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Summary from Last Time
� UnconstrainedOptimization

� NonlinearLeastSquares
� ParameterID Problem

SampleProblem:

u00+ cu0+ ku = 0;u(0) = u0; u0(0) = 0 (1)

Assumedataf uj gM
j =0 is givenfor sometimestj on the

interval [0; T]. Find x=[c;k]T suchthatthefollowing
objective functionis minimized:

f (x) =
1
2

M
∑

j =1

ju(t j ; x) � uj j
2 :
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Summary Continued
Updatestep

xk+1 = xk + sk

� Newton'sMethod– quadraticmodel

� Gauss-Newton – neglect2ndorderterms

� SteepestDescent– alwaysdescentdirection

� Levenberg-Marquardt– likea weightedaverage
of GN andSDwith parameter�
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Summary of Methods
� Newton:

mN

k
(x) = f (xk) + r f (xk)T (x � xk) +

1
2

(x � xk)T r 2f (xk)(x � xk)

� Gauss-Newton:

mGN

k
(x) = f (xk) + r f (xk)T (x � xk) +

1

2
(x � xk)T R0(xk)T R0(xk)(x � xk)

� Steepest Descent:

mSD

k
(x) = f (xk) + r f (xk)T (x � xk) +

1
2

(x � xk)T
1

λk

I(x � xk)

� Levenberg-Marquardt:

mLM

k
(x) = f (xk)+ r f (xk)T (x� xk)+

1
2

(x� xk)T

�
R0(xk)T R0(xk) + νkI

�
(x� xk)

0 = r mk(x) =) Hksk = �r f (xk)
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Levenberg-Marquardt Idea
� If iterateis not closeenoughto minimizersothat

GN doesnotgivea descentdirection,increase�
to takemoreof aSDdirection.

� As yougetcloserto minimizer, decrease� to take
moreof aGN step.

� For zero-residualproblems,GN converges
quadratically(if at all)

� SDconvergeslinearly (guaranteed)
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LM Alternative Perspective
� ApproximateHessianmaynotbepositive

de�nite (or well-conditioned),increase� to add
regularity.

� As yougetcloserto minimizer, Hessianwill
becomepositive de�nite. Decrease� asless
regularizationis necessary.

� Regularizedproblemis “nearbyproblem”,want
to solve actualproblemassoonasfeasible.
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Step Length
SteepestDescentMethod

� Wede�ne thesteepestdescentdirectionto be
dk = �r f (xk). Thisde�nesadirectionbut nota
steplength.

� Wede�ne theSteepestDescentupdatestepto be
sSD

k = � kdk for some� k > 0.

� Wewould like to choose� k sothatf (x)
decreasessuf�ciently.

� Couldasksimply that

f (xk+1 ) < f (xk)
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Predicted Reduction
Considera linearmodelof f (x)

mk(x) = f (xk) + r f (xk)T (x � xk):

ThenthepredictedreductionusingtheSteepest
Descentstep(xk+1 = xk � � kr f (xk)) is

pred= mk(xk) � mk(xk+1 ) = � kkr f (xk)k2:

Theactualreductionin f is

ared= f (xk) � f (xk+1 ):

OSU – AMC Seminar, Nov. 2007 – p. 8



Sufficient Decrease
Wede�ne asuf�cient decreaseto bewhen

ared> � pred;

where� 2 (0; 1) (e.g.,10� 4 or so).
Note: � = 0 is simpledecrease.
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Armijo Rule
Wecande�ne astrategy for determiningthestep
lengthin termsof asuf�cient decreasecriteriaas
follows:
Let � = � m, where� 2 (0; 1) (think 1

2) andm � 0 is
thesmallestintegersuchthat

ared> � pred;

where� 2 (0; 1).
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Line Search
� TheArmijo Ruleis anexampleof a line search:

Searchona ray from xk in directionof locally
decreasingf .

� Armijo procedureis to startwith m = 0 then
incrementm until suf�cient decreaseis achieved,
i.e., � = � m = 1; � ; � 2; : : :

� Thisapproachis alsocalled“backtracking”or
performing“pullbacks”.

� For eachm anew functionevaluationis required.
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Damped Gauss-Newton
� Armijo Ruleappliedto theGauss-Newtonstepis

calledtheDampedGauss-NewtonMethod.

� Recall

dGN = �
(

R0(x)TR0(x)
)� 1

R0(x)TR(x):

� Notethatif R0(x) hasfull columnrank,then

0 > r f (x)TdGN =

�
(

R0(x)TR(x)
)T (

R0(x)TR0(x)
)� 1

R0(x)TR(x)

sotheGN directionis adescentdirection.
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Damped Gauss-Newton Step
Thusthestepfor DampedGauss-Newton is

sDGN = � mdGN

where� 2 (0; 1) andm is thesmallestnon-negative
integerto guaranteesuf�cient decrease.
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Levenberg-Marquardt-Armijo
� If R0(x) doesnothave full columnrank,or if the

matrixR0(x)TR0(x) maybeill-conditioned,you
shouldbeusingLevenberg-Marquardt.

� TheLM directionis adescentdirection.

� Line searchcanbeapplied.

� Canshow thatif � k = O(kR(xk)k) thenLMA
convergesquadraticallyfor (nice)zeroresidual
problems.
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Numerical Example
� Recall

u00+ cu0+ ku = 0;u(0) = u0; u0(0) = 0:

� Let thetrueparametersbex� = [c;k]T = [1; 1]T .
AssumewehaveM = 100datauj from equally
spacedtimepointson [0; 10].

� Wewill usetheinitial iteratex0 = [3; 1]T with
SteepestDescent,Gauss-Newtonand
Levenberg-MarquardtmethodsusingtheArmijo
Rule.
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Word of Caution for LM
� Notethatblindly increasing� until a suf�cient

decreasecriteriais satis�edis NOT agoodidea
(nor is it a line search).

� Changing� changesdirectionaswell asstep
length.

� Increasing� doesinsureyourdirectionis
descending.

� But, increasing� toomuchmakesyourstep
lengthsmall.
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Line Search Improvements
Steplength control with polynomial models

� If � = 1 doesnotgivesuf�cient decrease,use
f (xk), f (xk + d) andr f (xk) to build aquadratic
modelof

� (� ) = f (xk + �d )

� Computethe� whichminimizesmodelof � .

� If this fails,createcubicmodel.

� If this fails,switchbackto Armijo.

� Exactline search is (usually)notworth thecost.
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Trust Region Methods
� Let � betheradiusof a ball aboutxk inside

which thequadraticmodel

mk(x) = f (xk) + r f (xk)T (x � xk)

+
1
2

(x � xk)THk(x � xk)

canbe“trusted” to accuratelyrepresentf (x).

� � is calledthetrust region radius.

� T (�) = f xj kx � xkk � � g is calledthetrust
region.
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Trust Region Problem
� Wecomputea trial solutionxt, whichmayor

maynotbecomeour next iterate.

� Wede�ne thetrial solutionin termsof a trial step
xt = xk + st.

� Thetrial stepis the(approximate)solutionto the
trust regionproblem

min
ksk� �

mk(xk + s):

I.e., �nd thetrial solutionin thetrustregion
whichminimizesthequadraticmodelof f .
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Unidirectional TR Algorithm
Supposewe limit oursearchof st to thedirectionof
dSD . Thenthetrustregionproblembecomes

min
xk � � r f (xk )2T (� k )

mk(xk � � r f (xk));

mk(xk � � r f (xk)) = f (xk)+ r f (xk)T (� � r f (xk))

+
1
2

(� � r f (xk))THk(� � r f (xk))

�̂ = min
(

jjr f (xk)k2

r f (xk)THkr f (xk)
;

� c

kr f (xk)k

)
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Changing Trust Region
� Testthetrial solutionxt usingpredictedand

actualreductions.

� If � = ared=predtoo low, rejecttrial stepand
decreasetrustregion radius.

� If � suf�ciently high,wecanacceptthetrial step,
andpossiblyevenincreasethetrustregion radius
(becomingmoreaggressive).
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Exact Solution to TR Problem
Theorem1 Letg 2 R

N andlet A bea symmetric
N � N matrix. Let

m(s) = gTs + sTAs=2:

Thena vectors is a solutionto

min
ksk� �

m(s)

if andonly if there is some� � 0 such that

(A + � I )s = � g

andeither� = 0 or ksk = � .
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LM as a TRM
� Insteadof controlling� in responseto

� = ared=pred, adjust� .

� Startwith � = � 0 andcomputext = xk + sLM .

� If � = ared=predtoosmall,rejecttrial and
increase� . Recomputetrial (only requiresa
linearsolve).

� If � suf�ciently high,accepttrial andpossibly
decrease� (maybeto 0).

� Oncetrial acceptedasaniterate,computeR, f ,
R0, r f andtestkr f k for termination.
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Summary
� If Gauss-Newton fails,useLevenberg-Marquardt

for low-residualnonlinearleastsquaresproblems.
� Achievesglobalconvergenceexpectedof

SteepestDescent,but limits to quadratically
convergentmethodnearminimizer.

� Useeithera trustregionor line searchto ensure
suf�cient decrease.

� Canusetrustregionwith any methodthat
usesquadraticmodelof f .

� Canonly useline searchfor descent
directions.
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