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Outline
� UnconstrainedOptimization
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UnconstrainedOptimization
� Minimize functionf of N variables
� I.e., �nd local minimizerx� suchthat

f (x� ) � f (x) for all x nearx�

� Differentfrom constrainedoptimization

f (x� ) � f (x) for all x 2 U nearx�

� Differentfrom globalminimizer

f (x� ) � f (x) for all x (possiblyin U)
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SampleProblem
Parameter Identi�cation
Consider

u00+ cu0+ ku = 0;u(0) = u0; u0(0) = 0 (1)

whereu representsthemotionof anunforced
harmonicoscillator(e.g.,spring).Wemayassumeu0

is known, anddataf ujgM
j=1 is givenfor sometimestj

on theinterval [0; T].
Now wecanstateaparameteridenti�cation problem
to be: �nd x = [c;k]T suchthatthesolutionu(t) to
(1) usingparametersx is (ascloseaspossibleto) uj

whenevaluatedat timestj.
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ObjectiveFunction

Considerthefollowing formulationof theParameter
Identi�cation problem:
Find x=[c;k]T suchthatthefollowing objective
functionis minimized:

f (x) =
1
2

M
∑

j=1

ju(tj; x) � uj j
2 :

This is anexampleof anonlinearleastsquares
problem.
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Iterati veMethods
An iterativemethodfor minimizing a functionf (x)
usuallyhasthefollowing parts:

� Chooseaninitial iteratex0

� For k = 0; 1; : : :
� If xk optimal,stop.
� Determineasearchdirectiond

andastepsize�
� Setxk+1 = xk + �d
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ConvergenceRates
Thesequencef xkg1

k=1 is saidto convergeto x� with
ratep andrateconstantC if

lim
k!1

kxk+1 � x� k
kxk � x� kp

= C:

� Linear: p = 1 and0 < C < 1, suchthaterror
decreases.

� Quadratic: p = 2, doublescorrectdigitsper
iteration.

� Superlinear: If p = 1, C = 0. Fasterthanlinear.
Includesquadracticconvergence,but also
intermediaterates.
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NecessaryConditions
Theorem1 Let f betwicecontinuously
differentiable, andlet x� bea local minimizerof f .
Then

r f (x� ) = 0 (2)

andtheHessianof f , r 2f (x� ), is positive
semide�nite.

RecallA positivesemide�nitemeans

xT Ax � 0 8x 2 R
N :

Equation(2) is calledthe�r st-ordernecessary
condition.
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Hessian
Let f : R

N ! R betwicecontinuouslydifferentiable
(C2), then

� Thegradient of f is

r f =
[

@f
@x1

; � � � ;
@f

@xN

]T

� TheHessianof f is

r 2f =









∂2f

∂x2
1

� � � ∂2f
∂x1∂xN

... . .. ...
∂2f

∂xN ∂x1
� � � ∂2f

∂x2
N








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Suf�cient Conditions
Theorem2 Let f betwicecontinuouslydifferentiable
in a neighborhoodof x� , andlet

r f (x� ) = 0

andtheHessianof f , r 2f (x� ), bepositive
semide�nite. Thenx� is a local minimizerof f .

Note: secondderivative informationis requiredto be
certain,for instance,if f (x) = x3.
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Quadratic ObjectiveFunctions
Suppose

f (x) =
1
2

xT H x � xT b

thenwehave that

r 2f (x) = H

andif H is symmetric(assumeit is)

r f (x) = H x � b:

Therefore,if H is positive semide�nite,thenthe
uniqueminimizerx� is thesolutionto

H x� = b:
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Newton'sMethod
Newton'sMethodsolvesfor theminimizerof the
local quadratic modelof f aboutthecurrentiteratexk

givenby

mk(x) = f (xk) + r f (xk)T (x � xk)

+
1
2

(x � xk)T r 2f (xk)(x � xk):

If r 2f (xk) is positive de�nite, thentheminimizer
xk+1 of mk is theuniquesolutionto

0 = r mk(x) = r f (xk) + r 2f (xk)(x � xk): (3)
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NewtonStep
Thesolutionto (3) is computedby solving

r 2f (xk)sk = �r f (xk)

for theNewtonStepsN
k . ThentheNewtonupdateis

de�ned by
xk+1 = xk + sN

k :

Note: thestepsN
k hasbothdirectionandlength.

Variantsof Newton'sMethodmodify oneor bothof
these.
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Standard Assumptions
Assumethatf andx� satisfythefollowing
1. Let f betwicecontinuouslydifferentiableand

kr 2f (x) � r 2f (y)k � 
 kx � yk:

2. r f (x� ) = 0.

3. r 2f (x� ) is positivede�nite.
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ConvergenceRate
Theorem3 Let theStandard Assumptionshold. Then
thereexistsa � > 0 such that if x0 2 Bδ(x� ), the
Newtoniterationconvergesquadratically to x� .

� I.e.,kek+1 k � K kekk2.
� If x0 is not closeenough,Hessianmaynotbe

positivede�nite.
� If youstartcloseenough,youstaycloseenough.
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Problems(and solutions)
� Needderivatives

� Use�nite differenceapproximations
� Needssolutionof linearsystemateachiteration

� Useiterative linearsolver likeCG
(InexactNewton)

� Hessiansareexpensive to �nd (andfactor)
� Usechord(factoronce)or Shamanskii
� UseQuasi-Newton (updateHk to getHk+1 )
� UseGauss-Newton (�rst orderapproximate

Hessian)
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Nonlinear LeastSquares
Recall,

f (x) =
1
2

M
∑

j=1

ju(tj; x) � uj j
2 :

Thenfor x = [c;k]T

r f (x) =

[

∑M
j=1

∂u(tj ;x)
∂c

(u(tj; x) � uj)
∑M

j=1
∂u(tj ;x)

∂k
(u(tj; x) � uj)

]

= R0(x)T R(x)

whereR(x) = [u(t1; x) � u1; : : : ; u(tM ; x) � uM ]T is
calledtheresidual.
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ApproximateHessian
In termsof theresidualR, theHessianof f becomes

r 2f (x) = R0(x)T R0(x) +
M

∑

j=1

r j(x)r 2r j(x)

wherer j(x) is thej th elementof thevectorR(x).
Thesecondtermrequiresthecomputationof M
Hessians,eachsizeN � N . However, if wehappento
besolvingazero residualproblem, thissecondorder
termgoesto zero.Onecanarguethatfor small
residualproblems(andgoodinitial iterates)the
secondordertermis neglibible.
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Gauss-NewtonMethod
Theequationde�ning theNewtonstep

r 2f (xk)sk = �r f (xk)

becomes

R0(xk)T R0(xk)sk = �r f (xk)

= � R0(xk)T R(xk):

Wede�ne theGauss-NewtonstepasthesolutionsGN
k

to thisequation.

Youcanexpectcloseto quadratic convergencefor
smallresidualproblems.Otherwise,notevenlinear is
guaranteed.
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Numerical Example
� Recall

u00+ cu0+ ku = 0;u(0) = u0; u0(0) = 0:

� Let thetrueparametersbex� = [c;k]T = [1; 1]T .
AssumewehaveM = 100datauj from equally
spacedtimepointson [0; 10].

� Wewill usetheinitial iteratex0 = [1:1; 1:05]T

with Newton'sMethodandGauss-Newton.
� Wecomputegradientswith forwarddifferences,

analytical2 � 2 matrix inverse,anduseode15s
for timesteppingtheODE.
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Newton Gauss-Newton
k jjr f (xk)jj f (xk) jjr f (xk)jj f (xk)
0 2.330e+01 7.881e-01 2.330e+01 7.881e-01
1 6.852e+00 9.817e-02 1.767e+00 6.748e-03
2 4.577e-01 6.573e-04 1.016e-02 4.656e-07
3 3.242e-03 3.852e-08 1.844e-06 2.626e-13
4 4.213e-07 2.471e-13

Table 1: Parameteridenti�cation problem, locally

convergentiterations.CPUtimeNewton: 3.4s,Gauss-

Newton: 1s.
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Global Convergence
� Newtondirectionmaynotbeadescentdirection

(if Hessiannotpositivede�nite).
� ThusNewton (or any Newton-basedmethod)

mayincreasef if x0 notcloseenough.Not
globally convergent.

� Globally convergentmethodsensure(suf�cient)
decreasein f .

� Thesteepestdescentdirectionis alwaysadescent
direction.
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SteepestDescentMethod
� Wede�ne thesteepestdescentdirectionto be

dk = �r f (xk). Thisde�nesadirectionbut nota
stepsize.

� Wede�ne theSteepestDescentupdatestepto be
sSD
k = � kdk for some� k > 0.

� Wewill talk lateraboutwaysof choosing� .
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SteepestDescentComments
� SteepestDescentdirectionis bestdirection

locally.
� Thenegativegradientis perpendicularto level

curves.
� Solvingfor sSD

k is equivalentto assuming
r 2f (xk) = I =� k.

� In generalyoucanonly expectlinear
convergence.

� Wouldbegoodto combineglobalconvergence
propertyof SteepestDescentwith superlinear
convergencerateof Gauss-Newton.
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Levenberg-Marquardt Method
Recalltheobjective function

f (x) =
1
2

R(x)T R(x)

whereR is theresidual.Wede�ne the
Levenberg-MarquardtupdatestepsLM

k to bethe
solutionof

(

R0(xk)T R0(xk) + � kI
)

sk = � R0(xk)T R(xk)

wheretheregularizationparameter� k is calledthe
Levenberg-Marquardtparameter, andit is chosensuch
thattheapproximateHessianR0(xk)T R0(xk) + � kI is
positivede�nite.
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Levenberg-Marquardt Notes
� Robustwith respectto poorinitial conditionsand

largerresidualproblems.
� Varying� involvesinterpolationbetweenGN

direction(� = 0) andSDdirection(large� ).
� Wewill talk lateronstrategiesfor choosing� .
� See

doc lsqnonlin
for MATLAB instructionsfor LM andGN.
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Summary
� Taylor serieswith remainder:

f (x) = f (xk ) + r f (xk )T (x � xk ) +
1

2
(x � xk )T r 2f (� )(x � xk )

� Newton:

mN
k (x) = f (xk ) + r f (xk )T (x � xk ) +

1
2

(x � xk )T r 2f (xk )(x � xk )

� SteepestDescent:

mSD
k (x) = f (xk ) + r f (xk )T (x � xk ) +

1
2

(x � xk )T 1
� k

I (x � xk )

� Gauss-Newton:

mGN
k (x) = f (xk ) + r f (xk )T (x � xk ) +

1
2

(x � xk )T R0(xk )T R0(xk )(x � xk )

� Levenberg-Marquardt:

mLM
k (x) = f (xk )+ r f (xk )T (x� xk )+

1
2

(x� xk )T
“

R0(xk )T R0(xk ) + � k I
”

(x� xk )
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