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Abstract

For a given point & in Z%, we prove that a cluster in the d-dimensional subcritical
Bernoulli bond percolation model conditioned on connecting points (0, ...,0) and na if
scaled by ﬁ along a and by ﬁ in the orthogonal directions converges asymptotically

to Time x (d — 1)-dimensional Brownian bridge.

1 Introduction.

In this paper we describe the limiting structure of a bond percolation cluster in subcritical
phase, conditioned on reaching a faraway point on square lattice. We will start with a
brief description of the Bernoulli bond percolation model based on the material rigorously
presented in [9] and [11]. We will also recall the definition of Brownian bridge. The result
of this research establishes a link between the geometrical behavior of a large percolation
cluster in subcritical phase and that of Brownian bridge, and will be presented in light of
recent developments in the field.

Percolation: For each edge of the d-dimensional square lattice Z? in turn, we declare
the edge open with probability p and closed with probability 1 — p, independently of all other
edges. If we delete the closed edges, we are left with a random subgraph of Z¢. A connected
component of the subgraph is called a “cluster”, and the number of edges in a cluster is the
“size” of the cluster. The probability 6(p) that the point (0,0) belongs to a cluster of an
infinite size is zero if p = 0, and one if p = 1. However, there exists a critical probability
0 < pe < 1 such that 6(p) = 0 if p < p. and O(p) > 0 if p > p.. In the first case, we say that
we are in the subcritical phase of Bernoulli bond percolation model and in the second case
we say that we are in the supercritical phase of Bernoulli bond percolation model. We say
that two points in Z? are connected to each other whenever they belong to the same cluster.

Brownian bridge: Given that B; is the d-dimensional Brownian motion, a sample-
continuous Gaussian process BY = B, —tB; (0 <t < 1) is called the Brownian bridge. We
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observe that E[B B, = 6; js(1 —t) forall0 <s <t <1 and all 1 <4i,j < d, where B =
(BY 4, B3y, ..., Bg,) and §; ; is the Kronecker coefficient. In fact the d-dimensional Brownian
bridge can be also defined as a sample-continuous Gaussian process Bf = (BY,, B3, ..., BY,)
on [0,1] with mean zero and covariance E[Bf B¢;] = §;js(1 —t) forall 0 < s <t <1
and all 1 <i4,57 < d. Notice that, given either of the two equivalent definitions, By is a
Gaussian process such that B = B = 0 a.s. For more details see [2], [7] or [8]. The process

B = B? + td is the Brownian bridge that connects points zero and &.

We will introduce the reader to the problem: Consider a point & in Z¢ and the d-
dimensional model of subcritical bond percolation (p < p.) conditioned on the event of zero
being connected to na. We first show that a specifically chosen path connecting points zero
and na and going through some appropriately defined points on the cluster (regeneration
points), if scaled m times along a and \/Lﬁ times in the direction orthogonal to a, converges
to Time x (d — 1)-dimensional Brownian bridge as n — 400, where the scaled interval
connecting points zero and na serves as a [0, 1] time interval. In other words, we prove that
a scaled “skeleton” going through the regeneration points of the cluster converges to Time
X (d — 1)-dimensional Brownian bridge. In a subsequent step, we show that after scaling
the hitting area of the orthogonal hyper-planes shrinks, implying that for n large enough, all
the points of the scaled cluster are within an e-neighborhood of the points in the “skeleton”.
One of the major tools used in this research was the renewal technique developed in [1], [4],
[5], [6] and [10] as part of the derivation of the Ornstein-Zernike estimate for the subcritical
bond percolation model and other processes. A major result related to the study is that for
a=(1,0,...,0), the hitting distribution of the cluster in the intermediate planes, x; = tna,
0 <t < 1 obeys a multidimensional local limit theorem (see [4]). Dealing with all non-axis a
became possible only after the corresponding technique analyzing the so called Wulff shape
and further mastering the regeneration structures and equi-decay profiles was developed in
[5] and [10]. This technique played a central role in obtaining the research results of the
paper.

Invariance principle. The result of section 3 (see subsection 3.2) that we cite below is
to play an important role in proving the Brownian bridge asymptotics for subcritical bond
percolation in section 2. It can be also interpreted on its own: establishing a Brownian
bridge limiting behavior for a scaled “directed” random walk, conditioned on arriving to a
faraway point na, where by a directed random walk we mean a random walk in which the
steps {¢;} are i.i.d. and the probability P[(;-a > 0] = 1.

We let X, Xy, ... to be i.i.d. random variables (vectors) on Z¢ with the span of the
lattice distribution equal to one (see [8], section 2.5), and let there be a A > 0 such that the
moment-generating function

E[e’*] < 0o

for all ||| < A. Now, suppose there is a vector a € Z? such that P[a- X;] > 0] = 1. Let
1, -, §a denote the new orthonormal basis such that ¢ ||&, and lets write [-,-], € R x R
for the first and the last d — 1 coordinate of a point in the new basis. Then we can define
t; € R and Y; € R4 to be such that X; + ... + X; = [t;, Y], € Z? when written in the new
orthonormal basis. Observe that & = [||a]|, 0], -



Now, let M and M, denote respectively the covariance matrix of X; and the (d-1)-
dimensional linear transformation corresponding to the last d-1 coordinates of M in the
new basis (the covariance matrix of the last d-1 coordinates of X;). Then there is a (d-1)-
dimensional linear transformation A, such that M, = A,AT (see [3], p.384). We will also
denote by p, the projection of E[X;] on < a >, e.g. pu, = (E[X41]- g1)dh.

We define the process [t,Y,",(t)]; to be the interpolation of 0 and [ﬁti, TR,
in subsection 3.2 we will show that

Technical Theorem. The process

1Y,y for some k such that [ty,Yy], = na}

conditioned on the existence of such k converges weakly to %AQBO, where B° = {B?}

is the (d-1)-dimensional Brownian bridge.

2 The Main Result in Subcritical Percolation.

In this section we will work only with subcritical percolation probabilities p < p..

2.1 Preliminaries

Here we briefly go over the definitions that one can find in Section 4 of [5].
We start with the inverse correlation length &,(Z):

1
£(7) = — lim —log Py(0 < [nd]),
n—oo M,

where the limit is always defined due to the FKG property of the Bernoulli bond percolation
(see [9]). Now, &,(7) is the support function of the compact convex set

K'= () {FeR?: 7 i < &)},

eSd—1

with non-empty interior int{K?} containing point zero.
Let ¥ € OKP, and let € be a basis vector such that &- T is maximal. For Z, 7 € Z% define

Li={FeRYF-Z<T-Z<F-j}.

Note that S, =0 if r-y <r- 7.

Let CZ ; denote the corresponding common open cluster of z and y when we run the per-
colation process on Sggﬂ 74, Let also A, be the set of all basis vectors orthogonal to T,
and their negatives. For the simplicity of notations (to avoid writing (1 — p)/4+! coefficient)

in the future, we restrict ourself to the case when vector r' has all non-zero coefficients (e.g.
|A| =0).



Definition 1. For 7,7 € Z% lets define h,-connectivity {# <" — ¢} of ¥ and ¥ to be the
event that
1. ¥ and y are connected in the restriction of the percolation configuration to the slab SZ ..

Set
h, (%) = B,[0 —hr, 7]

and h,(0) = 1.

Definition 2. For 7,7 € Z¢ lets define f,-connectivity {# «/*— 7} of ¥ and ¥ to be the
event that

1. 74y

2. Tl qf.

3. For no z € Z4\ {Z, ¢} both {F «*— Z} and {Z " — ¢} take place.

Set
fr(Z) = PJ0 " — 7]

and f.(0) = 0.

Definition 3. Suppose 0 «"— &, we say that z € Z? is a regeneration point of Cj . if
1.7 é<r.-Z<r-(¥—¢)

2. S} 22,21 Cp 5 contains exactly three points: 27— ¢, 7 and 7 + €, where € is defined as
before.

The following is the Ornstein-Zernike equality in subcritical phase of Bernoulli bond
percolation.

Theorem. 3 positive functions A(-,-) on (0,p.) x ST s. t.

- %@ewm +0(1)) (1)

P,|0 <

ol

8

uniformly in ¥ € Z4, where n(T) = |

=

E
We refer the reader to [5] for the proof of the above theorem.

2.2 Probability measure Q; ()

It had been proved in section 4 of [5] that for a given ¥y € OKP there exists A > 0 such that

F,,(r) = Z feo ()" ™ = 1 whenever T € By (T) ﬂaK”,

x€Z4

where B;(-) denotes the Euclidean ball of radius A around the given point in parenthesis,
and therefore
" () = f,,(¥)e"" is a probability measure on Z%.
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Also, it was shown that
=, (F) = Ej X = ) EQ; (F) = V,logF,,(F) # 0
zezd

and
F,,(T) < oo for all ¥ in B5(r)).

The later implies

Fro(@) =Y (@)™ = 3 Q(@)e"T < oo

czd zezd

8|

for 0 = ¥ — 1y € B5(0), e.g. the moment generating function E (1) of the law Q0 is
finite for all § € B5(0).
Now, there is a renewal relation (see section 1 and section 4 of [5]),

hTo(f) = Z fT()(Z)hTo(f_ Z) with hro(()) =1

zezd

and therefore

k
hyo ([N p]) = e~ VA Z@Q:O(Xl + ... + X = [Np]) for N >0,
ko1

where X, Xy, ... is a sequence of i.i.d. random variables distributed according to Q. ,

as h,,-connection is a chain of f, -connections with junctions at the regeneration points of
T0
(Of

2.3 Important Observation

We would like the reader to notice a certain relationship between the notions of the regen-
eration points and that of f, -connectivity as they were defined in section 2.1. That is for a
given vector & € Z%, the event of
e {0 «o— 7 with exactly one regeneration point ¥ }
is equivalent to the union of two independent events:
{0 —fro— 7 1
o { &) o7},
Thus the probability of the above event is equal to

fm(fl)fm (f - fl)

More generally, the probability Py that 0 «/o— & with exactly k-1 regeneration points
T, T + T, ..., Zi:ll Z; (where Zle Z; = &) can be factored as following



k—1
Py = P[0 «"o— 7 regeneration points: ¥y, + s, ..., g 7]
i=1

= P[0 —Fro— 1) P[Z4 o 7 + To). Z:c —Jro— sz =7
Jro(T1) fro (T2) frg (T)- (2)

2.4 The Result

In this section we fix & € Z%, we let ¥y = aRT (N OKP? and T € B;(r)) [ OKP? (say T = 7).
Then we recall that
E! [e"Y] < 00

for all ||0|| < A(0). We also denote h(x) = h,,(x) and f(z) = f., ().

First, we introduce the new orthonormal basis {gi, g3, ..., ga}, where gi =

=

II%H' We use
[,], € R x R to denote the coordinates of a vector with respect to the new basis.
Obviously a = [||a]], 0], We want to prove that the process corresponding to the last d — 1

coordinates in the new basis of the scaled (ﬁ times along a and % times in the orthogonal

d-1 dimensions) interpolation of regeneration points of C{° - conditioned on 0 " na
converges weakly to a linear transformation of the (d-1)- dlmenswnal Brownian bridge B°(t),
where t represents the scaled first coordinate in the new basis.

Let Mg, denote the covariance matrix of a random variable distributed according
to @y, and let M, denote the (d-1)-dimensional linear transformation corresponding to
the last d-1 coordinates of Mg, , in the new basis (the covariance matrix of the last
d — 1 coordinates of a random variable distributed according to ()7 ). We also recall from
5] that the covariance matrix Mg,,, = Hess(log F,,(F)) is uniformly non-degenerate
for ¥ € B5(ry) [)OK?. There is a (d-1)-dimensional linear transformation A, , such that
M,,, = A, Afo - We recall that s, (F) denotes the mean of a @] -distributed random
variable and we let y, denote the projection of i, (F) on < a >, e.g. e = (tr (T) - G1) 1.

Let X4, X, ... beii.d. random variables dlstrlbuted accordlng to @, law. We interpolate
0, X1, (X1+X32), ..., (X1 +... + X) and scale by Hall 7= along <a>x <a>ttoget the

process [t,Y,", (t)];- The technical theorem (see section 1 or 3.2) implies the following

Theorem 1. The process

1Y), for some k such that X + ... + X} = na}
conditioned on the existence of such k converges weakly to Ha ATO, B°, where B® = {B?}
is the (d-1)-dimensional Brownian bridge.

Now, let for i1, ..., 7, € Z% with positive increasing ﬁrst coordinates (¥, ..., yx) be the
last (d — 1) coordinates in the new basis of the scaled (—=r TR \/—ﬁ) interpolation of points

0,41, ..., Y (where the first coordinate is time). To be precise we write ¥; = [yi », Yiylg, Where
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Vi € Rand y;, € R If we also let [yo, Youly = 0, then yo. < y1. < yor < oo < Y-
Now we can explicitly define (¢, ..., k) as

L 1 1 (nHé’Ht—ym

YW, - i) [E] = N )(ym,y — Yiy)

Yi+1,z — Yix

whenever 2z < ¢ < YiLr (j = (,1,....k — 1). Notice that v(i, ..., %) € C,[0,1] ! as a

nfal] = nlall
function of scaled first coordinate whenever g, = na. By the important observation (2) that
we have made before, for any function ¥(-) on C0, 147,

— — — k} —
>k Zfl+...+fk:na U (y(Z1, Ty + oy oy D iy 7))

k-1
x P[0 <m0 — n& ; regeneration points: 7, ¥ + 2o, ..., E ]
=1

= \11(7(1_"1,1_"1—i—a_fg,...,Zfi))f(fl)---f(fk)

k ZT1+..+Tp=na

k

= AN ONT Wy By B Y )@ (T1). QL (F):
k

fl+...+:?k=n§ =1

Therefore, for any £ C C[0, 1] and corresponding indicator function Ig(-) on C[0,1]%71,

B,[y(regeneration points, nd) € £ | 0 «+"— na
O Ve mena LY@ B+ B, Yo B F(E) ()
2k 2yt dymna | (T1) - f(Th)

S oS ko oo\ = -
_ ij Zf1+.‘.+fk=né‘ IE(’}/('%.]J I + x27 e Zi:l :UZ)) T0 (.CE]_) 70 (':Ck)
Dok Ddrttin—na @ro (T1). Q1 (T)
= P[Y,}, € E for the k such that X; + ... + X; = nd | 3k such that X; + ... + X}, = nal.

Hence, we have proved the following

Corollary. The process corresponding to the last d—1 coordinates (in the new basis {gi, ..., ga})

of the scaled (m X \/%7) interpolation of regeneration points of Cg?né' (where the first coordi-
nate is time) conditioned on 0 «"— na converges weakly to %ATMBO, where B® = { By}

is the (d-1)-dimensional Brownian bridge.

Observe that if a]|€;, then we do not need to change the basis, e.g. a lies on the first axis
and we let g; = ¢€; for all i = 1,2, ...,d. We also let I = ry. In this case, if X = (&}, ..., Xy) is
a random vector distributed according to @y, , then, due to the lattice symmetry,

Cov(X;, Xj) = d; jo3 whenever 2 < 4,5 < d,



i i
e and 0% = Var(X;) for all i = 2,...,d. Hence A,,, = oy and

IE A, B = | o B,
| t2a| | tta|

Thus the enhanced version of the above corollary, stated at the end of this section, will once
again confirm the multidimensional local limit theorem proved in [4].

0 otherwise

where 51'73' = {

2.5 Shrinking of the Cluster and Main Theorem

Here for a € Z? we let ryp = aR™ [ OK? again. Before we proceed with the proof that the

scaled percolation cluster Cg, ; shrinks to the scaled interpolation skeleton of regeneration

points, we need to observe the following easy consequence of &,(-) being the support function

of K” and strict convexity of KP” (see [5]): if I = V§,(ry) then Q7 is a probability measure.
With the help of the above statement we shall show that the consequent regeneration

points are situated relatively close to each other:

Lemma.

1
Py[max |z; — z;_1| > n'/3, ;- reg. points | 0 «"— na] < —
) n
for n large enough.
Proof. Let ¥ = V§,(r)) = VE,(a). Since &,(x) is strictly convex (see section 4 in [5]),
fp(a) - fp(a_ %) < T )
() 2]

for # € Z* (¥ # 0), and therefore

Vé,(a)

(&) — &(@—7)
()

Thus, since @} () decays exponentially and therefore

6, (nd) — &,(nd — 7) = |72

(S -En—2) (1)
and also decays exponentially. Hence by Ornstein-Zernike result (1),

h(na — 1
P,[n'/? < |z|, a-first reg. point |0 «"— na] = Z f(x)w < —
il (nd) n

for n large enough. So, since the number of the regeneration points is no greater than n,

1

3, x;- reg. points | 0 «"— na] < —
n

P,[max |z; — z;_1| > n!/
(2

for n large enough.



Now, it is really easy to check that there is a constant A\, > 0 such that
(@) > e Al

for all & such that f(Z) # 0 (here we only need to connect points € and ¥ — € with two
non-intersecting open paths surrounded by the closed edges), and there exists a constant
Ay > 0 such that

P,[ percolation cluster C(0) ¢ [R; B% (0)],] < e *#

for R large enough due to the exponential decay of the radius distribution for subcritical
probabilities (see [9]). Here B% ! denotes the (d-1)-dimensional Euclidean ball of radius R.
Hence, for a given € > 0

P,[ cluster C{°; ¢ [R,Bf&%(o)]g 10 /= g < Ml -duevin

and therefore, summing over the regeneration points, we get
P,[ scaled cluster Cf’ ; ¢ e-neighbd. of [0,1] x ¥( reg. points ) | 0 «7— nal]

< l + ne)\gnl/?’f/\ue\/ﬁ
n

for n large enough.

We can now state the main result of this paper:

Main Theorem. The process corresponding to the last d — 1 coordinates (in the new basis
{41,932, -, ga}) of the scaled (m X \/Lﬁ) interpolation of regeneration points of Cy° . (where
the first coordinate is time) conditioned on 0 «"— na converges weakly to %ATO,TBO,
where B® = {By} is the (d-1)-dimensional Brownian bridge.

Also for a given € > 0
B[ scaled cluster Cf, ; ¢ e-neighbd. of [0,1] x y( reg. points, na) | 0 " —pal -0

as n — oQ.

2.6 From Sgné' NZ% to all of Z<.

Here we are going to transform the preceding theorem that deals only with the restriction
Cg?ng of the percolation cluster to the strip Sg?né’ to the statement about the entire percolation
cluster Cg 5, where Cz; denotes the cluster connecting points & and 7. For this we will
need to employ the techniques originally developed in [6] (pages 228-229) , [4], [5] (pages
347-349) and [10] (pages 674-675).



Definition 4. For 2,7 € Z and ¥ € OKP”, we say that x and y are d,-connected and write
{7 «%— 77} whenever the following two conditions hold:

1. # and ¥ are connected (both points belong to the common percolation cluster Cgz ;).

2. There is no z € Sy, »such that Cz5(SL .-, .= {Z— €, 7,7+ €}, where, as before, &
is the basis vector that maximizes r - €.

The points 2" from part 2 of the above definition are once again called the regeneration
points in the direction of r. Only this time we need the endpoints to be connected on the
entire lattice, without restricting it to Sy, ;. The d,-connectivity defined as above is the
connectivity with no regeneration points in the given direction. We set d,.(¥) = P,[0 «% — 7]
and d,.(0) = 0.

Now, we define the connectivity with exactly one regeneration point:

Definition 5. For Z,7 € Z% and ¥ € OKP, we say that = and vy are u,-connected and write
{Z «"— ¢} whenever the following three conditions hold:

1. Z and ¥ are connected (both points belong to the common percolation cluster Cgz z).

2. If ¥ # ¢/, then Cz () S;_z; = {¥ — €, ¥}, where €'is the basis vector that maximizes r - €.
3. There is exactly one point 2’ € Sy ;. - such that Cz5( S} .-, .= {7~ € 2,7+ ¢}

— —
e, y—e

We set u, () = P,[0 <" — Z] and u,(0) = 0.

We observe that for a given direction ¥, the rightmost and the leftmost regeneration
points connecting zero to T are h,-connected, while if glued together, the remaining parts of
the cluster compile into a u,-connected component:

P[0 « 7] =d,.(7) + Z ﬁur(aj—i)hr(fﬂ' (3)

According to the construction in [5], for a fixed ¥ € OKP, there exist constants 4 > 0
and vy > 0 such that
0,(7) < e IFIp 0 o 7

and
u,(7) < e 21¥ P[0 7.

Thus, for a given & € Z¢, ¥y = aR* (| OK? and n large enough, the probability
B,[0 «%— na | 0 « na) is negligibly small. Also, if we denote by #, and Z;, the first and
the last regeneration points whenever 0 < na, then there exist v5 € (0, v5) such that

1

Pyl[[na — &y + Zg[| =2 n5 [ 0 na] = 70 < na Y u@h(nd - 1)
8 FeZd:|#||>n3
1
e h(@)h
< - —> _’_ —
S o 2 ME)h(nd ~ )
FeZd||Z||>n3
— 0 (4)

10



as

Z h(Z)h(na — %) = Z P,[7 is a regeneration point | 0 < nal
zezd zezd
= FE[#fregeneration points | 0 <> na]

< nflal.

The above formulas (3) and (4), together with the Main theorem of the previous subsec-
tion imply the more general form of the result valid for the percolation process conditioned
on connecting zero to na on the entire lattice without restrictions. Here the direction ry, the
new basis and the interpolation skeleton v of the regeneration points and boundary points
are defined in exactly the same way as in the preceding subsection of this manuscript.

Main Theorem on Z?. The process corresponding to the last d—1 coordinates (in the new
basis {91, g3, ---» ga}) of the scaled (m X \/Lﬁ) interpolation of regeneration points of Co pna

(where the first coordinate is time) conditioned on 0 <> na converges weakly to ﬂATO,TB",

ll1zall
where B° = {B?} is the (d-1)-dimensional Brownian bridge.
Also for a given € > 0

P,[ scaled cluster Cy,a ¢ €-neighbd. of [0,1] x v( reg. points, na) | 0 < na] — 0
as n — oo.

The last part of the above theorem states that the rescaled percolation cluster shrinks
to the interpolation skeleton of regeneration and boundary points. The proof of it is almost
identical to that presented in subsection 2.5. Once again T is a point in B5(ry) [|OK? The
covariance matrices Mg ,, , and 1\_/17«0,7« as well as A, . and the projection of the mean f, are
defined as before.

3 Convergence to Brownian Bridge.

As it was mentioned in the introduction, this section is entirely dedicated to proving the
Technical theorem. Recall that we already used the theorem to prove the main result of the
preceding section.

Various forms of conditional limit theorems and conditional invariance principles consti-
tute a traditional subject in the probability theory, and were thoroughly studied by Liggett,
Durrett, Resnick and others. The conditional invariance principle that we will cite in the
first subsection of this section is based upon the results proved in [13], [14] and [15] where
weak convergence of conditioned sums of independent random variables was studied in full
generality for many different cases. We will use one of the results from [15] to prove the
Technical theorem. Notice that the Technical theorem of this section is a specific version of
the conditional invariance principle, useful in its own way. The reader is referred to [2] for
more on weak convergence, and to [12] for more on weak convergence in this particular case.

11



3.1 An invariance principle.

We let Z3,Zs, ... be i.i.d. random variables (vectors) on lattice L ( e.g. P[Z; € L] = 1)
with the span of the d-dimensional lattice distribution equal to one (see [8], section 2.5) with
finite mean p = EZ; and covariance matrix Mz. Also we require the origin to be a point in
the interior of the closed convex hull of {z : P[Z; = z] > 0}.

Consider a d-dimensional walk X; that starts with Xy = 0 and for a given X, the (j+1)-st
step to be X1 = X; + Z;1;. After interpolation we get

X(t) = Xy + (t = ) (X1 — Xpy)

for 0 <t < oco. Now, define X, (t) = % for 0 < ¢t < 1. Observe that X, (t) € CJ[0, 1],

where CZ[0, 1] is the space of all d-dimensional continuous functions on [0, 1] with the corre-
sponding topology defined by the distance function p(f, g) = max,cjo,1) |f(z) — g(2)| for any
two functions f and g in CZ[0, 1].

Since M is symmetric nonnegative definite, there is a linear transformation A, : R — RY
such that Mz = AzA7. One of the implications of [15] (p. 202) is

Theorem 2. X,,(t) conditioned on X,(1) = 0 converges weakly to AzBS, where B is the
d-dimensional Brownian Bridge.

and for a € R,

Theorem 3. If a(n) € L is such that %%) = a+ o(1), then the process {X,(t) — tX,(1)},

conditioned on X,, = a(n), converges weakly to AzBS.

Also the convergence is uniform in the following sense: here and in the next section,
when we say that convergence is uniform, what we really mean is that if we fix a compact
set L € R?, then for a given Borel set £ € C¢[0,1] and any small € > 0, there is an integer
Ny > 0 such that for all n > Nj,

\P[%{Xn(t) —tX,(1)} € E |X,, € L] - PI[A;Bj € E]| <e. (5)
Observe that the local CLT in this case will imply that
\P[%{Xn(t) —tX,(1)} € E |X,, =a(n)] — P[A;Bj € E]| <.
for all n large enough and all a(n) such that % eL.

3.2 General Case.

We begin with the settings needed for the invariance principle that will be proved in this
subsection. For a given non-zero vector a € Z4, we let X, X5, ... be i.i.d. random variables
(vectors) in Z? with the span of the lattice distribution equal to one (see [8]) such that the
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probability P[a- X; > 0] = 1 with the finite mean y = EX; € Z% and there is a constant
A > 0 such that the moment-generating function

E[’] < 00

for all @ inside the Euclidean ball of radius A around zero. Also we let P; denote the
projection map on < & > and P# denote the orthogonal projection on < a >*. Now we can
decompose the mean p = fi, + o, where p, = Pap and pior = Pip.

Now, borrowing the notations from the introduction section, we let M and M, denote
respectively the covariance matrix of X; and the (d-1)-dimensional linear transformation
corresponding to the last d-1 coordinates of M in the new basis (the covariance matrix of
the last d-1 coordinates of X;). Then, as we already mentioned, there is a d-dimensional
linear transformation A such that M = AAT (see [3], p.384). Similarly there is a (d-1)-
dimensional linear transformation A, such that M, = AaAZ.

As we did in the preceding sections of this manuscript, we introduce the new orthonormal
basis {g1, g3, ---, ga}, where g = ﬁ We again use [+, -], € RxR?! to denote the coordinates

of a vector with respect to the new basis. We let X; +...+X; = [t;,Yi], € Z x Z*~'. Note:
and Y; don’t have to be independent. Since the first coordinate T; is positive with probability
one, the first step will be to interpolate [t;,Y;],, and prove that if scaled and conditioned
on [t,, Yul, = X1+ ... + X,, = [n]|d], 0], = na, the new process will converge weakly to the
Brownian bridge (with the first coordinate being the time axis).

We first let X; = X; — [tq, then EX,; = ttor and M is the covariance matrix for each X;.
From here on we let S; = [t;,Y;], = X1 +...+ X; and S; = X; + ... + X; = S; — ju, for any
positive integer j. We again interpolate:

X(t) = S+ (t — [t]) X2

for 0 <t < oo, and scale down by introducing X(t) = X\%) . The statement below follows

immediately from the last theorem. [-] will denote the integer rounding for points in R

Corollary. For k = k(n) = [ﬁﬂf“ + kov/n], {Xk(t) — tXk(1)} conditioned on Sy = na — ku,

(e.9.[tk, Yi], = nd) converges weakly to {ABS}, where BS is the d-dimensional Brownian
bridge.

Here we boldly used the theorem of the preceding subsection: namely observe that
‘gk‘ =na — k/La = _kO\/ﬁﬂa + O(l)

If we let a(k) = M—_\/%”—“, then the process { X}, (t) — tXx(1)} is being conditioned on X (1) =

\5/—% = a(k), where a(k) = —ko,/ ”H’g””ua +o(1).
Notice that we didn’t use the fact that the moment generating function is finite on some
interval around zero. We only needed the first two moments of X; to be finite. One can also

notice that since a(k) = —k HH‘;”” ta + 0(1), the convergence must be uniform (in sense of

(5) ) for all kg in a compact set . Now, if we consider only the last d — 1 coordinates of X} (t),
w.r.t. the new basis the last Corollary will imply the following:
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Lemma 1. For k = k(n) = [malf + kov/n], Yi(t) conditioned on t, = n||a|| and Yy = 0

converges weakly to {A,B°}, where B° is the (d — 1)-dimensional Brownian bridge.

Notice that the convergence is again “uniform” for kg in a compact set. The Lemma above
above can be interpreted in the following way: the interpolation of [, fY] conditioned on
[tk, Yi], = nd converges to Timex{A,B°}, where B° for the rest of the section will denote
the (d —1)- dimensional Brownian bridge. Now, if we define the process [t,Y,",(¢)], to be the

interpolation of [~ EIRE \/LEYZ-];:OJ"“"“, then

Theorem 4. For k = k(n) = [ﬁﬂf” +kov/n], /7Y, (t) conditioned on t), = n|a| and Yy = 0
converges weakly to {A,B°}.

ti—1

Proof: Here we observe that the mean E[nHaH nllﬁH] is actually equal to L& IIEH = kfkloﬁjLo(%),
and that for a given € > 0, the probability of the ||[n|| ; \}Y] £, \/LEYi]gH = |n|t|%” — 1
exceeding € for some j < k,
nllall . ~ nllallj .
R | DTN — < — > -
P[Orgfgwt] ’ jl>ne| S, =na] < P[Orga<k 1S; k tall > ne | Sk = nal
< >n— = all —
< Plmax |5 n | S = [nllall = kllpall, 0])
— 0
as n — +oo since n||&|| — k| pall = —||ital|ko/n + o(y/10). O

Now, the next step is to prove that the process

{Y,, for some k such that [t;, Y], = na}

conditioned on the existence of such k converges weakly to the { Ha A «B°}

First we notice that the last theorem easily implies the following

Lemma 2. For given k = k(n) = [maH + kov/n], Y, (t) conditioned on t, = n|all and

Y = 0 converges weakly to {4/ ”‘LZ””AaBO}

For a fixed M > 0, convergence in the lemma above is also uniform for
ke ["”aH My/n, ] + M+/n] (e.g. ko € [-M,M]). For the future purposes we denote
K

u Tuall
llal

Gl andIM_[——M\/ﬁ—+M\/_}ﬂZ

Finally, we want to prove the following technical result, in which we use the truncation

argument as M — o0 to show the weak convergence of Y, to { Ha |”AaBO} in case when

we condition only on the existence of such k.
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Technical Theorem. The process

{Y, . for some k such that [ty,Yy], = na}

conditioned on the existence of such k converges weakly to { %AQBO}

Proof: Take M large. We notice that due to the uniformity of convergence for all k = k(n) €
Iy established following the previous theorem, for given £ C C?71(0, 1],

max |P[Y," € E | [tg, Yi], = na] — P[{

1 o
e ﬁAaB } S E” = O(l)

Hence,
ZkEIM P[Sk = né’]P[Yék € E|Sk = né’] L
Zke[M P[Sy, = na] VE

Therefore we are only left to prove that truncation works as M — +oo. Now, for any
€ > 0 there exists M > 0 such that

(1+€) Y P[Sy=nal <> P[Sy=na| < (1+2€) Y P[Sp=nd]

kelns kely

— P[{—~A,B°} € E].

limn_)_’_oo

for n large enough, as by the large deviation upper bound, there is a constant Cfp > 0 such
that

. A mkm)?
P[Sk; — na] S e CrLp 5 /\\n kH|7

and therefore 3Crp > 0 such that

Z P[S, =na] < ¢~ Cron'/?,

|n—kk|>n2/3

Also, by the local CLT,

Y

P[S), = na] = P[Sy = (n — kr)a] = kiﬁ((Qﬂ)ddet M)_%e* % + 0(+5)

implying (if one writes the corresponding Riemann sum) that

d—1 “+o0o

2. Plsi=rnal= <E>T [((2m)" det M)‘é/

2, 1=
e~ T Mg 4 o(1)]
|n—kr|<n2/3 " e

where

3" PlS, =nd] = (f)g [((2) det M) 2 /_ e~ FEM g0 4 o(1)).

ke]]\/[

Therefore
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1 ZkeIM P[S), = nd|P[Y;, € E|S), = na] _ > i P[Sk = nd]P[Y;, € E|Sy = na]
1+ 2¢ > ket PLSk = nal - >, P[Sk = na]

< 1 ZkGIM P[Sk - na]P[Y:,k S Elsk = nﬁ]
= 1+€ ZkGIA/IP[Sk:né"]

for all open £ C C?710,1]. Taking the liminf and limsup of the fraction in the middle
completes the proof.

]
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