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Abstract

We present existence, uniquenessl aontinuous dependence (with respéatprobability distributions on
polarization parameters) of solutions in Maxwell systems. This provides a theoretical and computational foundation
for associated inverse problems.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In this note we consider well-posedness questions for the variational solutions of one dimensional
Maxwell's equations with an absorbing left boundary condition, a supraconducting right boundary
condition and a general macroscopic polarization term which includes uncertainty in the dielectric
parameters. For these solutions, we establish existence, uniqueness and continuous dependence on tt
uncertainty measures in a Prohorov metric (s&&][for definitions and details) sense. As explained
below, these results can be readily used in an inverse problem methodology to determine the unknown
distribution of the dielectric parameters which govern the behavior of the electric field and the electric
polarization in a general heterogeneous material with multiple mechanisms (Debye, Lorentz, etc.) and
relaxation parameters.
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2. Problem formulation

We consider the one dimensional problem formulationdh AssumingD = ¢E + P, we mayobtain
Maxwell’s equations §] in second order form given by:

110€E + 110l 0P + 1100 E — E” = —pu0Js in 2 U 0y, 1)
where E is the transverse component of the electric fidRl,is the material macroscopic electric
polarization,e = €(2) is the dielectric permittivity and = o () is the conductivity of the material.
The boundary conditions that we are assuming are absorbing=a@ and supraconducting at= 1:

[E —CcE'l,0=0, E(t,1) = 0. (2)
Our initial conditions are

EQ0,2 =212, E@02=¥@®. &)

To describe the behavior of the electric polarizatiBn we begin vith the general formulation of
Chapter 2 of 8] by emplgying a polarization kerngj in the convolution expression

t
P(t, 2 =/ gt —s, z t)E(S, 2)ds. 4)
0

As explained in B], this general formulation includes as special cases the well known orientational or
Debye polarization model, the electronic or Lorentz polarization model, and linear combinations thereof,
as well as other higher order models. In the Debye case the kernel is given by

g(t; 7) = (€oles — €x0)/T)ET,

while in the Lorentz model (again se8]], it takes the form

t/2t

gt; 1) = eoa)%/voe_ sin(vgt).

However, use of these kernels presupposes that the material may be sufficiently defined by a single
relaxation parametet, which is generally not the case. In order to account for multiple relaxation
parameters in the polarization mechanisms, we allow for a distribution of relaxation parameters which is
conveniently described in terms of a probability meadardhus, we define our polarization model in
terms of a convolution operator

t
P(t,z):/ gt —s,2E(s, 2)ds,
0

whereg is determined by various polarization mechanisms each described by a different pargmeter
and therefore is given by

Gtz F) =/ o(t, z )dF (o),
T

where7 C [r1, 72]. In particular, if the distribution were discrete, consisting of a single relaxation
parameter, then we would again ha¥g (
Notethat,

t
Pt,z) = / Gt —s, 2)E(s, 2)ds + G(0, 2)E(t, 2) + G(0, 2)E(t, 2), (5)
0
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where
Gtz F) = /T@(t, z, 1)dF (7).
Substituting 6) into (1) we obtain
1o E(t, 2) + pol olo + G(0, DIE (L, 2) + 1ol @G(0, 2E(t, 2)
+ /ot wol oGt — s, 2)E(s, 2)ds — E"(t, 2) = —pods(t, 2).

Further, converting to weak form (and multiplying both sidesdBy we find

.. 1 . 1 .
(6 E(, ), 9)+ <5|Q[G +G(0,)IE®, ), ¢) + (algg(O, JE(, ), ¢)

1t .. 1.
+(—/0 oG (t —s, )E(s, )ds, ¢) — (CPE"(t, ), ¢) = —(6—0Js(t, ), @),

€0

whereé = e¢/epandg € V = H3(0,1) = {¢ € HX(0, 1) : ¢(1) = 0}. (Without loss of generality, we
will hereafter assumé, = 1.) Finally, we integrate by parts, and apply the boundary conditigng(
obtain

.. 1 . 1 .
(E(t, ), ¢) + <E_O|Q[O' + 60, 29]E(, ), ¢) + (alng(O, JE(, ), 9)

1t . 1.
+<—/0 oG (t —s, )E(s, )ds, ¢) + (C*E'(t, ), ¢) + CE(t, 0)¢(0) = —(6—0Js(t,-),¢>,

€0
which we can rewrite as

t
<E,¢>+<yE,¢>+<ﬁE,¢>+</ a(t —s, VE(S, ds, @) + (CE', ') + CE(t, 06(0)
0
—(J.4),  deV. ®)

where

1 1
y(@2) = —lplo(2) +G0,2)]=—Ilp [o(z) -1—/ g(0, z r)dF(r)}
€0 €0 T
1 . 1
B = 110602 = 21, f 300, z )dF (1)
€0 €0 T
a(t,z) = 119%, 2) = iInf §(t, z T)dF (1)
€0 €0 T
J(t,2) = —3J's<t, 2).
€0

3. Egtimation methodology

Our goal is to estimate the probability distribution function (PDF) of relaxation paramé&tees
P(7T) in a given model of the polarization, whef(7) is the set of all PDFs on the admis-
sible region7 <C [11,12]. To this end we attempt to minimize the difference between model
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simulations and observations of time-domain data. In our formulation (for details, 3getHe
observationsE;, are of the electric fieldE at discrete timeg; taken atz = 0. Each simulation

is a solution of Maxwell's equation given ir6)Y with (3) using candidate values for the distribution

of relaxation parameters. We propose a standard least-squares criterion (which is equivalent to a
maximum likelihood estimation in many situations; seg])[for the optimization procedure given

by
J(F) =) |EW. 0 F) — Ej 2, 7
i

where E(-, -; F) is the solution of §) with (3) corresponding to the distributiof. Thus the inverse
problem is to solve

min_ J(F).
FeP(T) ( )

In practice, one may choose to approximate a continuous distrib&tiby a discrete one with, for
exanple, N elements. This approach would result in a straight-forwisrdimensional minimization
problem. Other parameterizations of the unknown distribution are also possible to reduce the problem to
a finite dimensional one.

4. Well-posedness

In this section we address the questions of well-posedness of the form of Maxwell’s equation given in
(6) with respect to the unknown distribution of dielectric parameters. In particular we wish to establish
the continuous dependence of solutions on the distributions in the sense of the Prohorov metric. This
leads in turn to well-posedness for the inverse problems involvihg (

First, given that we assuntg ¢, and{ are uniformly continuous im and bounded of{0, T]x [0, 1] x
[11, 12]), where O< 7, < 1> < o0, theng, G, andG areL* since, for example,

Gl s/T|g<-,-;r>|oodF<r> < Mo

when7 C [r1, o). Therdore, o, 8, andy are all alsoL*. Thus, for each fixedd € P(7), «, 8, and
y satisfy the hypothesis of Theorem 1 B p. 35], so that givend € V, ¥ € H = L?(0, 1), aunique
solution to 6) with (3) exisss, andE € L2([0, T], V), E € L%([0, T], H).

It remains yet to show the continuous dependence of solutiofis &irst we note that, — F in the
Prohorov sense is equivalent to

/ f()dFs(z) — / f(o)dF (1) vV eClr, 1o].

Since{j is uniformly continuous irc, we have hen thatx (t, z; F,) — «f(t, z; F) a.e. whenF, — F.
We will define oy := «a(t, z; F,) anda = «(t, z; F). Becausda,| .~ < M for all n, the Domnated
Convergace Theorem implies that, — o in L([0, T] x [0, 1]). Similarly, we can show thag, — 8
andy, — y in L2

We mnsider arguments for fixgglandy . We reed to show thatE", E") — (E, E)in L2([0, T], V) x
L2([0, T], H) whena, — «, whereE" denotes the solution t&) corresponding tex,.
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We bein by subtracting equation6) corresponding toax from (6) corresponding tow, to
obtain

(E"—E, )+ (y(E"— E), ¢) + (B(E" — E), ¢) + (C*(E" — E'), ¢)
t
+c[E"(t, 0) — E(t, 0)]p(0) = _</ [an(t — s, 2)E"(S,2) — a(t — s, 2)E(S, 2)]ds, ¢).
0

By adding and subtracting a mixed term to the right side, we have
(E"—E.¢) + (y(E" — E), ¢) + (B(E" — E), ¢) + (C*(E" — E)), ¢)
t t
HEE.0) ~ Et.01¢(0) = —( [ an(E" ~ E)ds. 9} ([ (@~ 0)EC5.0). ®)
0 0

Following the general procedure iB][(see also1,8] for related fundamental ideas and theory), we
approximateE" andE in V,, = spaf{wy, ..., wy} by

Ent.2) =) w2

i=1

En(t,2) =) e®uwi(2).
i=1

Then @) becomes

(EM — Em, ¢) + (¥ (ED — Em), @) 4 (B(ER — Em), ¢) + (CX(EN — EL), ¢)
t t
+CEN (1, 0) — En(t, 0)]¢(0) = —</ an(EN — En)ds, ¢) — </ (@ — @) EndS, ¢,
0 0

which musthold for all¢ € V;,. SinceE! and E, are both inVy,,, we may takep = E", — Ey,. Then we
have

1d . . . . . .
> g UER — Enl? + 01(ER — En. ER — Em)] + [7(ER — En)[}, + CIER(L. 0) — En(t. O

t
= (k(Err]]'] — Em), Errm]q — Em) — </ Otn(E,?] — Em)ds, Errm]q — Em)
0
t
— (/ (an — @) Epds, E! — Ep),
0

where we have used the sesquilinear farm V x V — C defined by

o1(p, ¥) = (%P, ¥ ) + (B, ¥

for ¢, ¥ € V and where = B + k > 0 for somesufficiently largek > 0.
Integration, along with th& -ellipticity of o4, yields

t
ED(1) — En( + il ENE) — En®) + 2 /0 [ VFEDN(S) — En(9)[2 ds

t
+20|ER(t, 0) — Em(t, 0)IF20,, < 2‘ /0 Fm(©)ds |, 9




428 H.T. Banks, N.L. Gibson / Applied Mathematics Letters 18 (2005) 423-430

where

. . § . .
Fn(€) = (KIER () — Em(®)], ER () — Em(8)) — (/0 anlEn(S) — Em(9)1ds, Ef(§) — Em(8))

£ . .
— /0 [ — #1Em(S)ds, EN(E) — En(©))
=Ta(§) + Ta(¢) + Ta(®).
Following precisely the arguments i8][we have that
t t 1 1 . .
/ | T2(8)|dé < / [§k2|Eg(5) — En@I} + SIERE) - Em@)li} dé
0 0
and
t t t . .
/0 ITo(6)ldé < Ky /0 [ED(E) — En(®)06 + Ky /0 ED(E) — En(®) k.
Lastly, we bound the final term by
£ . .
[T4(§)|= (/O [an(E — ) — a(§ — 9)]Em(S)ds, Ef(§) — Em(%))

2
1. L
+ §|Em(§) — En®I5.

1 &
= /0 [om(€ — §) — (6 — )]En(9)ds

H
SinceE,, is bounded inC([0, T], V),

1/ (% S R .
IT4(§)I§§(/O KE|an(s—s>—a<s—s)|Hds> +SIER®) — En®)R
l 2 d 2 l -n = 2
SEKE‘/O an(& —9) — (€ ~ 9IRds + 5 [ERE) — En®) i
Thus

t L[t e v .
/0|T4<s>|d55K3/0/0 |an<s—s)—a(é—s)ladsds+t<4/0 IED (&) — En(®)[2 de.

We olserve that
t pE t pt—u
// f(é—s)dsdé:// f (wdsdu
0 JO 0 JO
t
:/ f(u)(t — u)du
0
t
50/ f (u)du fort,ue[0, T].
0

Therefore

t t t
/0 ITa(®)IcE < Kq /0 (W) — (W du + Ky /0 BN (&) — En(®)de.
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Using the above bounds, we find th&) pecomes

t
|ER(®) — Em(®)If + c1lER(®) — En®) + 2 /0 | V7 (EN(S) — En(s))]7, ds

+2C1ER (-, 0) — Em(-, O[Tz,

t t t
<C / |ER(S) — Em(s)[{ds + C; / |ER(S) — Em(s)[4,ds + C3 / lotn(S) — ae()|Zds. (10)
0 0 0

Noting that| - |4 < u| - |v for some constant and letting

T
. 2 2
Kp = / lon(s) — a(s)|hds = |on — 20,111y
0

we then hge that (0) implies

t
IER®) — Em®)[% + [ERM — En(®% < vin +v / [IER(S) — Em(9)I + |ER(S) — Em(S)[41ds
0

for somev > 0 independent afn andn. Using Gronwall’s Inequality we have
[ER®) — En®If + ER®) — En(®I < vine’™  fort € [0, T], (11)

From the aistence proof in3] we hawe that for each fixea, E], — E"in L([0, T], V). Therdore
using weak lower semicontinuity of norms we have

n 2 Ha n 2
|[E" — ElLZ([O,T],V) < Ilmmlnf |Ef, — EmlLZ([O,T],V)’

with a similar estimate holding fdE" — E in the L2([0, T], H) norm. We may apply these results to the
integral of (L1) from 0 to T to finally obtain

~n =2 n 2 vT
|[E" — E|L2([O,T],H) + |E" — E|L2([0,T],V) <vkp,T€"".

Sincea, — « in L2, jthen;cn — 0, which gives continuous dependence(Hf, E) on «. Similar
arguments show th&E, E) depend continuously op and also orB. Thus we have that solutions @)(
with (3) depend continuously on the probability measkre the sense that the map

F - (E, E)

is continuous fromP(7) to L2([0, T], V) x L2([0, T], H).

Further, this yields thaF — J(F) = ), [E(t;,0; F) — éj |2 is continuous fron?(7) to RY, where
P(T), with the Prohorov metric, is compact f@r compact. Then the general theory of Banks—Bihari in
[1] as outlined in ] can be employed to obtain existence and stability for the inverse problem, as well
as an approximation theory which can be used as a basis for a computational methodology.

5. Conclusion

We have presented theoretical results on a model for the electric field with multiple electric
polarization mechanisms in a dielectric material. This provides a firm foundation for an inverse problem
formulation to determine an unknown probability distribution of parameters which describe the dielectric
properties of the material. To this end, we have shown the continuous dependence of the solutions with
respect to the unknown distributions in the Prohorov metric. This argument, combined with previous
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results on existence and unigueness in Maxwell systems, demonstrate the well-posedness of the mode
Moreover, the theory described id,2] can be combined with our results here to provide existence,
stability, and an approximation theory for the associated inverse problems.
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