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R.E. SHOWALTER

Abstra ct. We report on somerecent progressin the mathematical theory of
nonlinear 
uid transport and poro-mechanics, speci�cally , the design, analysis
and application of mathematical models for the 
o w of 
uids driven by the cou-
pled pressureand stressdistributions within a deforming heterogeneousporous
structure. The goal of this work is to develop a set of mathematical models
of coupled 
o w and deformation processesas a basis for fundamental research
on the theoretical and numerical modeling and simulation of 
o w in deforming
heterogeneousporous media.
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1. Intr oduction

Deformation of a saturated porous solid a�ects the 
o w of 
uid through it,
and the 
uid pressurecontributes to the mechanical behaviour of that structure.
Sincethe load on such a porous structure is supported by both the solid matrix
and the 
uid in the pores, the coupling of the stressin the solid to the pressure
of the 
uid plays an essential role. It involves the dilation or contraction of the
deforming matrix and the pressure gradient of the di�using pore 
uid. In the
classicalconsolidation process,a load is initially sharedwith the pore 
uid, and
with time the pore 
uid pressuredissipatesand the load is increasinglyborn by the
porous solid matrix. The di�using pore 
uid thereby has an important e�ect on
the mechanical responseof the matrix. That is, for more slowly applied loads the
material responseappearslesssti�, sincethe 
uid hasrelatively moretime to di�use
away. Conversely, the dilations of the matrix modify the porosity and thereby
enhancethe 
uid 
o w. The classicalBiot model of this processwasdevelopedin soil
science, and it hasbeenre�ned considerablyfor the increasinglymore demanding
needsin engineeringand geophysics [17], [44], [63]. The simplest model describes
the evolution of the scalar�eld of 
uid pressure p(x; t) and the vector �eld of solid
displacement u(x; t) from the position x 2 
 at time t > 0. For a homogeneous
and isotropic medium the classicallinear poroelasticity systemtakesthe form

�u tt (x; t) � (� + � )r (r � u(x; t)) � � � u(x; t) + � r p(x; t) = f (x; t) ;(1a)

c0pt (x; t) � r � kr p(x; t) + � r � ut (x; t) = h(x; t) :(1b)

The physical coe�cien t c0(x) � 0 is related to the compressibility of the 
uid
as well as the porosity of the medium at x 2 
. Namely, it is a measureof the
amount of 
uid which can be forced into the medium by pressureincrements with
constant volume. Similarly, k(x) � 0 involves the viscosity of the 
uid and the
permeability of the medium at x 2 
 asa measureof the Darcy 
o w corresponding
to a pressuregradient. The parameter � � 0 accounts for the mechanical coupling
of the 
uid pressureand the poroussolid. Namely, the term � r � u(x; t) represents
the additional 
uid content due to the dilation of the structure, and � r p(x; t) is
the additional stresswithin the structure due to the 
uid pressure.The coe�cien t
� (x) � 0 is the localdensity, andweobtain the Lam�econstant � andshearmodulus
� from elasticity of the medium. The system(1) was obtained by Biot [10] from
a phenomenologicalapproach, and it hasbeensubsequently derived by techniques
of homogenizationtheory [3], [4], [13] and mixture theory [12], [38], [63]. The
fundamental basisof the systemis widely accepted[17]. Of particular interest is
the quasi-staticcase� = 0 which resultsfrom negligibleinertia e�ects and describes
the slow deformationsassociated with consolidationand the associated seepageof

uid. The incompressiblecasec0 = 0 leadsto yet another sourceof degeneracyin
the system.

1.1. Applications. Various re�nements and extensionsof this model are well
suited for speci�c applications in geomechanics,but they frequently lack precision
in prediction. Not only is there limited agreement on which models are appropri-
ate for speci�c problems,but the recently developed sensortechnologiescontinue
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to deliver large amounts of very detailed data which will be useful only with ap-
propriate modelsthat can assimilatethis additional information. Natural geologic
materials are rarely homogeneouson the scaleof interest, and this is especially
true for soils and particularly for naturally fractured reservoirs or aqui�ers. This
lack of homogeneity on the scaleof interest often leadsto highly singular problems
and to spatial nonlocality of constitutive models for 
o w. Modern applications
require models containing various sourcesof nonlinearity such as capillary e�ects
in the smaller pores, faster 
o w in the larger �ssures or macropores, hysteresis
e�ects due to partial saturation of the 
uid or to plasticity of the material, and the
transport of multiphase 
uids. The complexity of the fully coupledmodelsand the
generallack of theoretical background available for the qualitativ e behavior of the
solutionshave complicatedthe processof selectingappropriate models for speci�c
applications and have delayed the development of rigorousnumerical error studies
[39], [44], [60].

Relatedsystemsarisein many diverseareas.For example,the Biot deformation-
di�usion system(1) is formally equivalent to the classicallinearizedthermoelasticity
system which describes the 
o w of heat through an elastic structure. In that
context, p(x; t) denotesthe temperature, c0 > 0 is the speci�c heat of the medium,
and k > 0 is the conductivity. Then � r p(x; t) arisesfrom the thermal stressin the
structure, and the term � r � ut (x; t) correspondsto the internal heating due to the
dilation rate. We have not madethe uncoupling assumptionin which this term is
deletedfrom the di�usion equation. For the theory of the fully-dynamic system(1)
with � > 0 in the context of thermoelasticity, seethe fundamental work of Dafermos
[19], the exhaustive and complementary accounts of Carleson[15] and Kupradze
[32], and the development in the context of strongly elliptic systemsby Fichera[27].
By contrast, very few referencesare to be found in the thermoelasticity literature
for well-posednessof even the simplest linear problem for the coupled quasi-static
caseof (1) in which the systemdegeneratesto a mixed elliptic-parabolic type. Such
a system in one spatial dimension is developed by classicalmethods in the book
of Day [22]. One can extend to this systemmany of the results for the classical
di�usion equation; seethe comprehensive book of Cannon [14]. For the nonlinear
contact problem for coupled quasi-static thermoelasticity in one dimension see
Allegreto-Cannon-Lin [1]. In Shi-Xu [46] the problem on the 2D disk is developed
by decouplingthe displacement to get a single integral-di�erential equation. The
existenceof a solution for the generalN dimensionalcontact problem was given
in Shi-Shillor [45] under the assumptionthat the coupling coe�cien t is su�cien tly
small. This `smallness'condition was removed by Xu [62]. According to a scaling
argument in Boley-Wiener[11], it appearsthat the reasonsfor taking � = 0 apply as
well to simultaneouslydeletethe term � r � _u(t) and thereby uncouplethe system,
so these two assumptionsare frequently taken together in the thermoelasticity
context; also seeEsham-Weinacht [25] for the behaviour as � ! 0. However the
coupling plays an essential role in poroelasticity where� � 1.

In recent work of Preziosi-Farina [26], [42], we �nd that similar models arise in
the description of composite materials manufacturing processesto describe resin
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transfer molding and structural resin injection molding. Theseconsist of the in-
jection of a liquid into a porous medium made of reinforcing elements. Here the
in�ltration is coupled with both the rheologicalproperties of the liquid (thermal
variation and curing) and the mechanical properties of the solid form. The result-
ing highly nonlinear problem consistsof conservation equationsfor mass,momen-
tum, and energytogether with a polymerization or cure equationfor the saturated
solid-liquid mixture. It di�ers from the corresponding geomechanical problem of
soil consolidation with regard to the range of parametersof interest and in the
addition of an equation that describesthe cure processof the liquid. By contrast,
the plastic behaviour of the solid is more complicatedin soils.

Highly nonlinearsystemsof the form (1) arisein the biomechanicsof soft tissues;
seethe discussionsof Lai-Hou-Mow [33]andthe extensionof Huyghe-Janssen[31]to
large-deformationmodels. Biological porousmediasuch astissuesand cartilage in
contact with changingsalt concentrations exhibit swelling or shrinking that depend
on a combination of electrostaticforcesand hydration forcessimilar to that in clays
and shalesand gels. Herethe characteristic pore sizecan be closeto the molecular
level and, in addition to the pressure,also chemical concentrations and electrical
gradients are necessaryto describe the 
uid 
o w, deformation, and ion 
o w; see
the works of Cushman-Murad[18], [38]. Swelling colloidal systemsare much more
complicated than granular or well-structured geologicmedia. In thesebiological
applications,the electrostaticforcesareoften dominant. The theory of multiporous
media, as originally developed for the mechanics of naturally fractured reservoirs,
hasfound applicationsto the descriptionof blood perfusion. The coronaryvascular
systemis an exampleof a porestructure insidea deformingsolid, namely, the heart
muscle.The muscleis subject to largedeformationsand the porestructure is highly
organizedon di�ering scales.The resulting scalesof porosity correspond to arteries,
arterioles,capillaries,venulesand veins. Each hasa characteristic pore size,blood
velocity and mechanical properties. The coupling betweenthe blood perfusionand
the deformation of the muscletissuehasbeenwell documented [56, 40].

Although we shall focus our following discussionon the applications in geome-
chanics, one should remain aware that the mathematical theory may be usedas
well in the development of many other important topics.

1.2. Ob jectiv es. It has been our intention to develop the mathematical theory
of various coupled deformation and 
o w systemsand investigate their suitabilit y
for corresponding applications. We shall begin with the theory of the basic Biot
system for granular media and then extend this to include multiple phasesand
multiple components, non-Darcy 
ow in regionsof higher 
uid velocities, viscous
andhysteresise�ects appropriate for certain soilsandrock types,nonlinearmaterial
constitutive relations which permit visco-elastic-plasticdeformation of the matrix,
and multiscale e�ects arising from upscaling.

The well posednessof the systemsof partial di�erential equations that serve
as appropriate models, both quantitativ e and qualitativ e properties of their solu-
tions, and the e�ects of individual terms in the systemswill be investigated. These
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require estimatesor properties of solutions for comparative analysisof the appro-
priatenessof each of thesesystemsas a model for the intended application from a
mathematical and numerical point of view. Selectedquantitativ e results delivered
by numerical simulations will be validated when possibleagainst available �eld
data or examples.

2. Recent Resul ts

2.1. The Linear Quasi-Static Case. Although there is an enormousamount of
literature concerningthe applications of the coupledquasi-static caseof the Biot
system(1) to engineeringand geophysicsproblemsin poroelasticity, one�nds very
few referencesdevoted to the fundamental mathematical issues,even for this sim-
plest system. The �rst results on well-posednessof the quasi-static caseof the
basicsystem(1) appearedin the fundamental work of J.-L Auriault and Sanchez-
Palencia [3]. There the meaningof the various coe�cien ts was given by meansof
homogenization.The later paper of Zenisek[64] dealswith existenceof solutions,
and there onehasnot only � = 0 but alsothe additional degeneracyof the incom-
pressiblecase,c0 = 0. Theseseemto be the only such referenceswhich address
the fundamental well-posednessfor the coupled quasi-static case,but additional
issuesof analysisand approximation of this casewere already raised in [39], [38],
[63]. We started our study with the analysisof existence,uniquenessand regular-
it y properties of solutions to the linear quasi-static Biot problem [48]. The model
was extendedto include the exposed pore fraction on the boundary and secondary
viscosity e�ects. If we denotethe characteristic function of the traction boundary,
� t by � t , the initial boundary value problem takesthe form

� (� + � )r (r � u(t)) � � � u(t) + r p(t) = 0 and(2a)
@
@t

(c0p(t) + r � u(t)) � r � kr (p(t)) = h0(t) in 
 ;(2b)

u(t) = 0 on � 0;(2c)

� ij (u(t))nj � p(t) ni � = 0; 1 � i � 3; on � t ;(2d)

�
@
@t

(u(t) � n) (1 � � )� t + k
@p(t)
@n

= h1(t) � t on � ;(2e)

lim
t ! 0+

(c0p(t) + r � u(t)) = v0 in L2(
) ;(2f)

lim
t ! 0+

(1 � � )(u(t) � n) = v1 in L2(� t ) :(2g)

The partial di�erential equations(2a), (2b) comprisethe quasi-static caseof the
Biot system(1). The boundary conditions (2c), (2d) are the complementary pair
consisting of null displacement on the clamped boundary, � 0, and a balance of
forces on the traction boundary, � t , and (2e) requires a balance of 
uid mass.
The function � (�) is de�ned on that portion of the boundary � t which is neither
drained nor clamped, and it speci�es the surfacefraction of the poreswhich are
sealed along � t . Here the hydraulic pressurecontributes to the total stresswithin
the structure. The remaining portion 1 � � (�) of the poresare exposed along � t ,
and thesecontribute to the 
ux. On any portion of � t which is completelyexposed,
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that is, where � = 0, only the e�ective or elastic component of stressis speci�ed,
sincethere the 
uid pressuredoesnot contribute to the support of the matrix. On
the entire boundary there is a transverse
o w that is given by the input h1(�) and
the relative normal displacement of the structure. This input could be speci�ed
in the form h1(t) = � (1 � � )v (t) � n, where v(t) is the given velocity of 
uid or
boundary 
ux on � t . The �rst term and right side of this 
ux balance is null
where � = 1, so the sameholds for the secondterms in (2e), that is, we have the
impermeableconditions k @p(t)

@n = 0 on a completely sealedportion of � t . We also
note that in (2e) the �rst term on the left side and the right side of the equation
are null on � 0, so the samenecessarilyholds for the secondterm on the left side.
That is, we always have the null 
ux condition k @p

@n = 0 on � 0.
Weproved in [48]that the initial-b oundary-valueproblem(2) is essentially a par-

abolic systemwhich hasa strong solution under minimal smoothnessrequirements
on the initial data and sourceh(�). In particular, the dynamics of the problem
corresponds to an analytic semigroup in L 2 for strong solutions and in H � 1 for
weak solutions.

2.2. Comp osite Deformable Porous Media. The simplestand most frequently
usedmodel of 
o w in a rigid fully{saturated but heterogeneousmedium with sev-
eral distinct spatial scaleswhich allows for qualitativ ely di�erent properties is the
Barenblatt double{di�usion model. This consistsof the combined e�ects of two dis-
tinct components in parallel. Both components occur locally in any representativ e
volumeelement, and they behave astwo independent di�usion processeswhich are
coupled by a distributed exchange term that is proportional to the di�erence in
pressurebetween
uids in the two components. In the special casewhich is used
to model naturally fractured media, the �rst component of the model is the highly
developed fracture system and the secondis the porous matrix structure. See
Barenblatt et al [6], Bai et al [5], Bear [7], Warren-Root [59]. In the more complex
modelsof double{di�usion combined with deformation, both of the pressure�elds
contribute to the stress�eld of the structure, soit is necessaryto incorporate Biot's
conceptsinto the Barenblatt model. The momentum equationscontain contribu-
tions to total stressfrom each of the two pressure�elds, and the two equationsof

uid transport follow from the continuity of 
uid massand considerationof the
e�ects of dilation of the structure on the 
o w in both of the components. The 
uid
transport within this composite deformableporousmedium is described by a pair
of pressureequations for di�usion in the respective components of the medium
together with an exchange term. This simplistic combination of the Barenblatt
double{di�usion model with the Biot di�usion{deformation model has been de-
veloped and usedextensively in the engineeringliterature, and it takes the form

� (� + � )r (r � u(x; t)) � � � u(x; t) + � 1r p1(t) + � 2r p2(t) = 0;(3a)

c1 _p1(t) � r � k1r p1(t) + � 1r � _u(t) + 
 (p1(t) � p2(t)) = h1(t) ;(3b)

c2 _p2(t) � r � k2r p2(t) + � 2r � _u(t) + 
 (p2(t) � p1t)) = h2(t) :(3c)
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This describesconsolidationprocessesin a 
uid-saturated double-di�usion model
of fractured rock. SeeBeskos-Aifantis [9], Wilson-Aifantis [61], Huyakorn-Pinder
[30], Valliappin-Khalili-Naghadeh [57], Berryman-Wang [8].

The mathematical aspects of the Barenblatt-Biot model (3) for elastic deforma-
tion and laminar 
o w in a heterogeneousporousmedium were developed in work
with Momken [51]. This includes the treatment of various relevant degenerate
cases,such as incompressibleconstituents or totally �ssured components, and it
includesthe boundary conditions arising from partially exposedpores. The quasi-
static initial-b oundary problem is shown to have a unique weak solution, and this
solution is strong when the data are smoother. The dynamicsis shown to be ana-
lytic only in the non-degeneratecase.Of course,we know from the rigid casethat
this is essentially the best that could be expected.

2.3. The Deforming Dam. The coupling of geomechanicswith multiphase
o w
and transport problemsarisesin such areasasreservoir simulations, environmental
studies,soil science,and the modeling of sediment regions[34], [44]. For air{water
systems,Zienkiewiczand co-workers[63]have provided a derivation of such models
by hybrid mixture theory. This direction hasextremely important applications to
dam behavior during earthquakes,and it is generallyrelevant to water transport in
the vadosezoneof soils. Such modelsmust account for variations in the saturation,
density, pressureand permeability, and this leadsto a highly nonlinear systemof
partial di�erential equationsfor multi-phase 
o w.

Our recent work with Su [53] on the deformabledam problemcontains the �rst
proof of existencefor a deforming partial ly saturated medium. This includes the
classicalfree-boundaryproblemwith a phreatic surface in which the saturation S(�)
is given by a continuousmonotonefunction that increasesfrom near zeroto unity
in the vicinit y of the capillary tension. Di�usion of the slightly compressible
uid
is through a partially saturated porous and elastic medium 
 � IR3. Denote the

uid densityby � (x; t) and its pressure by p(x; t) for x 2 
. The 
uid is barotropic,
i.e., the density and pressureare related by a state equation � = � (p) ; with a
non-decreasingconstitutive function � (�) that characterizesthe type of 
uid. For
a homogeneousand isotropic medium the partial ly saturated consolidation problem
takesthe form

� (� + � )r (r � u) � � � u + r (� (p) p) = F(x; t) ;(4a)
@
@t

(� (p)S(p)� (p) + r � u) + r � (� (p) q) = F (x; t) ;(4b)

q = � k(p)(r p + � (p)g) :(4c)

This systemconsistsof the equilibrium equation for momentum conservation, the
storageequation for massconservation, and Darcy's law for the �ltration velocity,
q. The function � (�) is porosity, S(�) is saturation, and k(�) is the permeability
for the laminar 
o w in the medium. All of these functions are non-negative and
pressuredependent. The (linearized) strain tensor" kl (u) � 1

2(@kul + @luk) provides
a measureof the local deformation of the body, and the term r � u = " kk(u)
represents the 
uid content due to the local volume dilation. The total stress� ij
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is the sum the e�ective stressof the of the purely elastic isotropic structure given
by Hooke's law and e�ective pressure stressof the 
uid on the structure, hence,

� ij = �� ij " kk + 2�" ij � � ij � (p) p;

with positive Lam�e constant � and shear modulus � . The Bishop function � (�)
is a measureof the fraction of pore surface in contact with the 
uid. Let the
negative pressurep0 < 0 denote the capillary tension. The saturation function
S(�) is monotone with S(p) = 1 for p � p0, and the Bishop function is well
approximated in many situations by � (p) � S(p). There is a fully saturated region,
f x 2 
 : p(x; t) > p0g, while in the capillary fringe, f x 2 
 : p(x; t) < p0g, the
medium is only partially saturated. The phreatic surface f x 2 
 : p(x; t) = p0g
is the unknown free surface that separatesthese regions. The boundary of 
 is
given by the disjoint union of the parts � D and � f l , and � f l is further written
as the disjoint union of � N and � U . The part � f l is the 
ux boundary. On its
complement, � D , the value of pressureis given by the depth below the surface:

(4d) p(x; t) = d(x3); x = (x1; x2; x3) 2 � D ;

whered(�) > 0. On � N there is no 
o w, sowe have a null normal 
ux:

(4e) � (p) q � n = 0; x 2 � N ;

wheren is the unit outward normal on the boundary, @
. On � U we have

(4f) p � 0; � (p)q � n � 0; p� (p)q � n = 0; x 2 � U :

This implies that the 
uid pressureon the boundary cannot exceedthe outside
null pressureof air, and there can be no 
o w into 
. Also, p = 0 on the seepage
surface which is that part of � U where q � n > 0, and there is no 
o w from the
boundary above that, where p < 0. The boundary conditions on @
 also involve
the displacement or the tractions � ij (x; t)nj on @
, namely,

(4g) ui = 0 on � 0 ; � ij (x; t)nj = t i on � tr ; 1 � i � 3;

where � 0 and � tr are given complementary subsetsof the boundary. Finally, the
initial value of the water content � 0(�) is speci�ed,

(4h) � (p(x; 0))S(p(x; 0))� (p(x; 0)) + r � u(x; 0) = � 0(x) ; x 2 
 ;

wherethe initial displacement satis�es the constraint

� (� + � )r (r � u(x; 0)) � � � u(x; 0) + r (� (p(x; 0)) p(x; 0)) = F(x; 0)

together with the boundary conditions (4g).
This work hasmorerecently beenextendedin [54] to the Barenblatt-Biot system

(3). This coversthe multi-phasemulti-component situation of a compositemedium
of two components, each of which can be independently partially-saturated. Thus,
the model tracks the partial saturation in both the fracture systemand in the small
scalepore system,thereby leading to a pair of free surfaces.
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3. Current Pr ogress

3.1. Visco-Plastic Media. Linearization of a model for a swelling clay with sec-
ondary consolidation, as derived by Cushman and co-workers [38] using hybrid
mixture theory, yields the system

� � � r (r � ut (x; t)) � (� + � )r (r � u(x; t))

� � � u(x; t) + � r p(x; t) = f (x; t) ;

c0pt (t) � r � kr p(t) + � r � ut (t) = h(x; t) :

The new term � � > 0 introducesa viscosity e�ect into the quasi-static form of
(1), and this system is another interesting exampleof a degenerateimplicit evo-
lution equation [16]. The theory developed in [48] included this situation, and it
was shown there that the addition of � � decreasesthe regularizing e�ects of the
dynamics. That is, the addition of this viscosity term serves to decreaseor delay
the dissipation in the system.

More important are the dissipationprocessesthat lead to hysteresisphenomena.
For example,saturation and (to a lesserextent) permeability exhibit a hysteretic
dependenceon the pressure.Visco-elasticand elasto-plasticbehaviors of the ma-
terial are common, especially in soils. Plasticity is an essential element for the
description of soils and generally for materials of interest in geomechanics. Vari-
ousapproachesto include appropriate constitutive equationshave beendeveloped,
and many numerical codesinclude plasticity models [17], [37], [44], [63]. Another
examplearisesfrom the irreversible 
uid content that corresponds to the plastic
porosity of the porousmedium. Such examplesillustrate the needfor the inclusion
of hysteresisin modelsof deforming porousmedium.

We had previously studied such memory dependent phenomenaas secondary
viscosity and hysteresise�ects in models of 
o w and transport in (rigid) porous
media by nonlinear semigroup techniquesas in [41], [50], [52], [58]. In recent work
with UlisseSte�anelli [55], we have developed a very generalmodel for Darcy 
o w
through a viscous-plasticmedium as the coupledsystemof partial di�erential and
functional equations

@
@t

�
c0 p + � r � u

�
� r � k(r p) = c1=2

0 h0;(5a)

� @2

@t2 u � r � �
�

@
@t (r � u)

�
� r � � + � r p = � 1=2f0;(5b)

� = H("(u));(5c)

in the cylindrical domain 
 � (0; T), where 
 is a non-empty boundedand openset
in IR3 with smooth boundary � � @
 , and (0; T) is the time interval of interest.
Also, h0 : 
 � (0; T) � ! IR and f0 : 
 � (0; T) � ! IR3 aresuitably givenfunctions.
The system(5) is complemented with suitableboundary and initial conditions. We
introducea pair of partitions of the boundary � into complementary sets f � d; � f g
and f � c; � tg. Set � s � � t \ � f and let the measurablefunction � : � s � ! [0; 1]
be prescribed as before. We seeka solution of (5) that satis�es the boundary
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conditions

p = 0 on � d;(6a)

k(r p) � n � � � @
@t

�
u � n

�
= 0 on � f ;(6b)

u = 0 on � c;(6c)

� �
�

@
@t (r � u)

�
n + � n � � (1 � � )pn = 0 on � t :(6d)

Here n standsfor the unit outward normal vector to �, and (� n) i = � ij nj is the
normal stress. Finally, we require the solution to satisfy the initial conditions

c0p(�; 0) = c0p0(�) on 
 ;(7a)

u(�; 0) = u0(�); � u t (�; 0) = � v0(�) on 
 ;(7b)

� (�; 0) = � 0(�) on 
 ;(7c)

where p0; u0; v0, and � 0 are suitably given functions.
The system (5) consistsof the di�usion equation for the pressure,the conser-

vation equation for momentum, and a constitutive relation for the deformation
responseof the medium, respectively. The constitutive relation (5c) involves the
stress� and the small strain tensor "(u), and � � � 0 arisesfrom secondary con-
solidation e�ects. We brie
y comment on the boundary conditions. First of all,
the 
uid is drained on the portion � d and the medium is clamped along � c. The
relations (6b) and (6d) are constraints on 
uid 
ux and traction, respectively. On
the set � s, whereneither p nor u is prescribed, the function � comesinto play.
This function speci�es the fraction of the pores of the medium that are exposed
along � s. Indeed,for thesepores,the motion of the solid addstheir contents to the

uid 
ux through the term � @

@t

�
u � n

�
in (6b). In the remaining portion, the sealed

pores, the hydraulic pressurecontributes to the total stresswithin the structure,
and this is the origin of the normal pressureterm (1 � � )pn in (6d).

Let usemphasizethat a very extensive variety of modelsis includedin the system
(5). Moreover, the theory developed in [55]permits highly degeneratesituations in
which some(or even all) of the parameters c0(�); � (�), � � (�), and k(�) may vanish!
Speci�cally, we include any combination of the quasi-staticcase,� = 0, the incom-
pressiblecase, c0 = 0, the uncoupled case,� = 0, and even the impermeablecase,
k = 0. The model for the poroussolid is a very generalrheologicalmaterial made
up of the parallel combination of elementary components of various types,elastic,
viscous,and plastic, with combinations of kinematic and isotropic hardening. Such
a construction requiresthe introduction of internal variables[28], [58]. In addition,
the systemis generalizedto include quasilinear di�usion k(�) and nonlinear dissi-
pation � � (�). We are able to prove existenceand uniquenessof a strong solution
of this nonlinear and degeneratesystemwithout any coercive-type assumptionson
any of the operators in (5a) or (5b)! Rather, all of the essential assumptionsare
restricted to the constitutive relation (5c), and these consist of a variant of the
safeload condition. Additional work currently underway includesthe extensionto
composite structures with multi-p orouscharacteristicsand coupled
uid 
o w and
heat conduction within the deforming solid, as well as such geomechanic coupling
with non{Darcy 
ow models.
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3.2. Multi-Scale Problems. The parallel structure of the Barenblatt-Biot sys-
tem (3) limits both the property types of materials and the �ne-scale geometry
of the two-component models that can be represented. Distributed microstructure
systemscan assimilate into the model the detailed �ne-scale geometry and the
multiple scales,and they can better quantify the exchangeof 
uid and momentum
acrossthe intricate interface between the components. Such systemsfrequently
arise as the limit by homogenization of corresponding exact but highly singular
partial di�erential equationswith rapidly oscillating coe�cien ts. This providesnot
only a derivation of the model systems,but shows also the relation with the clas-
sical but singular problem on the microscale,and it providesa method for directly
computing the e�ective coe�cients which represent averagedmaterial properties.
Homogenizationtechniqueshave beenusedto identify and develop more realistic
modelsof multi-p orousor multi-p ermeablecomposite media in the rigid case,and
one can consult [2], [24], [29] for representativ e results. Homogenizationmethods
were also used by Auriault{Sanchez-Palencia [3] and by Burridge-Keller [13] to
derive the Biot system. One starts on the microscalewith the Navier elasticity
systemfor the solid deformation coupledto a Stokes
o w systemfor the 
uid and
obtains the Biot system(1) in the limit asthe spatial scalegoesto zero. For various
situations, Auriault et al [4], [29] usedappropriately scaledcoe�cien ts to construct
the distributed microstructure modelswhich led to di�ering macroscalebehaviors.

With the intent of gaining more experiencewith the types of structures that
can be obtained from various geometriesand scalingsof the microstructure of a
deformableporous medium, we have applied homogenizationmethods to upscale
from the micro-scaleor an intermediate meso-scaleto the macro-scalein a number
of cases. The components on the micro- or meso-scaleare described by either
a Stokes, a Darcy or a Biot system for the �rst component, the macropores or
fractures,and either a Navier, a Darcy or a Biot systemfor the secondcomponent,
which comprisesthe solid or microporousstructure, with coe�cien ts appropriately
scaled,the choice being dependent on the speci�c application and rangeof scales
anticipated. An important technical aspect for each caseis the appropriate set of
boundary conditions to useat the interfacebetweenthe various systems.

To illustrate with a relatively simple examplethe typesof systemsthat emerge,
we describe the highly heterogeneous micro-model and the limiting form of the
corresponding Darcy-Biot distributed microstructure systemwhich is the macro-
model for the composition of a rigid porousand permeablesystemintertwined on a
�ne-scale with a periodic array of very compliant elastic inclusions of much lower
permeability. Thus, the permeability is scaledby " 2 in the inclusions,just asin the
fractured medium model of Arbogast-Douglas-Hornung [2], and wescalethe elastic-
it y similarly. We expect small deformationsto be activated by the high-frequency
pressuregradients.

Let's beginwith a descriptionof the geometryof the microstructure. The macro-
porousand permeablestructure with local inclusionsis periodically distributed in
a domain 
 in IRN with period "Y , where" > 0 and Y = [0; 1]N is the unit cube.
Let Y be given in complementary parts, Y1 and Y2, which determine the local ge-
ometry of the porousstructure and the inclusions,respectively. Denote by � m (y)
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the characteristic function of Ym for m = 1; 2, extendedY-periodically to all of IRN .
Thus, � 1(y) + � 2(y) = 1. We shall assumethat the set f y 2 IRN : � 1(y) = 1g is
smooth and connected.The domain 
 is thus partitioned into the two subdomains


 "
m =

n
x 2 
 : � m

� x
"

�
= 1

o
; m = 1; 2 :

Let � "
12 � @
 "

1 \ @
 "
2 \ 
 be that part of the interfaceof 
 "

1 with 
 "
2 that is interior

to 
, and let � 12 � @Y1 \ @Y2 \ Y be the corresponding interface in the cell Y .
Likewise,let � 22 � Y2 \ @Y and denoteby � "

22 its periodic extensionwhich forms
the interface between those parts of the secondcomponent 
 "

2 which lie within
neighboring "Y -cells. Theseare the local inclusions and we denote them by Y "

2 .
The secondcomponent 
 "

2 may be connected,but this is not required.
The 
o w in the porousstructure 
 "

1 is described by a Darcy systemthat is cou-
pled acrossthe interface� "

12 to a Biot systemfor the slow 
o w and deformation in
the inclusions
 "

2. In the region 
 "
2 we scalethe permeability by " 2. Thus, we shall

denoteby cm and "2(m� 1) � m the compressibility and the permeability , respectively,
in 
 "

m , m = 1; 2. The 
uid pressure in the macroporous region 
 "
1 is denotedby

p"
1(x; t) and the corresponding
ux there is givenby � � 1r p"

1. The pressurein the re-
gion 
 "

2 is p"
2(x; t) with scaled
ux � " 2� 2r p"

2. It is the resulting very high frequency
spatial variations in the pressuregradients in the secondcomponent which lead to
local storageand corresponding local deformations. These are described by the
(small) displacementu(x; t) from the position x 2 
 "

2, and " kl (u) � 1
2(@kul + @luk)

is the (linearized) strain tensor. The stress� (u) is given by the generalized Hooke's
law � ij (u) = am

ij kl " kl (u) with the positive de�nite symmetric elasticity tensor aij kl

for a generalanisotropic material. The boundary conditions will involve the sur-
facedensity of forcesor traction � ij nj . The normal will be directed out of 
 "

2. The
elastic structure is described by the bilinear form

e(u; v) �
Z


 "
2

aij kl " kl (u)@j vi dx =
Z


 "
2

aij kl " kl (u)" ij (v) dx

on the spaceV " � f v 2 H 1(
) : v = 0 on 
 "
1g of admissabledisplacements. The

local operator is obtained by meansof Stokes' theorem, that is,

e(u; v) =
Z


 "
2

E(u(x)) � v (x) dx

wherethe formal operator is givenby E(u) i = � @j aij kl " kl (u) ; 1 � i � 3 ; whenever
u; v 2 V and E(u) 2 [L 2(
 "

2)]3.
The Darcy 
o w in the �rst component and the Biot systemfor the secondcom-

ponent are given by the highly heterogeneous system

c1 _p"
1 � r � (� 1r p"

1) = F1 in 
 "
1 ;

p"
1 = p"

2 ; � 1
@p"

1

@n
= "2� 2

@p"
2

@n
; u" = 0 on � "

12 ;

c2 _p"
2 � r � ("2� 2r p"

2) + b" r � _u" = F2 and

� 2•u" + "2E(u" ) + b" r p"
2 = f2 ; in 
 "

2 ;
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which is the exactmodel of the �ne-scalestructure. It is supplemented with appro-
priate initial and boundary conditions, and then it follows that there is a unique
solution p"

1(x; t); p"
2(x; t); u" (x; t); x 2 
 for each " > 0. Moreover, the three

sequencesof functions have two-scale limits as " ! 0, and theseare given by the
triple of functions p1(x; t); P2(x; y; t); U (x; y; t); x 2 
 ; y 2 Y2: Then we show
that this triple is a solution of a Darcy-Biot distributed microstructure system
which we now describe.

The global 
o w in the porousstructure is determinedon the macro-scaleby the
macroscopic Darcy equation

~c1 _p1(x; t) �
@

@x j
A1

ij
@p1(x; t)

@x i
+

Z

� 12

� 2
@P2(x; s; t)

@n
ds = F1(x; t) ; x 2 
 ;

where
R

� 12
� 2

@P2 (x;s;t )
@n ds is the exchangeterm representing the 
o w into the local

inclusion Y "
2 at the point x 2 
. The 
o w and deformation within the re-scaled

Y "
2 are given by the local Biot system

c2
_P2(x; y; t) � r y � � 2r yP2(x; y; t) + b0r y � _U (x; y; t) = F2(x; y; t) ; y 2 Y2 ;

P2(x; s; t) = p1(x; t) ; s 2 � 12 ;

P2(x; s; t) and � 2r yP2(x; s; t) are Y-periodic on � 22 ;

� •Ui (x; y; t) �
@

@yj

�
� y

ij (U (x; y; t)) � � ij b0P2(x; y; t)
�

= 0 ; y 2 Y2 ;

U (x; s; t) and � y
ij (U (x; s; t))nj � b0P2(x; s; t)ni are Y-periodic on � 22 ;

U (x; s; t) = 0 ; s 2 � 12 :

The subscript y on the gradient indicates that the derivative is taken with respect
to the local variable y. The solution P2(�; �); U (�; �) of the local systemdependson
the global pressurep1(�) at the point x 2 
. Becauseof the small sizeof the cells,
this pressureis assumedto be well approximated by the \constant" value p1(x; t)
on the interface� "

12. Note that if the deformation is suppressedin this system,i.e.,
if U (x; y; t) = 0, then this is precisely the model of Arbogast et al [2] for single
phase
o w in a doubly-porousmedium.

This Darcy-Biot model is a very special case,intendedonly to suggestthe struc-
ture of the limiting initial-b oundary-value problemsthat arise,and the micromod-
els that comefrom the particular applications always lead to considerablymore
complicateddistributed microstructure models. Onecan useBiot systemsfor each
component and scalethe parametersfor each component in a wide variety of ways,
the choicebeingdependent on the situation. Also, onecanstart with a Biot system
for the structure coupledto a 
uid 
o w model either of Stokestype or of slightly
compressible
o w type and then investigatethe limiting form of the composite for
variousscalingsof the parameters.Similar Biot-Biot modelshave beenconstructed
for the mechanicsof soft biological tissues.Theseare basedon the hypothesisthat
tissue can be regardedas a composite cellular poroelastic material composedof a
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poroelastic extracellular matrix in which poroelastic cells are embedded. These
models account for the di�erence betweenthe local and global cellular 
uid pres-
sures,and thesedepend on the various coe�cien ts and characteristic length scales
of cells and tissue. This behaviour is similar to the secondaryconsolidationphe-
nomenonsometimesobserved in geomechanics. Our experiencesuggeststhat the
resulting distributed microstructure systemsprovide accuratemodelswhich include
the �ne scalesand geometryappropriate for many situations, but we have to bal-
anceour needfor such detail with the tolerancefor extra e�ort required to solve
the systemor to simulate solutions.

4. Conclusion

Our long range objective is to develop a set of comprehensive models incorpo-
rating many of the precedingcasesas components in a modular format and to
combine them with available subsurface
o w and transport simulators as a basis
to perform basic research on the theoretical and numerical modeling and simu-
lation of deforming heterogeneous porous media. The models will be designedto
apply to speci�c application areas. They will build on establishedcasesand be
enhancedto include previously neglectede�ects, which are important in various
emergingapplications. They must account for complex nonlinear behavior and
media heterogeniety as described above. The fundamental issuesof scale arise
in the considerationof multi-component media, since porosity, permeability and
complianceoften occur on several distinct spatial scalesin both natural and man-
ufactured materials. Thesemay be fractures or simply regionsof extremely high
permeability with large correlation lengths. The goal is to develop models whose
components are simple enoughto be analytically or numerically tractable but suf-
�ciently detailed to capture the nonlinear e�ects and �ne scaleinterfacegeometry
that complicatethe competition betweenlong and short time behavior of transport
and consolidationprocesses.

Although this modular format will include many of the casesabove, not all of
the components or extensionsneedbe used for any speci�c application. Thus it
will be necessaryto determine which components are relevant for an individual
application, depending on such things as the rangeof the variables,the time scale
of the motion, and the spatial scalerelevant for the application. This information,
together with that obtained from the analysisof the various components, will be
usedto decidewhich of the modulesareappropriate for a speci�c application. Each
of the models will have an establishedmathematical basis,and we are extending
these to include the composite poro-mechanical systemsthat are constructed to
meet the needsof the speci�c applications.
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