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Summary from Last Time

Unconstrainedptimization

NonlinearLeastSquares
ParametetD Problem

SampleProblem:
u%% cu®+ ku = 0;u(0) = ug;u§0) = 0 (1)

Assumedataf u; gL, is givenfor sometimest; onthe

interval [0; T]. Find x=[c;k]" suchthatthefollowing
objectve functionis minimized:

M
1 . .
f(X)ZQE ju(tj; x) Uj]z:
j=1
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Summary Continued

Updatestep

Xk+1 = Xk + Sk

Newton's Method— quadrationodel

Gauss-Neton— neg

lect2ndorderterms

Steepesbescent- alwaysdescendirection

Levenbeg-Marquardt- like aweightedaverage
of GN andSD with parameter

Oregon State University

OSU — AMC Seminar, Nov. 2007 — p. 3



Summary of Methods

Newton:

m (@)= f@) + 1 @) @ w) o o)

Gauss-Newton:

mEN(@) = o)+ 1 f@) @ o)+ e )T

Steepest Descent:
1

mpP(x) = flap) + 1 flap)T(z  ap) + @ an)’

Levenberg-Marquardt:

mEM (@) = farr f@) @ mr S o)

0=r mg(x) =) s =T f(zg)

(z zp)
(z  xp)
G
(z x)
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Levenberg-Marquardt Idea

If iterateis not closeenoughto minimizersothat
GN doesnot give adescentirection,increase
to take moreof a SD direction.

As you getcloserto minimizer, decrease to take
moreof a GN step.
For zero-residuaproblems GN cornverges
guadratically(if atall)

SD corvergeslinearly (guaranteed)
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LM Alternative Perspective

ApproximateHessiammay not be positve

de nite (or well-conditioned)jncrease to add
regularity.

As you getcloserto minimizer, Hessianwill
becomepositve de nite. Decrease asless
regularizationis necessary

Regularizedproblemis “nearbyproblem”, want
to solve actualproblemassoonasfeasible.
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Step Length

SteepesDescentMethod

We de ne thesteepestiescentirectionto be

dc = r f(Xx). Thisde nesadirectionbut nota
steplength

We de ne the SteepesbDescenupdatestepto be
s = dy for some i > O.

We would like to choose  sothatf (x)
decrasesufciently.

Couldasksimply that
F (Xk+1) < T (Xk)
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Predicted Reduction

Consideralinearmodelof f (x)
m(x) = f (xi) + 1 () (X x):

Thenthepredictedreductionusingthe Steepest
Descenstep(Xk+1 = Xk F T (Xk)) IS

pred= mi(xk) Mi(Xker) = kkr f(x)k*:
Theactualreductionin f 1Is

ared= f (Xx) f(Xk+1):
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Sufficient Decrease
We de ne asufcient decreas¢o bewhen

ared> pred,

where 2 (0;1) (e.g.,10 # or so).
Note: = Oissimpledecrease.
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Armijo Rule

We cande ne astrat@y for determininggthe step

lengthin termsof asufcient decreaseriteriaas
follows:

Let = ™ where 2 (0;1)(think3)andm Ois
thesmallestntegersuchthat

ared> pred,;

where 2 (0;1).
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Line Search

The Armijo Ruleis anexampleof aline search:
Searclhon arayfrom xy in directionof locally
decreasing .

Armijo proceduras to startwith m = 0then

Incrementm until sufcient decreasés achieved,
i.e., — m — . A

Thisapproachs alsocalled“backtracking’or
performing“pullbacks”.

For eachm anew functionevaluationis required.
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Damped Gauss-Newton

Armijo Ruleappliedto the Gauss-Naton stepis
calledthe DampedGauss-Neton Method

Recall
d°N = (RIX)TRYX)) "RYx)"R(x):
Notethatif R{x) hasfull columnrank,then
0>r f(x)Td®N =

(RY)TR(X))" (R1)TRYX)) “RIx)"R(x)

sothe GN directionis adescentdirection.
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Damped Gauss-Newton Step

Thusthe stepfor DampedGauss-Netonis

DGN —  m4GN

where 2 (0;1) andm is thesmallesinon-ngative
Integerto guaranteesufcient decrease.
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Levenberg-Marquardt-Armijo

If RY{x) doesnot have full columnrank,or if the
matrix R{x) "R{x) maybeill-conditioned,you
shouldbeusinglLevenbeg-Marquardt.
TheLM directionis adescentirection.

Line searchcanbeapplied.

Canshaw thatif ¢ = O(kR(xk)k) thenLMA
convergesquadraticallyfor (nice) zeroresidual
problems.
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Numerical Example

Recall
u% cu®+ ku = 0;u(0) = ug; uq0) = 0:

Let thetrueparameterbex = [c;k]" = [1;1]".
Assumewe have M = 100datau; from equally
spacedime pointson [0; 10].

We will usetheinitial iteratexy = [3;1]" with
SteepesbescentGauss-Neton and

Levenbeg-Marquardimethodausingthe Armijo
Rule.
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Search Direction

=+ Gauss—Newton
Steepest Descent
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lteration history
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Gauss Newton with Armijo rule Gauss—Newton with Armijo rule

=-8-|terations
Pullbacks

o

1
IS

>
Function Value
=
o

Gradient Norm

2 3 .
Iterations lterations

Steepest Descent with Armijo rule Steepest Descent with Armijo rule

Pullbacks

Gradient Norm
Function Value

4
Iterations lterations

OSU - AMC Seminar, Nov. 2007 — p. 19
Oregon State University



Word of Caution for LM

Notethatblindly increasing until asufcient
decreaseriteriais satis edis NOT agoodidea
(noris it aline search).

Changing changeslirectionaswell asstep
length.

Increasing doesinsureyour directionis
descending.

But, increasing too muchmakesyour step
lengthsmall.

OSU - AMC Seminar, Nov. 2007 — p. 20
Oregon State University






Oregon State University



Line Search Improvements

Steplength control with polynomial models

If = 1doesnotgivesufcient decreasajse

f (Xx), T (Xx + d) andr f (xx) to build aquadratic
modelof

()=1(x+ d)
Computethe which minimizesmodelof .
If thisfails, createcubicmodel.
If this falls, switchbackto Armijo.

Exactline seach is (usually)notworth the cost.
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Trust Region Methods

Let betheradiusof aball aboutxy inside
whichthe quadratianodel

me(X) = f(xK) +r F(x)' (X X

1
+§(X Xk) THi(X  Xg)

canbe“trusted”to accuratelyrepresent (x).
IS calledthetrustregionradius

T() =fxjkx x¢k g is calledthetrust
region.
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Trust Region Problem

We computeatrial solutionx;, whichmayor
may not becomeour next iterate.

We de ne thetrial solutionin termsof atrial step
Xt = Xk + St

Thetrial stepis the (approximatesolutionto the
trustregion problem

min mg(Xx + S):
ksk

l.e., nd thetrial solutionin thetrustregion
which minimizesthe quadratiaonodelof f .
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Unidirectional TR Algorithm

Supposave limit our searchof s; to thedirectionof
d>®. Thenthetrustregion problembecomes

min My (X r f(xy));
Xk T f(Xe)2T ( «) ( (Xi)

me(Xk 1 F(x)) = Fa)+r F ) (T (X))

2C T T THKC T ()

N _ - Ur f (Xk)k2 : C
- min (r F () THr T (xe) Kr f(xk)k>
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Changing Trust Region

Testthetrial solutionx; usingpredictedand
actualreductions.

If = ared=predtoolow, rejecttrial stepand
decreasérustregionradius.

If sufciently high,we canaccepthetrial step,
andpossiblyevenincreaseahetrustregion radius
(becomingmoreaggressie).
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Exact Solution to TR Problem

Theorem1 Letg 2 RN andlet A bea symmetric
N N matrix. Let

m(s) = g's+ s' As=2;
Thena vectors Is a solutionto

min m(s
ksk ( )

If andonlyif thereissome  0sud that
(A+ l)s= ¢

andeither = 0Qor ksk =
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LM asa TRM

Insteadof controlling In responséo
= ared=pred, adjust .

Startwith

o andcomputex; = Xy + stV .

If = ared=prdtoosmall,rejecttrial and

Increase . Recomputérial (only requiresa
linearsolwe).

If sufciently high,acceptrial andpossibly
decease (maybeto 0).

Oncetrial acceptedsaniterate,computeR, f ,
RO r f andtestkr f k for termination.
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lteration history

=+ Newton Trust Region

Levenberg Marquardt TR
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Summary

If Gauss-Nwiton fails, uselLevenbeg-Marquardt
for low-residualnonlinearleastsquaregroblems.

Achievesglobal convergenceexpectedof
SteepesDescentput limits to quadratically
convergentmethodnearminimizer.

Useeltheratrustregion or line searchto ensure
sufcient decrease.

Canusetrustregion with any methodthat
usesquadratianodelof f .

Canonly useline searchor descent
directions.
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