
proof of Theorem 2.1 in [18], where the authors dealt with the uniqueness of forced waves (traveling waves)

for nonlocal equation (1.1) with nonlinearity (1.4). Due to the different nonlinearity and tail properties of
our traveling waves, their proof cannot be applied directly.

Theorem 5.2 (Uniqueness). There are at most one positive bounded solution to Eq. (1.6).
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Proof. Let &;(£),i = 1,2 be two positive bounded solutions of Eq. (1.1), that is, ®; satisfy that

c®;(€) +/Rff(n — &) Di(n)dn — Di(€) + (&, 8)P;(€) =0, E€Ryi=1,2.

Define X, = {oc > 1|o Py > &1 — €} for € > 0. Note that ¢;(+oo) = 0 and then ¢, — € is nonnegative only on
a bounded region. Therefore there exists a large enough o such that o @ > &1 — ¢, that is, X is not empty.
Let 0. = inf ¥, > 1. Note that o is non-increasing in e. Hence hm o, exists. Let o* = hm o€ [1,00]. We
claim that o* = 1. If 0* = 1, then we have that $2(&) > & (£). Repeat the previous process by interchanging
@1 and P, and then we also have that @1(§) > P5(£). Thus $; = &s.

Now it suffices to prove the claim that ¢* = 1. Suppose to the contrary that ¢* > 1. Then o, > 1
for some €y. This implies that o, > 1 for all 0 < € < €. Let we(§) = 0.P2(€) — D1(§) + €. Then, by the
definition of o, w(£) > 0. Note that we(£oo) = e. This together with o, > 1 implies that there is £ € R
such that w.(£) = 0. Choose a sequence 0 < €, < €y for n = 1,2... such that hm €, = 0. Let &, € R be

such that we, (&,) = 0. By w,,, (§) > 0 for all £ € R, w, (§) obtains the minimum 0 at &,. This implies that
wy, (&) = 0. We claim that {£,} C [-(L + Lo), L + Lo]. Note that w,, (§) satisfies that

el (€) + /R (1 — €y (n)dn — w(E) + e F(E, B2) Bo(€) — F(E, B1)B1(€) = O,

Suppose that |,| > L + Lo for some n. Then f(&,, $2(&,)) = f(&n, P1(€n)) = —q. Plugging &, into the
above equation, we have that

0= cut, (60)+ [ K00~ €0l — 0n) + 00 (G B2) ) = G 1)1 (62)
— [ = &wtmdn g, B2(6) ~ #1(6.)
= [ 5= &) ndn = afwin) )
= [ 5l &n)wtnan + ae,

>0,

which causes a contradiction. Hence {&,,} C [—(L+Lg), L+ Lo|. This implies that o, $2(&n) — P1(€n) + €, =

0. Hence o, = % is bounded and ¢* € [1,00). Moreover, there exists a subsequence of &,
such that lim &,, exists, denoted by lim §&,, = £". Moreover, as n; goes to infinity, we have that
Np—>00 M} —» 00

w*(€) = o* By(€) — P1(€) with w*(£*) = 0 and w*'(£*) = 0. Note that
0= cu™(€) + /R k(1 — ) ()dn — w(€) + 0™ F(E, a) Bal€) — F(E, B1) B (€)
> cw(€) + / 5 — ) () — w* (€) — qu (€).

Plugging £ = £* into above inequality, 0 > [, s(n — £*)w*(n)dn, which implies that w*(§) = 0 for all £.
Hence, we have that &@1(§) = o* $3(§) and thus

0= cd(€) + /R k(1 — €) By (n)dn — B1(€) + F(E, B1) B (€)
— o (cBy(E) + /R k(1 — &) Do)y — Bo() + F(E,0" B) B(6)

— " (eB(€) + / k(1 — €) Bo(n)dy — Bo(E) + F(E, B2) B (€))

+ (f(§, 0" P2) — f(§, P2))o™ D2(§)
= (f(§, 0" P2) — f(§, D2))0™ P2(§),
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which implies that f(£, 0% ®2) — f(&, $2) = 0. In particular, f(0,0* P2(0)) — f(0, $2(0)) = 0, which implies
that 7(1 — 0* $5(0)) = r(1 — $2(0)) and then * =1. O

6. Spectral theory of nonlocal dispersal operators and its applications

In this section, we study the spectral theory of the linearized equation of (1.5) at v = 0, i.e., (1.10), and
discuss its applications to the persistence and extinction in (1.5).
Letting v(t, &) = e*y(€), (1.10) yields

cw'(f)+/Rk(77—5)¢(77)d77—¢(§)+f(€,0)1/}(£) = AY(§)- (6.1)

It is obvious that v(t, &) = e M)(€) is a solution of (1.10) if and only if (\,v) satisfies Eq. (6.1).
Let
X'={ueX|d()e X}

and

(L(c)$)(§) = cd'(£) + /R k(n = &on)dn — ¢(&) + f(£,0)6(£)
for ¢ € X1. Let o(L(c)) be the spectrum of £(c) acting on X*.
Definition 6.1. Let
M, L) = sup{ReX | A € 0(L(c))}.

(
A(e, L) is called the principal spectral point of L(c) or (1.10). (e, L) is called the principal eigenvalue of
L(c) if L(c) has an eigenfunction in X+ \ {0} associated with A(c, L).

The objective of this section is to study the properties of A(¢, L) and their applications to the persistence
and extinction in (1.5). To do so, we first study in the next subsection the properties of the spectrum of
(6.1) with f(&,0) being replaced by some periodic function.

6.1. Existence of principal eigenvalue with periodic dependence

In this subsection, we shall consider the eigenvalue problem (6.1) with f(£,0) being replaced by a(&),
where a(-) € X, and
Xp ={a() € X|a(-) = a(- +p)}

for p > 0, that is,

cd'(€) + /R k(n = &)o(n)dn — 6(§) +a(€)d(§) = \o(€), ¢ € X, (6.2)

where X! := {u € X|u,uv’ € X,}. We denote X, = {u € X,|u> 0} and Int(X,]) = {u € Xp|u > 0}, which
is the interior of X,f.
For given a € X, let

(L. ap)a)€) = o6/ (©) + [ kn = €)otn)dn = 9(6) + al©)o(6)
for ¢ € X}. Let o(£(c,a;p)) be the spectrum of L(c, a; p) acting on X}, and
Ap(c,a) = sup{ReX | A € o(L(c,a;p))}.

Ap(c, a) is called the principal spectral point of L(c, a;p). Ap(c, a) is called the principal eigenvalue of L(c, a; p)
if L(c,a;p) has an eigenfunction in X5\ {0} associated with Ap(c,a). We have the following theorem.
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Theorem 6.1. Assume that a is Lipschitz continuous. Then the principal eigenvalue A,(c,a) of L(c,a;p)
always exists.

To prove the above theorem, we first prove some lemmas. In the following, if no confusion occurs, we may

write L£(c,a;p) as L. Let K : X, = X, and T : X} — X, be defined by

Ku(€) = / k(n — €)é(n)dn

and
(T9)(&) = cd'(€) — ¢(&) + a(§)d(&).
Then we may write £ as K + T, and write (6.2) as

(K+T)p=Ao.
Note that if (\] — 7)~" exists, then (6.2) has nontrivial solutions (X, ¢) with ¢ in X \ {0} if and only if
KO -T) lv=0v (6.3)

has nontrivial solutions (A, v) with v € X, \ {0}.
For ¢ = 0, Theorem 6.1 has been proved in [4] (see also [19]), that is, A,(0,a) is the principal eigenvalue

of £(0,a;p) with a periodic principal eigenfunction. In the rest of the subsection, we assume that ¢ > 0.
Let

Iy al(s)ds

g (6.4)

Ar=—1+4a, wherea=

Lemma 6.1. Assume that ¢ > 0.

(1) If « € C and Rea > A1, then (ol — T )™t ewists.
(2) If « € R and o > Ay, then K(al — T)™! is a compact operator on X, and is strongly positive,
i.e., Ko = T) 'u e Int(X}}) if ue X7\ {0}.

Proof. (1) For given w € X, consider (ol —T)¢ = w, i.e.

#(6) ~ tlo+1-a(©)l(e) = - 2. (6.5)
If a solution ¢ in X; exists, then we must have that:
0 0
el [ a1 = aman)oe)] = —esp(; [ (a-+ 1 atmyan) 2

Therefore, we integrate both sides over [£, 00) and exploiting the fact that Re(a) > —1 4 a and that ¢ must
belong to X;, we can simplify the result to get that

1~ 1t
09 = [ el [ @r1-aminuic (6.6)

C

For each ( in [£,00), let k be the unique non-negative integer such that ¢ € [£ + kp, & + (kK + 1)p). Then
3 ~ ¢ ~ ¢ ~
[ @=atmyin =1 ["@=atyin =1 [ (@-amya
< £ §+kp
p

¢
< [ Jaatln < ["a—atidn < (ol + s 1)

+kp 5
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and therefore we have that
1 [~ 1 /¢
69 =7 [ el [ @+ 1-atminudc

oo 1 3 1 13
= - exp(— o —a)dn)exp(— a—a dn)w({)d
[ el [ @t ainen(; [ @ aminuic

1 1 1t
S*'GI(*C_I,eraXQ )w / ex f/ a+1—a)dn)d
¢ e (G el + g ©N)p) -l [ exo( [ 1= a)in)ac
1 1,_
= o= e lal+ max a(©))p) -l
Then with C = a+La -exp(%(‘cﬂ +£H1[%X] |a(§)|)p), we have just shown that ||¢||c < C|lw||oc-
€0,p

Moreover, letting ¢ = ¢ — p, we have that

1 [ 1ot
= exp(— a+l—a dn)w(C)d
o(€ + p) /6 o( /C (o + 1 — a(n))dn)w(C)dC

C +p C

00 E+p 2 s
_ 1/5 exp(l/ (a+ 1 = a(n))dn)w(C + p)d(C +p)

¢ ¢ Ji+p

1 [ 1 /¢ s
= exp(— a+1—a(n))dn)w(l)d

2] e [ o atmnu©id
= ¢(&).

These arguments establish the existence of a solution ¢ in X; to Eq. (6.5), for each w in X,,. Uniqueness
of ¢ follows from standard results in the theory of linear ODEs. This concludes the proof of part (1) of this
Lemma.

(2) This follows from the compactness and the positivity of K and the strong positivity of (af —7T)~1. O

Lemma 6.2. Assume that ¢ > 0. Then Ay is an eigenvalue of T and its associated eigenfunction is

o) = exp(%(df — fog a(s)ds)).
Proof. This can be verified by direct computation. [

Lemma 6.3. Assume that o > Ay and ¢ > 0. Let p(a) be the spectral radius of K(al —T)~ 1.

(1) plar) > plag) if az > ay.

(2) p(a) = 0 as @ — 0.

(3) p(a) is continuous in o > Ar.

(4) For some ag > A1, if p(cwg) > 1 then there exists a A such that p(A\) = 1.

Proof. (1) By Lemma 6.1, K(al —T)~ ! is a strongly positive and compact operator and then by Theorem
19.3 (Krein—Rutman theorem) in [20], p(«) is its principal eigenvalue with a positive eigenvector. Note that
for given w € X,

1 [ 1 /¢
al —T) tw== xp(— a —a dn)w(¢)dC.
(al = T) /gep(/<<+1 (n)dn)w(C)d

c c
Hence for w € X5\ {0},
(e —T) rw > (al —T)'w

and then
K(arI —T) o > K(aol —T) .
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By Theorem 19.3 (d) in [20], p(aq) > p(az).

(2) From the arguments of Lemma 6.1(1), we have that QILH;O (el —T) 'w|| = 0 for any w € X,. The
assertion holds since p(a) < ||K||||(af — 7).

(3) This follows from Lemma 2 in [21].

(4) This follows from (1), (2), and (3). O

Lemma 6.4. Assume that ¢ > 0. Let V(t; ¢, a) be the solution operator of (1.10) with f(£,0) being replaced
by a(§), that is, v(t,-;v0) = V(t;¢,a)vg is the solution of (1.10) with f(&,0) being replaced by a(§) and
v(0,;v9) = vo(-) € X,,. Then

In ||V (t;¢,a)||

Ap(c,a) = limsup ———————.
t—o00 t

Proof. This follows from similar arguments as those in [22, Proposition 2.5]. For completeness, we provide
a sketch of the proof in the following.

In ||V (¢; -
First, let Ay, = lim sup M. For any given A > lim sup

t—o00 t t—o0

1 .
M, there is M > 0 such that

[V (t;e,a)|| < MeM V>0,
Then for any € > 0, we have that
162V (t¢,a)|| < Me™ V> 0. (6.7)

Let & = e(=2=9ty. Then ¥ satisfies

B = ey + / k(y — 2)0(t, y)dy — 5t 2) + a(@)5(t,2) — (A + ). (6.8)
R
Let V(t;¢,a) be the solution operator of (6.8). For any w € Xp, let
t ~
o(t,x) = / V(t—T7;¢,a)w(-)dr. (6.9)
Then, by Leibniz integral rule, for —oo < a(x),b(x) < oo,
b(x) b(z)

-’ ( [ s dt) = £(b@) - o) = F(oale) - o)+ [T an

we have that

aﬁgt’”) — w(x) +/m %f/(t — e a)w()dr

iy + / Ky — 2)i(t, y)dy — 5(t,2) + a(@)i(t,7) — (5 + )b + w(x).
R

Thus it is a solution of

0y = Uy + /]R k(y —x)o(t,y)dy — 0(t, x) + a(x)0(t, ) — (A + €)0 + w(x) (6.10)

on t € R. Letting ¢t — oo in (6.9),

t—o0

lim o(t,2) = /OOOV(T;C, a)w(-)dr =: 0(x;w)e X,.
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Moreover, v
oG w)ll < —lwll.

Suppose that 01 (z; w) and 2 (x; w) are two stationary solutions of (6.10) in X, and then o1 (z; w) — d2(x; w)
is a stationary solution of Eq. (6.8). The estimate (6.7) implies that Eq. (6.8) has only trivial stationary
solution and so v1(x; w) = U(x;w), that is, ¥(x; w) is the unique stationary solution of (6.10). This implies
that (K +7 — (A +€)I)~" exists for any € > 0 and so (), 00) is in the resolvent of the operator K + 7. While
Mp(c,a) = sup{Re) | A € o(K + T)}, we have that A + € > \,(c,a). Hence, as € > 0 was arbitrary,

In ||V (t;
Ap(c,a) < limsup M.

t—o0 t

Next, for any ¢ >0 and M > 0, let A\ = \,(c,a) + € and vps(z) be the unique solution of
vy + / k(y — x)v(y)dy — v(z) + a(z)v — Mv(z) + M =0, zcR. (6.11)
R

Then with A = Hqﬂ)“ >0 and f(z,v) = 1( (Jg K( (y)dy + (¢ +a(z))v(z) + (A = Mo (z) + M) > A,
Eq. (6.11) is equlvalent to that:

cu, +/Rk(y — x)o(y)dy — v(z) — qu(z) = [Av(z) + (¢ + a(@))v + (Al = Av(z) + M =0, z€R,

and thus
M —v = f(x,v), z€R. (6.12)
Then multiply (6.12) by e~ to get that [—e‘j‘zv(x)]’ = e‘j‘””f(x, v(x)), and integrate both sides over [z, 00)

to

v(z) = A /Oo(e_j‘sf(s,v(s)))ds > e /Oo(e_:\sg)ds = %, x €R.

Choose M > |A| + 1+ g and then we have that vy (z) > 1.
Note that vys(x) is a super-solution of (6.8). By the comparison principle (Proposition 2.1) for (6.8), we
have that )
0<e MV(tic,a) -1 <wvp(x), V>0, z€R.
This implies that
In ||V (t; In ||V (t; -1 <
o BV |Vt 1] _

t—o0 t—o0 t

1 t;
for all € > 0, and thus also that lim sup M

t—o00 t

< Ap(e, a). This concludes the proof of the lemma. [

We now prove Theorem 6.1.

Proof of Theorem 6.1. For ¢ = 0, it has been proved in [4]. Now we assume that ¢ > 0.
Suppose that A > Ay and let (A, @) be as in Lemma 6.2 such that

c¢'(§) — ¢(&) + a(€)o(§) = Ao (8),
and then
—c¢'(§) + (A + 1= a(€)p(§) = (A = Ar)o(€),

denoted by
(—cle + (A +1—a()) )¢ = (A= Ar)o.
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Hence

(=l + (A+1=a()) 7' (A = Ar)¢ = ¢.

This implies that
K(=cty+ A +1=a( )" A= Ar)d =Ko > (A= A1)é

for 0 < A — Ay < 1. It then follows that
p(K(=coy+ AN+ 1—a(-)))™H) >1

for0< A=A <1
By Lemma 6.3
p(K(=cOpy+A+1—a(-))"H) =0

as A — 0o. Hence there are \ > A7 and a p-periodic positive function 1 such that

p(K(=cdy + (A +1—a(-NI)™H) =1.

| stn= (e, + Gt 1)) vt = v (6.13)
and thus -
awa+/lnm—aamm—é@+a@&a=&ao7 (6.14)

where ¢(¢) = (—cOe + A+1— a(~))I)_1w(§). Note that ¢(€) > 0 on R because 1(£) > 0 on R, and since

(—cOe + A+1- a(~))])_1 is strongly positive (see Lemma 6.1). Therefore, A € o(L).
Next, we show that A = \,(¢,a). Let V(t;¢,a) be as in Lemma 6.4, the solution operator of (1.10) with
f(&,0) being replaced by a(£), We have that

V(t;c,a)p = e;\tqz Vt>0.

For any ¢ € Int(X,]) with [|¢]lcc = 1, there exist positive o1 and o3 such that 016 < ¢ < 02¢. By
comparison principle (Proposition 2.1), o1V (¢;¢,a)p < V(¢;¢,a)¢ < 02V (t; ¢, a)¢ and thus o1 ||V (¢; ¢, a)@||
[V(t;c,a)p| < o2||V(t;c,a)¢|. Since ¢ is arbitrary and |f|lec = 1, o1||V(t;c,a)0| < [|[V(t; e, a)ll
o2l|V (t: ¢,a)d]|. Therefore, MUV ealdl) o IV teal) ¢ inozlV (el for 1 5 0 The nieale s
ln(HV(f;C»a)ll) < ln(ffz\l:“&\l), and thus A + l”(glt”‘;g”) < ln(HV(tt;C»a)H) <A+ ln(GQtHfi;H)
that

ININ A

. Letting t — oo, we have

s IVl _ 5

t—o0 t

and hence A = \,(¢,a) by Lemma 6.4 . [
The following lemma shows the dependence of A,(c,a) on a(§).

Lemma 6.5. A, (c,a1) < A, (c, az) whenever a1(§) < az(§). Moreover, Ay(c,a1) < Ap(c,az) if a1(§) < az(§)

and ay(§) # az(§).

Proof. With Lemma 6.4 and the comparison principle (Proposition 2.1), we have that

>\p(67 al) - hm sup M S hm sup M

t—o00 t t—00 t

= Ap(c, a2).
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We shall prove the second statement by contradiction. Suppose that A, (c,a1) = \,(c, az) = A, and ¢;(¢) is
the corresponding positive principal eigenfunction to A,(c, a;) for i = 1,2, that is,

o0

cH(E) + / k(1 — E)d(n)dn — di(E) + as(€)D(E) = Mphi(E).

Then o
/ k(1 — )i (m)dn = —cdy(€) + dulE) — as(€)BE) + Aphi(6),

denoted by K¢; = (—cde+(Ap+1—a;(-))I)¢; for i = 1, 2. Hence we have that K(—cd,+(Ap+1—a;(-))]) " tw =
w with w(€) = —{(€) + 6i(E) — a(€)H(E) + Aphi(€) = [ w(n — E)du(n)dn > 0 for i = 1,2. This implics
that p(K(—cdy, + (A\p + 1 —a;(-))I)~') =1 for i = 1,2. On the other hand, by the arguments in the proof
of Lemma 6.3(1), we have that p(K(—cd, + (A\p + 1 — a1 (-NI)~Y) > p(K(—cdy + Ny + 1 — ag(-)I)71) if
a1(§) < a2(€) and a;1(&) # az(€), which is a contradiction. O

6.2. Dependence of principal eigenvalue on moving speed ¢ and patch size L

In this subsection, we explore some important properties of (¢, L). Recall that (¢, L) is the principal
spectrum point of the spectral problem (6.1), that is, the spectral problem associated to the linearization of
(1.5) at the trivial solution v = 0. In particular, we study the dependence of \(c, L) on ¢ and L.

The main results of this subsection are stated in the following theorem.

Theorem 6.2.

(1) M, L) is a principal eigenvalue. Moreover, let ¢(£) be a corresponding positive eigenfunction, then there

are M4 such that
?(£)

i 4(6)
lim sup 3 <M_ (6.16)

P O e =

where (14 (A) is defined in (1.9).

(2) Mc, L) is continuous in (¢, L) € (0,00) X (0, 00).

(8) For any fixed ¢ > 0, A(c, L) is strictly increasing in L > 0.

(4) If 0 < ¢ < c¢*, there is 0 < L** < oo such that A(¢, L) > 0 for all L > L**, and for any 0 < L < L**,
A, L) <0.

(5) If ¢ > ¢*, then A(c, L) < 0.

To prove the above Theorem we shall first prove some auxiliary results. Pick £ > Lo + L and define a
p-periodic function a,(&; L, Ly) on one period as follows:

ay(§: L, Lo) = f(€.0),€ € [-2. 5],

Observe that
ap(§§L7LO) Z a?p(f;LvLO) Z e Z a2np(§;L7L0) Z te Z f(§70) Z —q,

and then with ag,,(0) =r > —¢, Lemma 6.5 implies that
Ap(cyap) = Aple,azp) = - = Ap(c, aznp) = > Aple, —q) = —q.
Then letting p — oo, the limit of A\, (c, aznp) exists, and let

Aoo(e, L, L) = li_)m Ap(e, agnp).
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Proposition 6.1. Let V(t;¢,L) be the solution operator of (1.10), that is, v(t,-;v9) = V(t;¢, L)vg is the
solution of (1.10) with v(0,;vg) = vo(-) € X. Then

1 cc, L
A(e, L) = limsup i MR Rl Ve, L] .

t—o00 t

Proof. It can be proved by similar arguments as those in Lemma 6.4. [

Remark 6.1. Let a(-) € X and A(a) be the principal spectral point of the eigenvalue problem (6.1) on X
with f(-,0) being replaced by a(-). Similar to Lemma 6.5, we have that

)\(Cbl) S )\(CLQ)

for aj,ay € X with a1(z) < az(z) (x € R). By observation, 1 is a positive principal eigenvector of A(—q)
and A(—q) = —q. Since f(£,0) > —q, we have that

Ae L) > M—q) =~
Proposition 6.2. (¢, L) = A(c, L, Lg) and A(e, L) is an eigenvalue.

Proof. First, let ¢2,,(§) be the positive 2np-periodic eigenfunction corresponding to A,(c, azn,) with
|p2nplloe = 1, that is, (Ap(c, aznp), hanp) satisfies that

C(bénp(f) + ‘/]R ’i(f - n)¢2np(77)d77 - ¢2np(£) + a2np(£; La L0)¢2np(£) = )‘p(ca a2np)¢2np(£)a (617)

Let §2np € [—np, np] be such that ¢2np(§2np) = Eug ¢2np(£) =1 Plugging ¢2np(£2np) =1and qs,an(ﬁan) =0
S
into Eq. (6.17), we have that

)\p(c7 a2np) = /R"<5(62np - 77)¢2np(77)d77 -1+ a2np(§2np; L> LO)

Note that ¢2,, < 1 but not identical to 1 and so [, k(£ — n)¢2np(n)dn < 1 for any & € R. Then
Ap(c, aonp) < aonp(&anp; L, Ly). On the other hand, with Lemma 6.5, we have that —¢ < A, (c, az,p) and
80 —q < Ganp(§onp; L, Lo). This implies that 2, € (—L — Lo, L + Lo) C [—np, np).

Next, recall that —g < A, (¢, @onp) < a2np(&anp; L, Lo). Then by Eq. (6.17), we have that

C|¢/2np(£)| =|- /R"i(f = 0)P2np(M)dN + P2np () (= Ap(c, a2np) + 1 — a2np(&; L, Lo))|

< / ()| 62mploodt + | D2np o0 (Ap(€: a20p)| + 1 + [[a20plo0)
< 2||¢2np‘|00(1 + ||a2np||00)~

Thus with |a2np|lecc = max |a2np(€&; L, Lo)| = max{r, ¢} and ||¢2np|lcc = 1, we have that
€

, 2
sup 6, ()] < £ (1 max{ra}).

Therefore there is ny, — oo such that &apn,p — £ € [=L — Lo, L + Lo] and ¢2,,5(§) = doo(§) locally
uniformly in £ € R. Moreover, we have that d¢¢o(§) exists and

O oo (§) + /Rf’»(f = M)Goo (MdN — Poo(§) + f(£,0)P0(£) = Ao (€, L, Lo)hoo(§)-
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Since ¢oo(€oo) = 1, we have that ¢oo(€) #Z 0. By the arguments as in item (2) of Proposition 2.1, we have
that ¢ (£) > 0 for all £ € R. Therefore

Aoo(c, Ly Lo) < A, L).

Now, since f(£,0) < agnp(§), by Remark 6.1, we have that A(c, L) < A(c, agnp) for all n > 1. This implies
that
Me, L) < Aoo(c, L, Ly).

The proposition then follows. [
We now prove Theorem 6.2.

Proof of Theorem 6.2. (1) By Proposition 6.2, A(¢,L) is a principal eigenvalue. Let ¢(£) be a
corresponding positive eigenfunction. Recall that A(¢, L) > —¢. (6.15) and (6.16) can be proved by similar
arguments as in the proof of Theorem 3.1. (1) thus follows.

(2) By (1) again, A(c, L) is a principal eigenvalue. Let ¢(&; ¢, L) > 0 be such that sup ¢(&;¢, L) = 1 and

£eR
c¢'(&¢e,L) + /RH(S —m)o(n; ¢, L)dn — ¢(&;¢, L) + f(£,0)0(&; ¢, L) = A, L)§(&; ¢, L) (6.18)
By (6.15) and (6.16), there is £(c, L) € R such that
¢(&(c, L);e, L) = 1. (6.19)

Suppose that ¢, = ¢ > 0 and L,, — L > 0 as m — oo. By similar arguments as those in the proof
of Proposition 6.2, £(¢m, Lim) € (=Lm — Lo, Lm + Lo). Without loss of generality, we may assume that
&(em, Lm) = & € [—L — Lo, L+ Lo], AM¢m, Lim) = Ao, and ¢(&; ¢my L) — ¢0(€) locally uniformly in € € R.
It then follows from (6.18) that

cy(€)-+ [ Kl = n)én(adn — do(€) + 1(60)00(6) = dodfe). (6.20)
Note that ¢o(&) = 1. Hence ¢g(§) > 0 for all £ € R. This implies that
)\0 < )\(C, L)

On the other hand, let ¢(£) > 0 be such that sup ¢(£) =1 and
EER

cd'(§) + /R (& =m)on)dn — 6(&) + £(£,0)0(§) = Ale, L)(§)- (6.21)
By (6.15) and (6.16) again, for any € > 0, there is o > 0 such that

ago(§) = ¢(§) —e VEER.

Let
oe=inf{o > 0] opg(&) > p(§) —e VE e R}

It is clear that o, is non-increasing in e and is bounded below by 1. Let w.(§) = 0c¢o(&) — ¢(§) + €. Then

cwe(§) + /R k(1 = Qwe(n)dn — we(§) + f(§, 0)we(§) = Aowe(§) + (Ao — Ale, L))d(£) + (f(£,0) — Ao)e.
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It can be proved by similar arguments as those in the proof of Theorem 5.2 that 5inﬂfQ we(§) =
€

=0, and that o, is bounded. Let

we(§)

min
§€[-L—Lg,L+Lo]

w0
o —11_%05 € [1,00).

We have
o"po(§) > p(§) VEER

and ¢* > 0. This implies that
V(t, e, L)g(-) = NDrG() < Vit e, L)o" o () = e*'a"do(-).

Hence, we must have
Ae, L) < Ag.

Therefore, A(¢, L) = X\p and A(¢, L) is continuous in (¢, L) € (0,00) x (0, L).
(3) Fix ¢ > 0 and 0 < Ly < Ls. To denote the dependence of f(£,0) on L, we denote it by fr(£). Let
¢:(¢) > 0(i = 1,2) be such that sup ¢;(£) = 1 and
E€ER

)+ [ K€~ Mor(adn — 6x(9) + F1(OOH(E) = ML) (© (622)
(i =1,2). Assume by contradiction that A(¢, L1) = A(e, La) = A(c). For given e > 0, let

oe =inf{o > 0] 0¢1(§) = ¢2(§) —€ VEERL

Let
we(§) = oed1(§) — P2(§) + e

Then we have

cwl(€) + /R (1 — E)we(n)dn — we(€) + fr, (€)we(€)
= MWL) + (fr1 (€) — Fra(€)B(E) + (fr, (6) — A()e.

Again, we have finﬂfQ we (&) we(€) = 0 and o, is bounded and nonincreasing. Let
€

= min
&€(~L1—Lo,L1+Lo]
o = lim o,
e—0
and

w, (&) = lim we ().

e—0

We have w,(§) > 0 wy(§) =0, and

’ 56[7L1£n£(?,L1+L0]
wl(€) + [ = () = 0.(6) + Fuy (0n(6) = Mw.(6) + (s (O) ~ F1al€)0n(6)
Let & € [~Ly — Lo, L1 + Lo] be such that w, (¢*) = 0. Then we have
0< [ =€ Yun(ndn = (F14(6") = Fra(€))en(€) <0,
This together with (H1) implies that there is [* > 0 such that

wi(§) =0 for [£—¢&[ <"



28 P. De Leenheer, W. Shen and A. Zhang / Nonlinear Analysis: Real World Applications 54 (2020) 103110

By the above arguments with £* being replaced by & € [¢* — I*,£* 4 [*], we obtain

0< /RH(TI = wi(n)dn = (fr,(§) — f1,(§))$2(§) <0 for [—&| <7
and then
w*(§) =0 for [§—&[<20"

Repeating this processes, we have

0< /Rf-i(n—f)w*(n)dn= (fL. (&) = fr2(§))92(§) VEER,

which is a contradiction. Hence A(¢, L) is strictly increasing in L > 0.

(4) By (3), A(c, L) is increasing in L. Hence there is 0 < L** < oo such that A(c, L) > 0 for L > L** and
Ae, L) <0 for L < L**. Tt suffices to show that there exists an L > 0 such that A(e, L) > 0.

To this end, first, for 0 < ¢ < ¢*, take ¢ € (¢, ¢*) and fix it. Consider (1.7) with 7(1 — u)u being replaced
by r(1 — € — u)u for some 0 < € < 1. For given ug € X with nonempty and compact support supp(ug), by
Proposition 2.4,

liminf inf (ue(t,x;ug) — (1 —¢€)) =0,

t—oo |z|<c't

where uso (t, 2;up) is the solution of (1.7) with 7(1 — u)u being replaced by r(1 — e — u)u and uso (0, z;ug) =
ug(x). Then we have that

lim inf inf [e'S) t, t; —(1— =0.
ltrglog _(C/-‘rc)tlSan(c’—c)t(u ( Tt uo) ( 6))

Next, it was proved in Theorem 5.1 that u(t,z;up) is C! in z if ug € X!, and veo(t,x5u0) =
Uoo(t, & + ct; ug) is the solution of

vy = Vg + /R k(y —z)v(t,y)dy —v(t,z) +r(l —e—v)v, z€R (6.23)
with v (0, z;up) = up(z) and satisfies
lig(i}olf 7(C/+C)tignfg(c/7€)t(voo(t, x;up) — (1 —¢€)) =0.
Now choose ug such that ug < (1 — 3¢€)/2. Then there is Ty > 0 such that for any T > T,
Voo (T, 23 u0) > (1 —€)/2, x € supp(ug). (6.24)
Let 906 (t, x; ug) be the solution of

vy = CUy + / Ky —x)v(t,y)dy —v(t,z) +r(1 —e)v, z€R. (6.25)
R

Note that 0. (t, 2;up) is a solution and thus also a super-solution of (6.25), while vy, (¢, x; ug) is a sub-solution
of (6.25) because

0o OVsg )
ot (c Oz + /l:% K(Y — ) Voo (t, Y5 U0)dY — Voo (t, ) + 7(1 — €)Voo)
OV OV ) )
- 8t - (C ax +/R/‘€(y—x)Uoo(t,y,UO)dy_’Uoo(t,x,UO)+T(1 € UOC)UOO)

+7(1 — € — Voo)Voo — (1 — €)U0o
=7l — € — Vo)V — (1 — €)Vg
=—rk

<0.
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With (6.24) and 960 (0, 2; 10) = veo(0, 25 up) = ug, by the comparison principle (Proposition 2.1) for (6.25),
we have that
Voo (T, 23 up) > Voo (T, ;u0) > (1 —€)/2, Va € supp(ug),T > Tp. (6.26)

Let v(t,z;ug, L) be the solution of (1.10) with v(0,z;up, L) = wug(x). Replacing f(&0) in (1.10) by
f(&,0) — re, we have that
ov(t, ov(t,
08— DUy [ - ety — o0, + (6.0 - ru(.), €€R (621
R
Then (6.27) has a solution e~ "“v(t, x;ug, L). Apply Proposition 2.3 with replacing (1.10) by (6.27) and
(2.4) by (6.25) and get that

lim e "v(t, x;up, L) = Do (t, T; ug)
L—o0
locally uniformly in (¢,z) € RT x R. Then there exists a large enough L such that
e " TY(T, 25 u0, L) > oo(T, 25u9) — €, Va € supp(ug), T > Tp.
Thus, with (6.26) and ug chosen such that ug < (1 — 3¢)/2 in the beginning, we have that
(T, x;u0, L) > €™ (D00 (T, 25 u0) —€) > ™ ((1 —€)/2 —€) = e"T(1 — 3€) /2 > e"Tug(z),

for any = € supp(up) and T' > Tj. This together with Proposition 6.1 implies that for L > 1, A(¢, L) > re >
0.
(5) By (1), A(c, L) is a principal eigenvalue. Hence there exists a ¢ > 0 such that

cd'(€) + /R K(§ = mdn)dn — (&) + £(&,0)0(5) = Ale, L)o(). (6.28)

e H k() dz—14r *
Let pu* > 0 and ¢* be as in (2.5), i.e., ¢* = Jx N(*) h . Let (\*,%) be such that ¢ = e* ¢ and

M= [ e " 2k(2)dz — 1+ 1 — p*c. Then (A\*, 1)) satisfies that

Cep(e) + /R k(€ — ()i —B(E) + rb(€) = M), (6.29)

because

— (e’ €)Y + / K(E—n)et Mdy — e € 4 pelE
R
= —u*c(e”*s) —|—/ k(€ — n)e“*"dn — e et
R

= (—pre+ / k(€ — n)efu*(ifn)dn — 14 T)e#*i
R
= X"().

Multiply (6.28) by ¢ and (6.29) by ¢, integrate both sides of the above equations and subtract, then we
have that

(A(e, L) — A%) /R bode = /}R (¢! (€) + /R K€ — m(n)dn — S(€) + F(E.0)S(E)W(E)de
- / e/ (€) + / R(E — )b(n)dn — B(E) + rb(©)H(E)de
R R
- /R [ (EV0(E) + ' (€)o(E))de
+ /R (€ — m)S)p€)dnde — /R (€ — )€Y (n)dnde
+ / [F(6,0) — o€ de.
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In addition, by the results of (1) in this theorem, we have that ¢ is bounded and

9(§) v
llgsgp SCOEDE < M.

Then £1i1f7n Y€)= TLim ¢(&)e* ¢ =0 and with p* < —p_(A(c, L)), we have that

£——o0

0 < lim ¢(&)v(€) = lim (b(g)e“*E < flim M+e("*+”—(>‘(C’L)))5 =0.
—00

E—o0 E—o0

Therefore we have that fR [0 (£)v(&) + ' (§)d(&)]dE = [ clp(§)w(€)])'dE = 0. By Fubini’s theorem, [ £(&

77)¢( W(ﬁ)dﬁdf = [pr(n = E@(E)p(n)dnd. With k(z) = k(—z), we have that [, x(€ — n)d(n)(§)dnds —
fR d(&)Y(n)dnd¢ = 0. Therefore we have that

) [ wede = [ (7(6,0) - ro€)u(e)de <.
R R
and thus A(c, L) < A*. Since \* = [, e M Fk(2)dz — 1+ 71 — p*e = p*(c* — ¢), \* < 0 if ¢ > ¢*. This implies

that A(e, L) < 0ife>c¢*. O

6.3. Applications of principal eigenvalue theory

In this subsection, we discuss the persistence and extinction in (1.5) by applying the principal eigenvalue
theory established in the previous subsection. Our main results of this subsection are stated in the following
Theorem 6.3. In the statement of Theorem 6.3, we use p (A(¢, L)) which were defined in (1.9). Let v(t, &;vo)
be the solution of (1.5) with v(0,&;vg) = vg(€) € XT.

Theorem 6.3.

(1) (Persistence) If A(c, L) > 0, then there is a positive stationary solution of (1.5), and for any K > 0 and

vo(€) > 0 and liminf vo(£)

SO IE iminf e > 0

vg € Int(X™) satisfying lim inf
§—o0

li f inf o(t 0.
1g1£ ‘gl‘ré v(t, & vg) >

(2) (Extinction) If X(c, L) <0, then for any vo € X,

lim supv(t,&;v9) = 0.
t—o0 €€ER

Proof. (1) First, assume A(¢, L) > 0. Let ¢(£) be a corresponding positive eigenfunction with ||¢|.c = 1.
Let v(§) = a¢p(€) for o > 0. Then we have that

(@) + / w( — E)u(n)dn — v(E) + F(E,0)u(E))
R
— —aled () + /R K — E)d(n)dn — BE) + F(E,ad)H(E))

= —a(cd'(§) + /R k(= &d(n)dn — ¢(§) + f(§0)0(8)) + a(f(£,0) = f(§, 2g))d(S)
= —ag(§)(Mc, L) — (f(£,0) — f(§, a9))).
Note that there is ag > 0 such that f(£,0) — f(&, ap) < A(e, L) for 0 < a < ap, and thus
~e/(©)+ [ k(- utn)dn - () + F(E L)) <0
R

This implies that v is a sub-solution of (1.5) for 0 < a < «g.
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Next, choose M > max{1l,ag}. Let 9(§) = M. Note that f(x, M) < 0if M > 1. Thus —(cv'(£) + [ k(n—
&ov(n)dn—v(&)+f(&,v)v(€)) = —f(&, M)M > 0. Hence v(€) is a super-solution of (1.5). Note that v > v. Let
v(t,&;v) be the solution of (1.5) with v(0,&;v) = v(€). Then by the comparison principle (Proposition 2.1)

v >w(te, & u) = v(tn, ot —ti,50) > ot &v), VO<t <tg, £€R

and
v>o(t &) =v(t,ap(l)) >v=apl) YE>0,£€R, 0<a<ap.

It then follows that &(€) is a positive stationary solution of (1.5), where

O(§) = Jlim v(t, & ).

N i Te s vo(§) o vo(§)
Su~pp0se that vy € Int(X™) with hgrggolf OGDE > 0 and lglgjg T O INE > 0. Recall that there
are My such that
. $(¢) v . ¢(&) Y
i sup S e e < My and - limsup Zone e < M-

Then there are C' > 0 and 0 < a3 < ag such that for all 0 < a < ay and |£] > C, v9(§) > v = ap(§).
min _{vo(§)}

£e(=0,0]
cpax {0}
0 < o < min{ay, az}, we have that

Let o = . Then for 0 < o < ag, we also have that vy(§) > a¢(§), for || < C. Thus, for
vo(§) 2v=ag(§), VEER.
It then follows by comparison principle (Proposition 2.1) that
v(t, & v0) > v(t,§0) > ag(§), Vi>0,£E€R.

Thus (1) follows.
(2) We start the proof by making a stronger assumption that A(¢,L) < 0. By Proposition 6.1,
|V (t;c,a)|| < Mot 0, as t — co. Then for any vy € X+,

tlg(r)lo IV (t; ¢, a)vo|| = 0.

Note that for ¢ > 0,
t
U(ta 51 UO) = V(t7 ¢, a)UO + / V(t - 56 a)[f(f, U(Sy fa UO)) - f(ga 0)]U(Sa 57 UO)dS'
0
Since fy(z,u) <0 in (H2) and v(¢,&;v9) > 0, this implies that

/0 Vit — s;c.a)[f (6, 0(s. & v0)) — (€. 0)]u(s, € vo)ds < 0.

Therefore we have that
0 <v(t,&v0) < Vite,a)vg, V>0, €€R.

By the squeeze theorem, lim v(t,&;vg) = 0.
t—o0

Now we assume that A\(c, L) = 0. Let ¢ be a positive principal eigenfunction associated with 0, that is,

e (€) + / k(i — ©)d(m)dn — (€) + F(£.0)p(E) = 0.
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Let ¥ (&) = ¢(—¢€) and then (&) satisfies that

—epl(€) + /R k(i — E)b(n)dn — B(E) + F(E,0)1(E) = 0. (6.30)

Choose M large enough such that v = M is a super-solution of Eq. (1.5) and 0 < vy < v = M. Then by
the comparison principle (Proposition 2.1), 0 < v(¢,&;v0) < v(¢,&;0) < M. Then tlim v(t,&;v) exists and
—o0
let w(§) = tlim v(t,&; 0) that satisfies
— 00

el (€) + / (1 — E)w(n)dn — w(€) + F(E,w)w(€) = 0. (6.31)

By the similar arguments in the proof of item (3) of Theorem 6.2, multiply (6.31) by ¢ and (6.30) by w,
integrate both sides of the above equations and subtract, then we have that

/}R (F(6,w) — F(6,0))w(€)(€)de = 0, (6.32)

Note that w(§) > 0, ¢» > 0 and by (H2), f({,w) < f(£,0). From (6.32), if w(§) > 0, then we must
have f(&,w) = f(£,0), which causes a contradiction. Therefore, we must have that w(§) = 0 and so
< tlim v(t,&v)=0. O

oo

—

lim sup v(t, &; vg)

t—o0

Remark 6.2. In the case that A(¢, L) > 0, it remains an open question whether Theorem 6.3(1) holds for
any vo € X\ {0}.

Corollary 6.1. L*=L** and L* — oo as ¢ — (c*)~

Proof. First, we prove that L* = L**. For any L > L**, A(¢, L) > 0. By Theorem 6.3, (1.5) has a positive
stationary solution. Then by Theorem 5.1, we must have L** > L*.

Conversely, for any L > L* by Theorem 5.1, (1.5) has a positive stationary solution. Then by
Theorem 6.3, we must have L* > L**. It then follows that L* = L**.

Next, we prove that L* — oo as ¢ — (¢*)~. To indicate the dependence of L* on ¢, we denote it by L*(c).
Assume that there is ¢, — (c¢*)~ such that L*(c,) — L* < 0o as n — oo. Fix L > L*. Then, without loss
of generality, we may assume that A(c,, L) > 0 for n > 1. By Theorem 6.2(2), we have that A(¢*, L) > 0 for
L > L*. By Theorem 6.2(3), we must have that A(c*, L) > 0 for L > L*. By Theorem 6.2(5), A(c, L) < 0 for
any ¢ > ¢* and L > 0. Then by Theorem 6.2(2) again, A(c*, L) < 0 for L > L*, which is a contradiction. [
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