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Homogenization of Periodically Varying Coefficients
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In this paper, we employ the periodic unfolding method for simulating the electro-
magnetic field in a composite material exhibiting heterogeneous microstructures
which are described by spatially periodic parameters. We consider cell problems
to calculate the effective parameters for a Debye dielectric medium in the case
of a circular microstructure in two dimensions. We assume that the composite
materials are quasi-static in nature, i.e., the wavelength of the electromagnetic
field is much larger than the relevant dimensions of the microstructure.

KEY WORDS: Homogenization; Maxwell’s equations; debye dielectric materi-
als; pulsed antenna source microwaves.

1. INTRODUCTION

In this article, we study the behaviour of the electromagnetic field in
a material presenting heterogeneous microstructures (composite materi-
als), which are described by spatially periodic parameters. We will subject
such composite materials to electromagnetic fields generated by currents
of varying frequencies. When the period of the structure is small com-
pared to the wavelength, the coefficients in Maxwell’s equations oscillate
rapidly. These oscillating coefficients are difficult to treat numerically in
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simulations. Homogenization is a process in which the composite mate-
rial having a microscopic structure is replaced with an equivalent material
having macroscopic, homogeneous properties. In this process of homog-
enization the rapidly oscillating coefficients are replaced with new effec-
tive constant coefficients. The primary objective of homogenization, i.e., of
the micro-macro approach, is to replace a system with periodically vary-
ing coefficients by a limiting homogeneous system that facilitates compu-
tation. The approach that we take here is based on the periodic unfolding
method presented in [8§-10]. We first mention other efforts on homogeni-
zation of Maxwell’s equations.

In [26], a method based on spectral expansions for Maxwell’s equa-
tions is presented, which utilizes eigenvectors of the curl operators com-
bined with the microscopic description of the material. The homogenized
material is represented using mean values of only a few eigenvectors. This
method relies on the material being lossless, in which case Maxwell’s equa-
tions can be associated with a self-adjoint partial differential operator. How-
ever, most materials usually have losses due to a small conductivity or
dispersive effects, which renders the corresponding operator in Maxwell’s
equations non-selfadjoint. In [25], the authors use a singular value decompo-
sition for analysing non-selfadjoint operators that arise in Maxwell’s equa-
tions. They expand the electromagnetic field in the modes corresponding to
the singular values, and show that only the smallest singular values make
a significant contribution to the total field when the scale is small. Using
this approach they find effective, or homogenized, material parameters for
Maxwell’s equations when the microscopic scale becomes small compared
to the scale induced by the frequencies of the imposed currents. In [13],
the authors compare two different homogenization methods for Maxwell’s
equations in two and three-dimensions. The first method is the classical way
of determining the homogenized coefficients [10], which consists of solving
an elliptic problem in a unit cell. The second method based on spectral
expansions is described in [26]. In [17], the author presents an overview of
the homogenization of anisotropic materials at fixed frequency using the
concept of two-scaled convergence [1,21]. The homogenized electric and
magnetic parameters, the relative permittivity and the relative permeability,
respectively, are found by suitable averages of the solution of a local problem
in the unit cell. In [14], a homogenization technique for harmonic Maxwell
equations in a composite periodic medium is presented (see also [18,22,27]
for some other homogenization methods for Maxwell’s equations).

In this paper, we use the periodic unfolding method introduced in
[9] in the abstract framework of stationary elliptic equations. The study
in this paper considers constitutive laws that take into account bianisot-
ropy, chiral symmetry, thermal and memory effects. The homogenization
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procedure yields a limit constitutive law different from the original one
wherein the convolution operator that accounts for memory effects is
replaced by a more complex Hilbert-Schmidt operator. We refer the reader
to [6,7] for the relevant theory. In the following sections, we present the
electromagnetic problem that is of interest to us and then set up the cor-
responding homogenized problem to be solved. A comparison is made
between the effective parameters obtained by the exact homogenization
method presented here and those computed by traditional mixture formu-
lae, such as the Maxwell Garnett formula, the Bottcher mixture rule or
Bruggeman formula, some of which are based on physical arguments [23].

Our efforts here are motivated by use of electromagnetic interrogating
signals (possibly in the Terahertz range) for detection of defects [5,15] in
the insulating foam on the fuel tanks of the NASA space shuttles. Defects
in the foam are believed to contribute to the problem of separation of the
foam during liftoff, resulting in significant damage to and possibly subse-
quent destruction of the space vehicle itself. The low density, closed cell
foam is a very complex heterogeneous material [20]. It is a polyurethane-
type foam composed of five primary substances: polymeric isocyanate, a
flame retardant, a surfactant, a blowing agent and a catalyst. The sur-
factant controls the surface tension of a liquid and thus cell formation.
The blowing agent creates the foam’s cellular structure by creating millions
of tiny bubbles or foam cells. As a first approximation, we consider here
materials with periodic gas filled cells surrounded by a matrix of poly-
urethane type non-magnetic material. The dielectric properties (permittiv-
ity, conductivity, etc.) vary substantially between the cellular and matrix
materials, leading to highly oscillating coefficients in the Maxwell system
describing propagation, reflection and dispersion of the electromagnetic
fields resulting from the interrogating probes.

2. MAXWELL’S EQUATIONS IN A CONTINUOUS MEDIUM

We employ Maxwell’s equations for a linear and isotropic medium in
a form that includes terms for the electric polarization given by

aD
(1) ¥+JC—V><H=JS in (0,7) x £2,

oB
(i1) E—i—VxE:O in (0,T) x £2,
(iii) V-D=p in (0, T) x £, (1
@iv) V.-B=01in (0,T) x £2,
v) Exn=0o0n (0,7) x 052,
(vi) E(0,x)=0, H(0,x)=0 in £.
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The vector valued functions E and H represent the strengths of the elec-
tric and magnetic fields, respectively, while D and B are the electric and
magnetic flux densities, respectively. The conduction current density is
denoted by J., while the source current density is given by J;. The scalar
p represents the density of free electric charges unaccounted for in the
electric polarization. We assume perfect conducting boundary conditions
(1,v), on the boundary 962, with unit outward normal n. We also assume
zero initial conditions for all the unknown fields. System (1) is completed
by constitutive laws that embody the behaviour of the material in response
to the electromagnetic fields. These are given in (0, T) x £2 in the form

(1) D@, x) =€pe, X)E(, x) +P(2,x),

. 2
@i1) B(z, x) = uoH(z, x),

where €y, and ug are the permittivity and the permeability of free space,
respectively, €, is the relative permittivity of the medium under investiga-
tion and P is the media’s macroscopic electric polarization.

For the media that is of interest to us, we can neglect magnetic
effects; we also assume that Ohms’s law governs the electric conductivity,
ie.,

J.(t,x) =0 X)E(,x) in (0,7T) x £2, 3)

where o is the conductivity of the medium. We will modify system (1)
and the constitutive laws (2) by performing a change of variables that ren-
ders the system in a form that is convenient for analysis and computation.
From (1, i) we have

t
%(D—i—f Jc(s,x)ds)—VtzJS in (0,7) x £2. 4)
0

Then we define the new variable

t

l~)(t,x)=D(t,x)+f J.(s, X)ds. 5)
0
Using definition (5) in (4), we can replace Eqgs. (1, i) and (1, iii) by

aD
() S —VxH=J; in (0.7)x 2. ©

(iii) V-D=0in (0,T) x £

and obtain a modified system for the fluxes (D, B). We note that Eq. (6,
iii) follows from the continuity equation g—’; +V-J. =0, the assumption
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that p(0)=0, and the assumption that V-J; =0 (in the sense of distribu-
tions). The modified constitutive law (2, i) after substitution of (3) and (5)
becomes

t
ﬁ(t, X)) =¢pe, X)E(2, X) ~|—/ o (x)E(s,x)ds +P(¢, x). @)
0

To describe the behaviour of the media’s macroscopic electric polari-
zation P, we employ a general integral representation model in which the
polarization explicitly depends on the past history of the electric field. This
convolution model is sufficiently general to include microscopic polariza-
tion mechanisms such as dipole or orientational polarization as well as
ionic and electronic polarization and other frequency dependent polariza-
tion mechanisms. The resulting constitutive law can be given in terms of
a polarization or displacement susceptibility kernel v as

t
P(t,x):/ v(t —s,X)E(s, X)ds. (8)
0
Thus the modified constitutive laws are

t
(i) D(z,x) =epe, (X)E(7, X) +/ {o(x)+v(t—s,x)}E(s, x)ds, ©)
0
(i) B(t, x) = noH(t, x),

where, in the above and henceforth we have dropped the = symbol over D,
at the same time keeping in mind that D in definition (5) is the modified
electric flux density. Let us define the vector of fields

u=@{, )" =@E" H)H" ¢ wh'(0,T; H'(2:R%) (10)

and the operator

(D(t,x))
Lu(t,x)= , (11)

which from (9) can be written as
eoer(x)I3 03 E(, x)
Lu(z,x) = 0 I H
t,X
3 pols (r,X) (12)

t {|:G(X)Ig 03i| |:V(I—S,X)I3 03:“ (E(S,X) )
+/ —+ ds.
0 03 03 03 03 H(s, x)
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We label the three 6 x 6 coefficient matrices in (12) as

|:6()Er x)I; 03 :| |:J(X)I3 03 i| |: v(t,x)Iz 03 i|
AXX)= , Bx)= , C(t,x)= , (13)
0; wol3 0; 0 3 03

where, in the above definitions I,, is an n x n identity matrix and 0, is an
n x n matrix of zeros, n € N. Using these definitions we may rewrite (12) as

t

t
Lu(t,x):A(x)u(t,X)—i—/ B(x)u(s,x)ds+/ C(t—s,x)u(s,x)ds. (14)
0 0

Next, we define the Maxwell operator M as

(E(t,x)) ( VxH(t, x) )
Mu(t, x) =M = (15)
H(t, x) —VxE(t, x)

and the vector J; as
Js (1) =—Js(t)ey, (16)

where e; = (1,0,0,0,0,0)7 € R®, is a unit basis vector. Thus Maxwell’s
equation can be rewritten in the form

1) %Lu:Mu—i—JS (r) in (0,7T) x £2,
(i) u(0,x)=0 in £2, (17)
(i) uy (£, x) xn(x)=0 on (0,7T) x 342,

where L is the operator associated with the constitutive law (14), and M is
the Maxwell operator (15). Note that the exterior source term J; has only
one non-zero component.

We assume that the structure that occupies the domain £2 entails peri-
odic microstructures leading to matrices A, B and C with spatially oscilla-
tory coefficients. Specifically, we will assume that ¢,, o and v are rapidly
oscillating spatial functions.

3. THE HOMOGENIZED PROBLEM

The theory presented in this section is based on results from [7]. We
denote by Y“ the reference cell of the periodic structure that occupies
£2 (see Fig. 1). The construction of the homogenized problem involves

solving for the corrector subterms v’v,’? e H! (Y;:R?), wre W10, T HI}

per er
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Fig. 1. Periodic composite material presenting a circular microstructure with periodicity «.
The figure shows o decreasing from left to right.

(Y;R?) and v’vg e w210, T; HSCI(Y; R?2)), solutions to the corrector equa-
tions

(i /Y AW)Vyi - Vyw(y)dy = — /Y AWer - Vi (y)dy,
t
(i) /y AGV (e, y)+ /0 (B(y) +C(r — 5. y)) Vyii(s. y) ds} Yy ()dy

—— [ B+ fetvint |- vioay, (18)

t
(il /Y AWV y) + /O (B(y) +C(1 — 5. y)) Vywl(s. y)ds} VT ()dy

=— [Y A(y)er - VyV(y)dy

for all ve ngr(Y; RZ) and ke {l,...,6}. Here ngr(Y; Rz) denotes the

space of periodic functions with vanishing mean value and Vy=(Vy,, V,,,
VyB)T e R¥>!1. For all v= (v, v)", with v; and v, scalar functions, we

define
Vyvi
Vyv= eRO*1, (19)
6x1

Vyvz
The first corrector term u, from the two-scale expansion (see [7])
u =ux)+Vyu(x,y)+---, xef,yeV (20)

is given as

t
ﬁ(t,x,y):v'vf(y)uk(t,x)+/0 v'vk(t—s,y)uk(s,x)ds—i—v'vk(t,y)ug(x) 21











































































