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Unconstrained Optimization

Minimize functionf of N variables
l.e., nd local minimizerx suchthat

f(x) f(x)forallx nearx
Differentfrom constainedoptimization
f(x) f(x)forallx 2 U nearx
Differentfrom global minimizer

f(x) f(x)forallx (possiblyin U)
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SampleProblem

Parameter Identi cation
Consider

u% cu®+ ku = 0;u(0) = ug;u§0) = 0 (1)

whereu representshe motionof anunforced
harmonicoscillator(e.g.,spring). We mayassumalg

is known, anddataf u;g;Z; is givenfor sometimest;
ontheinterval [O; T].
Now we canstatea parametendenti cation problem

to be: nd x = [c;k]! suchthatthesolutionu(t) to

(1) usingparameterx Is (ascloseaspossibleto) u;
whenevaluatedattimest ;.
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ODbjective Function

Considerthefollowing formulationof the Parameter
ldenti cation problem:

Find x=[c;k]! suchthatthefollowing objective
functionis minimized:

I 2.
f (X) = éZ:Ju(tj,x) Uij<:
=1

Thisis anexampleof a nonlinearleastsquaes
problem
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lterati ve Methods

An iteratve methodfor minimizing afunctionf (x)
usuallyhasthefollowing parts:

Chooseninitial iteratexg
Fork=0;1;:::
If X;. optimal, stop.

Determinea searchdirectiond
andastepsize

SetX,y1 = X+ d
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ConvergenceRates

Thesequencéx,g;_, is saidto corvergeto x with
ratep andrateconstantC If

: ka 1 X k
lim —— =

= C:
1 kxp X kP

Linear: p= landO< C < 1, suchthaterror
decreases.

Quadratic: p = 2, doublescorrectdigits per
iteration.

Superlinear: If p= 1, C = 0. Fasterthanlinear.
Includesquadracticconvergence put also
Intermediataates.
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NecessaryConditions

Theorem1 Letf betwicecontinuously

differentiable andlet x bea local minimizeroff .
Then

rf(x)=0 (2)

andtheHessiarof f , r #f (x ), is positive
semide nite

RecallA positivesemide nitemeans

x!Ax 0 8x2 RY:

Equation(2) is calledthe r st-order necessary
condition
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Hesslan

Letf : RY ! R betwice continuoushdifferentiable

(C?), then
Thegradientof f Is
@
rf = |—:
{@(1
TheHessianof f Is
- Pf
Ox?
r °f = ,
02 f
_(%N (9:131
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Suf cient Conditions

Theorem?2 Letf betwicecontinuoushdifferentiable
In a neighborhoodf x , andlet

rf(x)=0

andtheHessiamff , r *f (x ), bepositive
semide nite Thenx Is alocal minimizeroff .

Note: seconc

ervative informationis requiredto be

certain,for instanceijf f (x) = x3.
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Quadratic Objective Functions

Suppose
f(X) = %XTHX x'b
thenwe have that
r °f (x) = H
andif H I1s symmetric(assumaet Is)
r f(x) = Hx Db:

Thereforejf H Is positve semide nite,thenthe
unigueminimizerx Is thesolutionto

Hx = b:
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Newton's Method

Newton's Methodsolvesfor the minimizerof the
local quadmatic modelof f aboutthe currentiteratex,
givenby

my(X) = f(xp) + 1 (X)) (X Xp)
1

T Q(X Xp) ' A (XE) (X Xp):

If r °f (x;,) is positive de nite, thenthe minimizer
Xr+1 Of My Is theuniquesolutionto

0=r mp(x) =r fxp)+r F(xp)(x  xp): (3)
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Newton Step

Thesolutionto (3) Is computedoy solving
r2f (xp)sk = £ (Xy)

for the Newton Steps;’ . Thenthe Newton updateis
de ned by

Xp+1 = Xp+ Sp

Note: thesteps.’ hasbothdirectionandlength.

Variantsof Newton's Methodmodify oneor both of
these.
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Standard Assumptions

Assumethatf andx satisfythefollowing
1. Letf betwice continuouslydifferentiableand

kr 2f(x) r f(yY)k kx yk:

2.rf(x)=0.
3. r %f (x ) is positivede nite.
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ConvergenceRate

Theorem 3 Letthe Standad Assumptionsold. Then
there existsa > Osudthatif X 2 Bs(x ), the
Newtoniteration convergesquadatically to x .

.e.,kek+1k K kekkz.

f Xo IS not closeenoughHessiammaynot be
nositve de nite.

f you startcloseenoughyou staycloseenough.
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Problems(and solutions)

Needdervatives
Use nite differenceapproximations

Needssolutionof linearsystemat eachiteration
Useiterative linearsolverlike CG
(InexactNewton)

Hesslanareexpensveto nd (andfactor)
Usechord(factoronce)or Shamanskii
UseQuasi-N&vton (updateH ;. to getH 1)

UseGauss-Nerton ( rst orderapproximate
Hessian)

OSU-AMC SeminarNov. 2007-p. 16
Oregon State University



Nonlinear Least Squares

Recall,
1 M
_ : i -2 .
f(x) = Q;Jum,x) ujj°:

Thenfor x = [c;k]*

SO 2D (u(tyix)  ug)
r f (X) — _ijl 8u(tl ) (U(t X) uj)_

whereR(x) = [u(ty;x)  uq:iu(tay;x)  uyltis
calledtheresidual

= RY%)'R(x)
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Approximate Hessian

In termsof theresidualR, the Hessiamf f becomes
M
r % (x) = ROOTRYX) + > 1 (x)r 2r(x)
j=1

wherer ;(X) Is the] th elementof thevectorR(x).
Thesecondermrequireshe computatiornof M
HesslanseachsizeN N. However, if we happerto
besolvinga zeo residualproblem this secondorder
termgoesto zero.Onecanarguethatfor small
residualproblems(andgoodinitial iterates}xhe
secondordertermis naglibible.
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Gauss-NewtonMethod
Theequationde ning the Newton step

rof (xp)se = 1 f(xp)
becomes
RYXk)"RYXk)sk = r f(xy)
= RYxi) R(xz):

We de ne the Gauss-Neton stepasthe solutionskGN
to this equation.

You canexpectcloseto guadmatic corvergencefor
smallresidualproblems.Otherwise hotevenlinearis
guaranteed.
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Numerical Example

Recall
u% cu’+ ku = 0;u(0) = ug; uq0) = O

Let thetrueparameterbex = [c;k]! = [1;1].
Assumewe have M = 100datau,; from equally
spacedime pointson [0; 10].

We will usetheinitial iteratexy = [1:1; 1:05}"
with Newton's MethodandGauss-Neiton.

We computegradientswith forwarddifferences,
analytical2 2 matrixinverse,anduseodel5s
for time steppinghe ODE.
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Comparison of initial iterate

——Data

-8 -|nitial iterate
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Newton Gauss-Nerton
kKogr T (xp)l) T(Xg) QI TXR T (Xg)
0 2.330e+01 7.881e-01 2.330e+01 7.881e-01
1 6.852e+00 9.817e-02 1.767e+00 6.748e-03
2
3

4.577e-01 6.5/3e-04 1.016e-02 4.656e-07
3.242e-03 3.852e-08 1.844e-06 2.626e-13
4 4.213e-07 2.471e-13

Table 1: Parameteridenti cation problem, locally
convergentiterations.CPUtime Newton: 3.4s,Gauss-
Newton: 1s.
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Global Convergence

Newton directionmaynot bea descentirection
(If Hessiamot positve de nite).

ThusNewton (or any Newton-basedanethod)
mayincreasd If Xg notcloseenough.Not
globally convement

Globally convergentmethodsensurgsufcient)
decreasen f .

Thesteepestlescentirectionis alwaysa descent
direction.
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SteepesDescentMethod

We de ne thesteepestliescentirectionto be
d. = r f(X;). Thisde nesadirectionbut nota
stepsize.

We de ne the Steepesbescenupdatestepto be
s»P = ,d, for some ;> O.

We will talk lateraboutwaysof choosing .
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Search Direction

== Newton's Method
/ —+—Gauss-Newton  §

Steepest Descent
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Search Direction
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SteepesDescentComments

Steepesbescendirectionis bestdirection

locally.
Theng]

curves.

ative gradientis perpendiculato level

Solvingfor s?” is equivalentto assuming
2 — | —
r <f (Xk) = =

In generalyou canonly expectlinear
cornvergence.

Would be goodto combineglobalconvergence
propertyof SteepesDescentvith superlinear
convergencerateof Gauss-Naton.
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Levenberg-Marquardt Method

Recallthe objectve function

f(X) = %R(X)TR(X)

whereR Is theresidual.We de ne the
Levenbeg-Marquardiupdatesteps;* to bethe

solutionof
(RUxk) 'Rxk) + #l) s = RYxp) 'R(Xy)

wheretheregularizationparameter , is calledthe
Levenbeg-Marquardfparameterandit is chosersuch
thattheapproximateHessiarRYx.) ' RYx;) + ! is
positve de nite.
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Search Direction

=+ Newton's Method
== Gauss-Newton
Steepest Descent
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Search Direction

== Newton's Method

== (Sauss Newton
Steepest Descent

mpm é
Z—="*_ Levenberg Marquardt ;
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Levenberg-Marqguardt Notes

Rolustwith respecto poorinitial conditionsand
largerresidualproblems.

Varying InvolvesinterpolationbetweenGN
direction( = 0) andSDdirection(large ).

We will talk lateron stratgiesfor choosing .
See

doc Isgnonlin
for MATLAB Instructionsfor LM andGN.
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Summary

Taylor serieswith remainder:

(00 = T+ 10T X+ S(x xi)T (X %)
Newton:

M 0= 1)+ 10T X+ S xi)T (X %K)
Steepesbescent:

mER () = 1)+ F )T X+ S )T K xe)

Gauss-Neiton:

M () = F0)+ T FOT(C X+ S(x xi)T (X %K)

Levenbeg-Marquardit:

M (0 = £ o 1 )T (X X% (¢ %) (x xi)
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