
Exercise # 1 Due October 26.

Let Aj(·, ·) : G×IRN+1 → IR for each 0 ≤ j ≤ N and assume Aj(x, ξ) ∈ IR
is continuous in ξ ∈ IRN+1 and measurable in x ∈ G, 1 < p < ∞, k(·) ∈
Lp′

(G), and

|Aj(x, ξ)| ≤ C

N∑
i=0

|ξi|p−1 + k(x),

N∑
j=0

Aj(x, ξ)ξj ≥ c0

N∑
j=0

|ξj|p − k(x),

N∑
j=0

(Aj(x, ξ)− Aj(x, η))(ξj − ηj) ≥ 0.

For each u ∈ Lp(G, IRN+1), that is, u(x) = (u0(x), u1(x), ..., uN(x)) with
each ui ∈ Lp(G), denote the composite function x 7→ Aj(x,u(x)) by Aj(u).

• Show that Aj(u) ∈ Lp′
(G) for each u ∈ Lp(G).

• Show that u ∈ Lp(G, IRN+1) 7→ Aj(u) ∈ Lp′
(G) is continuous.

(Hint: Use the Nemytskii Theorem.)

• Show that u ∈ W 1,p(G) 7→ Aj(u, ∇u) ∈ Lp′
(G) is continuous.

Define A : W 1,p(G) → W 1,p(G)′ by

A(u)(v) =

∫
G

N∑
j=0

Aj(x, u(x), ∇u(x))∂jv(x) dx, u, v ∈ W 1,p(G).

where ∂0 = Id.

• Show that A is continuous, bounded, coercive, and monotone.
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