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Introduction and motivation .
Flow and transport in subsurface, nomenclature

Multiscale flov d transport in subsurfa perimental results

Flow coupled to transport with

u=-KVp, V.u=0

Diffusive-dispersive transport

Z—f + V-(uc—-D(u)Ve)=0

Definitions

D(u) := diffusion+ dispersion
= dmal + [u|(diongE(U) + dyransv (I — E(u))).

1
D(u) ~ dmoll + diong|U|E(U)

S — T
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Introduction and motivation

Model F(©) = 0 with © = (p, u,c)

u=-KvVp, V.u = 0
oc
an +V-(uc—-D(u)vVe) = 0

Permeabilities

Kfasta Kslow give Ufasts Uslow give Dfasty Dslow

Matgorzata S. Peszynska, Ralph E. Showalter Nonlocal models of transport in multiscale porous media:something old and so



Introduction and motivation

ransport in subsurface, experimental results

Advection+diffusion in multiscale media: tailing

Breakthrough curves = total concentration at outlet
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ction and motivation

Flow and transport in subsurface, nomenclature
Multiscale flow and transport in subsurface, experimental results

Advection+diffusion in multiscale media: tailing

Breakthrough curves = total concentration at outlet
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Introduction and motivation

Multiscale flow and transport in subsurface, experimental results

Experimental visualization by Haggerty et al

Intormediate-Contrast Chamber
Tailing) (Advection-Dominated Tailing)

time = 530 min

Gime = 810 min

time = 1110 min ime = 885 min

1080604020 10em
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Presentation at SIAM Annual 2004 by Haggerty

[ZMH*O/I] Brendan Zinn, Lucy C. Meigs, Charles F. Harvey, Roy Haggerty, Williams J. Peplinski, and Claudius Freiherr von Schwerin,

Experimental visualization of solute transport and mass transfer processes in two-dimensional conductivity fields with connected regions of

high conductivity, Environ Sci. Technol. 38 (2004), 3916-3926.
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Introduction and motivation

Flo d sport in face, nomenclature
Multiscale flow and transport in subsurface, experimental results

Experimental breakthrough curves

Breakthrough Curves by Pore Volume Flushed

1p
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Pore Volumes

Results from [ZMH"04]
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Introduction and motivation =

Multiscale flow and transport in subsurface, experimental results

Challenge in view of the experimental results

@ Not-well separated scales:

e double porosity diffusion model does not fit in low/intermediate
contrast regime

@ ¢o > Ois fixed (perhaps the homogenized model not good enough
? need a corrector ?)

° ,fsfﬁ small, moderate, intermediate, or large

@ Evidence of advection-diffusion-dispersion in Qg0 and
advection-dispersion in Qg

@ Related project (Wood, Haggerty, Waymire, Thomann, Ramirez,
OSU) on Taylor-Aris dispersion/skew diffusion models

@ other results on tailing [HG95, HMMO00, HFMMO1]

Formidable challenge: find an upscaled model similar to
double-porosity which can capture all of the above
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Literature review
Double porosity models, diffusion+adv

Something old: double porosity models

) @) M) M ) @ ) Y A D

Todd Arbogast, Jim Douglas, Jr., and Ulrich Hornung, Derivation of the double porosity model of single phase flow via
homogenization theory, SIAM J. Math. Anal. 21 (1990), no. 4, 823-836. MR 91d:76074

Todd Arbogast, Analysis of the simulation of single phase flow through a naturally fractured reservoir, SIAM J. Numer. Anal. 26
(1989), no. 1, 12-29. MR 90e:76122

—, On the simulation of incompressible, miscible displacement in a naturally fractured petroleum reservoir, RAIRO Modél
Math. Anal. Numér. 23 (1989), no. 1, 5-51. MR MR1015918 (91d:76073)

, Computational aspects of dual-porosity models, Homogenization and porous media (U. Hornung, ed.), Interdiscip. Appl.
Math., vol. 6, Springer, New York, 1997, pp. 203-215. MR 1 434 324

John D. Cook and R. E. Showalter, Microstructure diffusion models with secondary flux, J. Math. Anal. Appl. 189 (1995), no. 3,
731-756. MR 96j:76138

J. Jr. Douglas and T. Arbogast, Dual-porosity models for flow in naturally fractured reservoirs, Dynamics of Fluids in Hierarchical
Porous Media (J. H. Cushman, ed.), Academic Press, 1990, pp. 177-221.

J. Douglas, Jr., M. Peszyhska, and R. E. Showalter, Single phase flow in partially fissured media, Transp. Porous Media 28 (1997),
285-306.

Jim Douglas, Jr. and Anna M. Spagnuolo, The transport of nuclear contamination in fractured porous media, J. Korean Math. Soc.
38 (2001), no. 4, 723-761, Mathematics in the new millennium (Seoul, 2000). MR MR1838095 (2002g:76111)

Mark N. Goltz and Paul Roberts, Using the method of moments to analyze three-dimensional diffusion-limited solute transport from
temporal and spatial perspectives, Water Res. Research 23 (1987), no. 8, 1575-1585.

R. Haggerty, S.W. Fleming, L.C. Meigs, and S.A. McKenna, Tracer tests in a fractured dolomite 2. analysis of mass transfer in
single-well injection-withdrawal tests, Water Resources Research 37 (2001), no. 5, 1129-1142

Ralph E. Showalter Nonlocal models of transport in multiscale porous media:something old and so




Literature review
Double porosity models, diffusion+adv

Something old: double porosity models
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Literature review

Something old: double porosity models
9 F Y Double por dels, diffusion-+adv

Notation

Q= Ui Qi, Qsiow = Ui:l Q,
OQstow N Otast = Ui I

QA = Qslow U Qfast U Ui [
12| ~ €0
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Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Averaged (single porosity) model

Exact model at microscale replaced by homogenized model

with D

wo e D = Dgjow, Drast

Compute homogenized coefficients D J

1
0 /s Dik (Y) (0 + Okwj(y))dA p

-V -DVuj(y) =V -(Degj), yeQ
W Qo — periodic
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Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Averaged (single porosity) model

Exact model at microscale replaced by homogenized model

with D

wo e D = Dgjow, Drast

Compute homogenized coefficients D J

D (¥) (6 + Okewj(y))dA |

~V-DVu(y) =V-(De), yeQ il
W Qo — periodic

But this doesn’t work very well for time-dependent problems with
large contrast Dyast /Dsiow
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Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Double porosity model: main idea |

Exact model at replaced by homogenized model with two sheets

microscale
with D plus cell model .

L D = Dsjow,, Dfast
Compute homogenized coefficients D J

~ 1

Dk = ol /s Dik (¥) (0 + Okwj(y))dA ;
~V-DVuwi(y) =V-(De), y€ s
W Qo — periodic
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Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Double porosity model: main idea |

Exact model at replaced by homogenized model with two sheets

microscale
::. with D plus cell model .
ol D DS|0W7 Dfast
Compute homogenized coefficients D J
Dk Dik () (6 + Oy (y))dA

m Qo N
-V -DVujly) =V-(Degj), Y € Qotasi :
wj Qo — periodic :

This formulation introduces nonlocal effects and works very well for

time-dependent problems with large contrast Dsast /Dsiow

Matgorzata S. Peszynska, Ralph E. Showalter Nonlocal models of transport in multiscale porous media:something old and so



Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Double porosity model: main idea |l

Exact model at replaced by homogenized model with two sheets

microscale
with D plus cell model .

L D= DS|OW7 Dfast

Global equation, x € Q

~0C = ac;
Qﬁf-‘rZXiQi(t)—V'DVC:O ¢sl0w7l—v'DslowVCi = 0

ot
i, = Mo,(C)

This formulation works well for single & multi-phase multicomponent
problems and has been implemented in commercial reservoir

simulators
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Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Recall models for diffusion
Exact eg model

%——V D.Vc, =0, x € Q,, a = fast, slow

plus interface conditions on 9Qgow N 0ast:

Ctast = Cslow> Drast VCast - ¥ = Dsiow VCslow - ¥

Approximate microstructure model Homogenized model

- O R
¢§+ZXiqi(t)—V~DVC:0 . 98
1

gz?%‘t: . —V-DbVvé =0,
di(t) = Mg, (Mo.i(C))
@ analysis and convergence
@ also for multiphase @ computational

problems[DA90] approach/Pes95. Pes96. DPS97
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Literature review

Something old: double porosity models
Double porosity models, diffusion+advection

Local (cell) problem and averages [, I

Local averages Mo, M3 ;
M6 = / £(x)dA
0,i — A .
1€

Mo = a7 [ DoV 1) 5 = Moy (aon 511

8t)

where ¢; = ¢;(y) solves the local (cell) problem

¢s|ow -V Dslova = O7X € Qi»
")/(X,t),X € 0%

Ci
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Literature review
Double porosity models, diffusion+advection

Something old: double porosity models

Double porosity models for diffusion-advection

Exact eg model

¢8& -V (DaVCa - uaca) = Oa X € Qaa o = faSt7SIOW

plus interface conditions on 9Qgjow N 0ast

Approximate microstructure model Limit e — 0 model

- oc
(b +¢slow

- ) ~V-(DVE—(€)=0
%+ Yt~ V- (BVE ~ 6) =0, .
i ¢slow == I_|0|(|_|1,i(6))

Gi(t) = N1;(M1,i(€))

M, =local L, projections onto linears,
M7 its dual.
Numerical model only.

=local Taylor. Cell problem:
Usiow ~ 0, symmetry exploited.
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Literature review

S thil Id: doubl rosit del ) I .
omething o ouble porosity models Double porosity models, diffusion+advection

Why these are not enough ... and other related results

Approximate microstructure model Limit e — 0 model

Cell problem: ugew ~ 0. Use T1§ for
Numerical model only. flux.

Want to have #,,(6.,) =0

constructed with “global” (upscaled) flavor (akin diffusion model
%Jrf * % — V- (DVcE — c¢) = 0,) or secondary diffusion as in

[CS95]

@ account for (lack of) separation of scales ¢; > 0 and
advection-dispersion

@ track transition between different regimes of phenomena

Matgorzata S. Peszynska, Ralph E. Showalter Nonlocal models of transport in multiscale porous media:something old and so



Literature review

S thil Id: doubl rosit del ) I .
omething o ouble porosity models Double porosity models, diffusion+advection

Why these are not enough ... and other related results

Approximate microstructure model Limit e — 0 model

Cell problem: ugew ~ 0. Use T1§ for
Numerical model only. flux.

Want to have #,,(8,,) =0

constructed with “global” (upscaled) flavor (akin diffusion model
%Jrf * % — V- (DVcE — c¢) = 0,) or secondary diffusion as in
[CS95]

@ account for (lack of) separation of scales ¢; > 0 and
advection-dispersion

@ track transition between different regimes of phenomena

Other models known in hydrology/ applied math and geosciences

@ Gerke van Genuchten 1993 (for Richards’ equation)
@ nonlocal models of dispersion hman et al




Ideas and steps

Something new: building a new model

ments with elements of upscaled model

Building the upscaled model 7,,(8,,) = 0

Want to have #,,(6.,) =0
constructed with “global” flavor.

@ Computational experiments on microscale
@ Building the model

@ use the model a la [Arb89b] but with different My, M7,
@ construct convolution approximations of all terms & la [Pes92] with
a family of kernels

@ simulate the upscaled nonlocal model for a continuum of regimes
of phenomena

e kernels reflect the regimes

Matgorzata S. Peszynska, Ralph E. Showalter Nonlocal models of transport in multiscale porous media:something old and so



Something new: building a new model

2riments with elements of upscaled model

Computational experiments at microscale

GOAL: reproduce qualitatively experimental results, understand
significance of different regimes of flow and trasport

y4
€

MOVIES
Row-20-3-5 breakthrough curves

1atio 1/ 6

ratio 1/ 10
ratio 1/ 30
ratio 1/ 100
ratio 1/ 300
ratio 171800
ratio 173000

breakthrough curve data

ok
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Something new: building a new model llations

periments with elements of upscaled model

Choice of ffine approximations 1,

Recall Mof = 157 [ T(x)dA, assume here || = 1.
Denote x€ - center of mass of Q.
General affine approximation f(x) =~ MNif :==m+n-x, x € Qo

@ Taylor (f € C1(Qo)) about midpoint

original
Taylor
L2

@ L,(Qo)-projection onto affines that is: Ik A %

(f, V), = (M+n-x,V)q,, V affinev
@ H(Qop) projection:

f(X) ~ Mf := Mof + Mo VT - (X = XC)

Basis functions not necessarily

orthogonal. e E T

original, Taylor, L2, H1

Matgorzata S. Peszynska, Ralph E. Showalter Nonlocal models of transport in multiscale porous media:something old and so



Something new: building a new model

Dual affine approximations [1; to Iy

@ L,(Qo)-projection onto affines, use an orthonormal basis
(90, #1, 92)
Mf(x) = > fudk(x)
k

Flux calculations

Mg = akdu(x), ak = Mo(aex)
k

@ H(Qo) projection:
f(x) ~ Mof 4+ MoV - (x — x°)
Note (1, (x — x%)1, (x — x©);) are not necessarily orthogonal !
M19 = goo(X) + d2€1(x) + G2€2(x)

We use H!(;)-projection denoted My ; = M; and Pi;, = I*



erin
ns[ruct afflne approxlmauons

Something new: building a new model

Calculate ; and I1¢

Recall ;: Hl(Q) — H()

(/w dA+Z[/BKW dA} X — (x)))

Dual I': (H (f)i))* — (H(Q))* affine approximation of flux
q e HY2(r)

e:-'pr—rmwul with elements of upscaled model

Mi(w)

( w) = (g, Ii(w)), vw € Cg°(Q2)

with (g,v) := 37, [ a( v(s )ds uses moments ", M}

1 Cc

(q,Mi(w)) = &) q(s) [/Q wdA + (s — X; )/ﬁi des}

= / Xi(x) W(X)dA+/ )‘(i(X)Ai a(s)(s — x©)ds-Vw(x)dA
Q Q |QI‘ T

= | xi(x) w(x)dA— | V- (zi(x)M(q)) w(x)dA = ( W)
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Something new: building a new model

Calculations [T; and ¥ summary

Affine approximation I1; : H1(Q) — H(<)
Mi(w)(x) = Mow + Mo (VW) - (x — x°)
Its dual 11 : H1(4)* — H1(Q)* pointwise
(x) = xi(x) — V- %)M ()

Note the last term is a scaled line source !
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ffine approximations

Something new: building a new model

Computational expe with elements of upscaled model

Application of Green’s theorem to moments

For any smooth region D, smooth v = (v1,V,) and X© € D,

/D (V) (% — (%C))dA = /6 Ve~ (8))ds - /D VA

hence for the flux from the cell q(s) = (DiV¢i(s) — vici(s)) - v

Mi(a)
:/Q (v.(D-Vc.(y t) — v '(yvt))(y_)A(iC)‘i‘DiVCi()ht)—ViCi(y,t)) dA

=000 [ (6000 %) + DG (1.0 vy, 0) oA
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(,onstluudﬂm pproximations
Something new: building a new model Model calculations
Computational experiments with elements of upscaled model

Cell problem: eleme_ntarv solutions
Cell problem solved for u!,j = 0,1,2

8u’ :
Qbslow -V (DS|OWVU Uslowug) = OaXGQia
uij(x,O) = 0,xe
uio‘ri = 1
uil‘ri = (X_Xic)l»
©

(bslow -V. (Dslowvci - usIowCi) = 0,x e,
Ci(x,0) = 0,xeQ

Ci |ri

nl,i(c*)(xvt)
AX(t) + (AL, A?) - (x *Xic),

By linearity ci(x,t) = [ ZJ,O 5t (X t—s)Al(s)ds = Y2 Lo i) < A
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pproximations

Something new: building a new model Model calculations
Computational experiments with elements of upscaled model

Putting it together

Solution to the cell problem cj(x,t) =

ac;
(Zsslowa*tl -V (Dslowvci - uslowCi) = 07X S Qia

Ci(x,0) = 0,xe
Gilr, = Mi(C.)(x, 1) = AP(t) + (AT, AP) - (x — &%), x €T

Use U and A; so that My ;(c.)(x,t) = AX(t) + (AL, A2) . (x — XC)

Compute the normal flux
q(s) = (Dslowvci - usIowCi) 1,8 €T;

... and its affine approximations M7 ;q using Aj,uf
... and the moments M°(q), M}(q).
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Something new: building a new model Model calculations
Computational experiments with elements of upscaled model

Convolution kernels

Write the moments M?2(q), M1(q) in terms of A, an uf

Define the kernels for each i and each function u{,j =0,1,2 by
: j
S°) = / 6% 1)dA, 0<j<2.
Q; ot

. oul A
skt = /Qi d)i%(x,t)(xk ~ () dA, 1<k <2

J

Ti(t) = (Tijl,Tijz):/Qi(DiV—vi)%l:‘(x,t)dA.

Together we have 15 scalar kernels, some of which will be zero due

to symmetry/lack of thereof
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ffine approxir
Something new: building a new model alculations
Computational experiments with elements of upscaled model

Computational experiments

Model summary (suppress i, x; etc.)

%{qﬁ*c* + 8% xc, +(8%,8%)« Ve, — V- (SP¥«c, + }
-V - {D.Vc, —V,C, + T xc, + }40

@ Convolution kernels for different regimes of diffusion vs advection

@ no advection
o with advection
e with signficant advection

@ Upscaled problem with nonlocal terms

@ Comparison between exact model and upscaled model with
nonlocal terms and computed kernels
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Something new: building a new model

Computational experiments with elements of upscaled model

- ; : __ advection
Convolution kernels: regimes of Pe = osion

Solution ul and the associated kernels Si%, Sit Tit

j=0

No advection, boundary condtion = 1 Wih advection, boundary condition = 1 Large advection, boundary conditon = 1

s P sraraaanas) frevesrrrrernd
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Something new: building a new model

Computational experiments with elements of upscaled model

Upscaled model: numerical treatment

@ nonlocal diffusion (FE+time-stepping on ¢;)

tau=0
[Pes95] stable, convergence O(At + h?), by
singular kernels L Gt

@ nonlocal diffusion with secondary diffusion
terms (as in viscoelasticity) o
([Thomee,Lin,Ewing’91-"01]) with
nonsingular kernels " - .
° time
[PO6] °
(with K. Augustson)
° @ unsaturated flow
models
@ issues of memory storage, need adaptive @ use experimental
treatment results by Wildenschild

o relative importance of the terms Vc., Vac,: ot al

adaptivity a must
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Ideas and step:
Computational
ruct affine

Something new: building a new model calculations
Computational experiments with elements of upscaled model
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uct affine approximations

Something new: building a new model ulati
Computational experiments with elements of upscaled model

Connection to m
[PWYO02, Pes05]
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Ideas and step:
Computational
ruct affine

Something new: building a new model calculations
Computational experiments with elements of upscaled model
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Something new: building a new model

Computational experiments with elements of upscaled model

Summary: the upscaled model

N
§’t<¢* 0+ )/S°°( | c.ty.manar

0 i ‘

10 - ! i T T
x)/ Zs (t Qi|/ﬁia,c*(y, )dAd
N t
v.N " Lt 1), S2(t— 7)) — [ ac.(y,r)dAdr
v ZX.(x)/O Z(s, (t —7), 82t Iﬁil/ﬁ. dic.(y, ) dAd

— V- (D.Ve.(x,t) —v.c.(x,t)

- ' j1 i2 1 .
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