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May, 2015

Let G be a smoothly bounded domain in Rn for which there is a well defined boundary trace
operator γ : H1(G) → L2(∂G). Let the boundary be partitioned into disjoint connected
pieces, ∂G = ΓD ∪ ΓR. Let F (·) ∈ L2(G) be given along with the functions a = a(x) and
b = b(x).

1. State a weak formulation of the boundary-value problem

−∇ · (a(x)∇p− b(x) p) = F (x) in G ,(1a)

p = 0 on ΓD , a
∂p

∂n
− b · np = 0 on ΓR ,(1b)

and show it has a unique solution. Specify the function spaces used, and the conditions
assumed on the functions a(x) and b(x). Reference the results that you use from HSM.

2. State a weak formulation of the boundary-value problem

−∇ · (a(x)∇u− b(x)u) = F (x) in G,(2a)

u = 0 on ΓD, a
∂u

∂n
= 0 on ΓR,(2b)

and show it has a unique solution. Specify the function spaces used, and the conditions
assumed on the functions a(x) and b(x). Reference the results that you use from HSM.

3. Show the initial-boundary-value problem
∂u
∂t
−∇ · (a(x)∇u− b(x)u) = F (x, t) in G,(3a)

either (1b) or (2b),(3b)

u(x, 0) = u0(x) in G,(3c)

has a unique solution and state the conditions assumed on the functions a = a(x), b = b(x),
u0(x), and F (x, t).
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