Poincare Duality

Theorem: If M is a closed, R-orientable n-manifold
with fundamental class A € Hp(M; R), then the map
D : H(M; R) — Hy_k(M; R) defined by

D(at) = A ~ o is in isomorphism for all k.
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Noncompact Manifolds

Definition: There is a duality map

Dy - HX(M; R) — H,_«(M; R) for arbitrary
R-orientable manifolds defined taking limits in:
Ha(M|L;R)  x  HK(MI|L;R)

\
Ji* ‘,-*  Hpk(M;R)

/’
Hh(MIK;R) x HK(MIK;R)

Poincare Duality Theorem II: The duality map
Dy - HX(M; R) — H,_«(M:; R) is an isomorphism for
all k, whenever M is an R-oriented n-manifold.
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Steps in Proof

Lemma: If Mis the union of open sets U and V,
then there is a diagram of M-V sequences,
commutative up to sign:

Hs(UN V)~ Hg(U) @ HE(V) = HE (M) ~ Hg 1 (un V)
iDumv lDu@—Dv lDM J{Dumv
H(UN V) — H(U) & H(V) — H(M) —~ H(UN V)

where j =n—k
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Steps in Proof, Continued
@ M is the union of open sets U and V/, and if Dy,
Dy, and Dyny are isomorphisms, so is Dy
@ M is the union of Uy C U> C --- and if each Dy
is an isomorphism, so is Dy
e M=R"
@ Mis an open setin R"

@ M is afinite or countable union of open sets U;
each homeomorphic to R"”
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