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This paper is concerned with existence and regularity of solutions of the 
partial different~al equation of Sobo1t.v type 

x , , ~ ; ~ ~  yVL,I,,II n,,4:-r., I I U G C ~  I*-..- I I U I ~ K J ~ ~ I I ~ O I I ~  L--- - h w n _ A q  cnndirizzs c-, tile wa!!:: sf a 
cylinder in (n+ 1)-dimensional Euclidean space and an initial condition at 
the bottom. These results will be obtained by considering realizations of 
AL- 2.a ---- A - 7  
~ L K  U ; I & ~ G L I L ~ ~ L  Laperaross appearing in (S) and combining the existence- 
regularity theory of such operators with results from Part 1 on weak and 
strong solutions of an abstract evolution equation modeled after (S). 

The plan of the paper is as  fol!ows. Cectinpl ! consists sf  an ar,nouncement 
of the results of Part 11 and some remarks on (incidental) applications to  
equations of parabolic and Schroediager type. An exposition of the a 
priori ~s:imates a d  regulariry resuhs for regular elliptlc boundary value 
probierns 1s cofit~illed in Section 2, and these immediately yeld existence 
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THE SOEOLEV EQUATION, II 8 3 

TE~EQREM 1 Let tlze -?filbert spaces, V ,  4 W,,, -+ 27, sesquilinear forms, 
nz(. , .) and t i - ,  . j, and dze operator$ M and L be giuen as above. Assume the 
fiiiowiizg: tizere is a k, > O such that 

tizere is a k,  > 0 such rizar 

there is a cmwplex cone K";jljl = { z :  jarg zi 5 ti) wiah d 5 nj2 such iizar 

Tizen there exists a unique strong solution for each uu, E D(L) a n d f ~  C1([O, 
001, 
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84 R. E. SHOWALTER 

~ i ~ i ~ ~ ~  (1.3) (1.4~ are saiisfied i j  R e a  > O and R e p  > 0, 
and (1.5) is always true since D ( M )  = H 2 D(E). The condition (1.6) is 
easy to verify, since 

and $4, 4) is real. If farg @)I = x/2, then Theorem 1 asserts the existence 
of a strong solution for uo in D(E) and f E C1([O, a), H ) .  Cho~sing a = eini4 
and p = eCiXi4 we obtain after multiplying by u (and making an appropriate 
change in f) 

an equation of Schroedinger type. Similarly, we see from the Corollary to 
Theorem 1 (and also from Theorem 2) that (1.8) is an abstract parabolic 
equation whenever /arg(flii)j < nil. See 132, 381 for additional results and 
references. 

Let G be a bounded open set in Euciidean n-space with an inhmtely dif- 
ferentiable bcundary dG of dimension n -  I with S on one side of aG. We D
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shall use the notation D j  = ?/ax j  and D" = D:' . . . Din for an tz-tuple r of 

T L - -  - - I  . 
L L ~ Z I ~  il IS the &ibe~i  space of ierjuibaience ciasses of) functionq 6 In 

H" L'(G) (Lebesgue square-sammable) ?or which D"4 whenever 
ICY! 5 k, where derivatives are taken in 9 . the space of distributions on G 
[49]. We denote by H i  the closure in Hk of C,". those functions of C" with 
compact support, See [I, 2, IS, 33, 38,48, 641 for &-rails. 

Ler l 2 0 be an integer and define by 

of the form 

for every 5 E Rn, 5 # 0. 9 is then of order 21; it is properly elliptic [47] 
if it is elliptic and for linearly independent 5 ,  y E R" the polynomial z + 9' 
/ Y  \,', F , $. A v v l l h g ~  .,, A&UL7 h 1roots with psitiVe imagiaaYy pa;:. 

Consider a set of boundary operators 

These are normalif the principal parts satisfy 
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GP&E~',Y Fo!.~ai;iJ~ A ~ ~ i ~ l i ; ~ e  that Ln i s  &iptic i:; ;lC, 9 5 p 5 I an$ that 
{Li:  . . i 5 j 5 p )  is a normal set of boundary operators of order < I. (Tnis 

i; e ; x ~ %  if - = r. "":..zr-,*nt >.qir-,:4#!,?. *..:. rqcqrc r 7 7  . , ( ; ( 
A .* d. i 1 i i d . - ~ ~ ~ - ~ _ -  LiiiJ oa- - -  - ",7 " L 5 : L " a i  ; "IJ..LL.";> jii;.;.: , _ . . 

I )  ~ i i h  F" coel5cieats S U C ~  that f l ~  set (7 , i j  . . . j  T,pj TCp :; . . .; K l )  is a 
n.~.:-i ;.~il.-fi!~~y-sstem of order j. " , ~ r c  is 3 CiLIichier sycrem of order 8,C:ri. (--L j 

. . . , 4, Pp + I, . . .,ti) with C" c~&cienta such that (#j)-+order 
l r  \ k t - ; ?  - 2  5 j' 5 L?j :-J .A. .i: ;* #C*G 

<L.jl - - l C l L b L  I V L  L. ILL;, plv.is .+, y S r r  L. 

Suppose now that 4, f E C" and 

for all t,b in G" such that E i $  = 0 on dG, 1 j j 5 p. Since the equality holds 
for J/ in k; it follows from (2.2) that 9& = f and hence from (2.5) that 

for all such $. But since the sct (Kp,,, . . ., XL) is a normal system, (2.6) 
implies that L,$ = 0, p + l 5 j 5 I.  Thus the sesquilincar form (2.1) and 
Clip bnnndary oprators (24) determine the eiliphx bouadary value problem 

Those b o u n d a q  operators of order < 1' (stable) are specified a priori, 
and those of order 2 l ((natural) must be obtained from Green's fcnnuia 
by a suitable choice of operators ( K j  = p p j j 1). D
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THE SGBOLEV EQUATION, 11 87 

LEMMA 2.i Dejrre V to be t i m e  4 in C " J x  which Ljqi = 0 011 ZG, i =< j 2 i. 
if,ssur:7e rhat the sesqtit!:'nem f3inr (2.1) sari.$c.r the co,nt:c.ic;. e.;:f;l;irtc (1.4) 

f i r  j i;z F/-. './Tile;z :he ~ ' ( @ - ~ l ~ ~ ~ ; ~ ~  o f 2  ; C" i , ~  ' p!.ecisdy fhe ~psr.a?or 
E qf $1, +iii'iei~e H = E2(G) ririrl V! ij u'q%rtl h i o w .  and L: H"+' n D(F,',) -+ 
H' ~so: :?oph jLy i~z j~ ;  c e r y  i~:tcyi. I- > 0. 

2rirqf Eenoi< ihe ciojure of in H" for integer k 2 -- 0 by j7L:3 and note 
- *  . . .  -. . . . . 

&Lll (1 ,i.) hCi& cn v c;. cu;:,inrrlsy. ,-,lsa, y ,  ccr,:a;~s t,-,ose ;Q C'z iGr 
which Ljc?j = 0 only for those Lj of order 5 k- I [4XS Lemma 4.9Il so VI 
is . ? e t e r ~ i ~ e a  tibe stzble hcn&!ry o ~ ~ r ~ t ~ r ~ .  Si.i.;ce (&&) hz!& CT, C;, 
is piopE~y &ipric (in f2ct, str,-,i3.j!~j ciiii=ric [ l j )  oIli G. Tiie S ~ ~ i ~ : , %  - .- 

l b L J  
bdUL" G"Ylatt-. -.;' :-- y., b<I* 1 ~ 1  

(2.7) are norim!, so Green's Theorem shows that the entire set (2.7) is 
nurma!. Fiilally, ?he esrimaie ji .4j ihen impiies t i ~ ~ t  these operator:. cover 9 
;-7, 41 so the bo:mdary vahe problem (2,7) Is r ~ g u k s  $n the sense i~;dicstd. 
be!o::i. --. 

the bormdary vaiue problem (2.7:) is called veguim if -!  i q  properly 
, . 

eiliptic, r i ~ c  bc~uiidary operators arc normiii a d  rhey cocrr 3. inar IS, 

far eacl: x E 36'; each t a n p t  (' f 9 a t  x. and  ezch ni;rmal :: + (3 to c;?G a t  .yj 

the polynomials Ei(x, t + z g ) ,  I 5 j 5 I, zre !inerrly i:.~depe:!?dmt i-!?duio 
+I-:- * ,LLu ,,>\ -",>:"--' ,!" L J c , d # -  :"-? g T L  Li.:-i(  .z-z:) 7,?- ->-= T :.. ' 3 -  * ----:- ~ : ~ - > -  ~ - - ~ L  

A .  
valibrL &; r l  llir., Irlll~~l!l~i. cjhl of L:  aiid { T : :  I 2 

j, - A 1 < 1  - 

i < Y! z~t r o ~ i s  of P'(u, ' 1 -.a; - 0 ?r:;rh nrt~:'?i~:~ i:ngn!'nrr-. ---+ 
J = -j --. T L 7 ;. ;.:;:i y.21;;- . - iiiii:b:iii:_y ll'.-C_l i. 

For regnlar bouizbary vaiue proisbus wc have the fellowing a priori estimate: 
fol. P T . 0  7 1  ; n i o m n *  1. 4, fi +Lor ' . ,,,r, , , , L L L ~ L ~  is a C,. > C? such that 

. . 

1 1 4 2 l + r  5 qp+I~,.+ 114jIo) (2.8) 

fora.ll$in V. 15, 12, 23, 38,461. -~ 
Denote the L"ciosure of 9: V- -+ C" by g2. Ibe estimate (2.8) with 

i. = 0 shows that 2, has domain V 2 !  and closed range R(2,) in k2(@ 
[12, p, 3681. The estimate (1.4) shows that 9' is injective. Since (2.2) holds 
for 4 E VZ1 and $ E VL (use (2,s) and extend by continuitf.) it foilows that 
g2 c L asid hence the aperators coiilcide if 9?, is onto E2(G). But this is 
true if znd 03i4r if itS adjoint CJ* la ;. ; 7 . ; ~ , + : T , ,  l i i l b r L i v c .  [12, p. 3701. To describe "the 

adjoint, we refer to ~ r e e $ s  theorem to obtain 

for 4, in C", where 

9*$ = z((- I ) ~ " ~ D " I ~ " ( x ) D ~ $ :  I p ! ,  1 0 1  5 1 )  

is the formal adjpint of 9. Let I// E- 6". Ef ( 9 4 ?  $1 = ( ( + b 5  9:?1)) for a11 4 
in V, then 
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8 8 R. E. SHOWALTER 

for Q in V.  Smce iK ,  : 1 1 j j 1 )  is a normal set. l h s  shows $ belongs to the set 

Proof The first statement follows easily by closure since the norm on V 
is stronger than the norm on Win each case. 

Now, the hypotheses VE: W implies that each 4 has the same order as 
exactly one of the LjYs [7, p. 3061. Since the ( M ~ )  is a normal system, this 
establishes a bijection M j  4 k j ,  onto a proper subset of the normal system 
(Li: l  . . 6 j I ) ;  this bijection is deternined by the requirement that order 
( M i )  = order ( C j J ,  We also obtain the fact that the normal system ( M j )  

...,- 7 --.. A*---  +L- l . .~m,.* I T  1 -- c~ec,.--:-ed D .-.-- re- ;> w'uncr e u a u  LEG _VIW_UGL SUV>C;L ; l i ; r j  DW UGLGIIILLIIGU. ~ \ i  W G ~ L G L ~  mean 
that if 4 is in C" and if every Ljr4 = 0 on dG, then every Adj@ = 0 on dC. 
These follow from [7, pp. 304-3061. 

Let {Lj,,) denote those (L,) not included in (iji>i SO (L,> = (zj,> " 
(Lj.) is a disjoint union. Let Vl be those 4 in C" for which all Lj.$ = 0. 
Then we have VE: Vl ',c W from definitions and the preceding paragraph, 
respectively. Since each Lj,, has order 2 m by hypothesis; V is dense in Vl 
with respect to the norm of Hn' [48, Lemma 4.91. Similarly, the closures of 
Vl and W in Hm depend only on those operators of order < in. But the 
systems ( L j J :  ordei Ljt < m) and ( M j "  order Mj < m) are eqnivaknt 
(each is weaker than the other) by the preceding paragraph and the last D
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THE SOBOLEV EQUATION, I1 8 9 

hypotheses, so JYm is precisely the ciosure in Hm of V,. Hence we have shown 
that ';', is dense in W,,,. Q.E.C. 

r-', rnese Ieininas cozbine mith Theorem 1 and its corollary to give the follow- 
inc resnit, - 

iii) V c W ;  

iv) if the order of Lj is < m, then there is an Mi with order (Mi) = order 
(Lj> ; 

-.' "1 1 'f Mji$ = O on 8G for all M j  of order < m, then Lj4 = 0 on 8G 
.-.La. --.-- - -An-  'i' w i ~ ~ I r ; v ~ , - l  W C L G ~  hij < lii; 

oil there is a complex cone K(0) = (s: larg 71 S 01, O 5 0 < 7~12, such 
that for 2!1 cb in a/, 

t i lere i~ u m i p e  PV2,,-aulzledfunc~zoiz u(tj = ti(-, t j  c o n t i n ~ o u ~  on (0, co j and' 
conti,n?zuaz!_r!y sbfleventiable on (0, c) ssl~!z rhat u(9) = u,, ~ ( t )  r V2r,, and 
&utji> + 2 u ( l j  = J<t) in L2(Gj fo r  each r > 0. 
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90 R. E. SHOWALTER 

Proof We need only note that Lemmas 2.1 and 2.2 allow us to appiy the 
corollary of Thecrem i with FTi znd W:,, defined as abme, H = L'(G). 
D(L) = FT2]  and D ( M )  = tkl?,,. Q.E.D. 

COROLLARY 3 .q- f = Oj tizeiz jbr t > 0 ,  u ( t )  h ( q u a i  a.e. to u ; ' I - + - -  F ~ , ~ L ~ ~ ~ n  

uix ,  t )  which is) C" in x, analyiic ifi t ,  satisJies (S) in G ~ j i d  

Remarks 1) Since we have restricted attention to t h e  boundary value 
problem for which ihe Cardingtype estimates (1.3) and (1.4) are truc, the 
class of boundary conditiot~s is delimited considerably as compared to 
those solvable by other coercive estimates. See i30; 38, 471 for further dis- 
cussion. 

2) The bypothcsis (iii) of Theorem 3 is equivalent to saying the operators 
(Mj) are weaker than the c7nerzt01-s I A (JP:). See [Pll 304-306; 47, 458-4701 for 

% <; 
tills 2nd orhn_~r .n,t?i\inleni cnnciifioris orrr systeiiis of biiuiidav operators, 
some of which we used in the proof of Lemma 2.2, 

C C E S ~ ~ P ~  the we& sdution mmtructed in Theorem 2 of $1 fea: the homo- 
geneous Eq. (1.1) (f - 0 )  and initial condition u, in Vim. This weak solution 
cannot be a strong solution unless u, is in D(M). (T'h~s 1s a coasequence of 
the definitions.) More significant is rhe PXL &at ill the >pec;al case of KyTl  = 

Wn, and D(L) = D(M), one can show that u(t,) E D(M) for some r ,  2 0 D
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Thes T(2, a, A,, A,) is a Banacl~ space which we hereafter denote by [A,, 
A,, 81 = T(2, cc, A ,, A,) ,  1/2+ a = 8. Also define [A,, A, ;O] = A,  and 
[A,,, A 1 ; 1 j  = Al .  

We sha?! use the following properties of these spaces 134373 

(interpolation): If (HZ,, B,) is a second pair of Banach spaces with 
I ? ,  -+ B!, the3 9(A , :  B,) ,-) P j A i ,  BL) E 2'([A0, Al;G], [B,, 3, ;Bl)  
forevery0,O 5 3 5 ;. (3:3) 

Many other constructions and points of view have been developed which 
lead similar results and ;i;e refer to die bibliographies of j14, 381 for 
references to interpolation methods. Our interest here mncerns the results 
for Hilbert spaces where most of these methods are equivalent. 

Consider the unbounded operator L introdwed in 91 by the pair of 
spaces V ,  -P 9% and sesquiiineas form I ( . ,  .) on V,. We shall assume that D
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(1.4) holds; this makes L a regiilariy accretive operator [25, 281. Tkm, 
fractional powers, Lo, 0 0 5 1, can be defined in a natural way, since 
L is closed and maximal accretive, and each resulting Lvs  closed and maximal 
accTeiive. Ii;esnjts azaiogous to (3.1-3) haye beer, demonstrated !lit: 
domains D(L9 [26,27] and furthermore one has 

- - - .. - - 
is precisely 'the tor "btailled irom tiie iorm I":(+, $j = j($, +) on y i .  
That is, E(4, *) = ( 4 ,  L*+), fer 4 E V! and II/ E D(L'), and we have D(L"j 
dense in vz and L*: D(L") -t H is an isomorphism. Here D(L*) has &, 
gyavll zorm and jJ(L*')' - D(L*) 2ntiduZlit;r is deci.led hv :. ' 
- - -, , - j-. Sinre - -,. 
"(?*I is dense ir_ $fii *..;.e caz ?.d~_~t i fy k'i as 2 suh~pace gf D(l.*)' bv ~.e~t l .~t izg L,> L - 6 --. 

a functional in Tb; to D(L*). ThUs we have [4; $1 ,  = (5 4) for f in F'; and 4 
in @(L*). 

By taking the centimous dual of the (Banach space) isomorphism L*: 
D(E*) -+ H, we obiah  the isomorphism (E*) ' :H -5. D(L")' defined by 
[(L*)'h, 41, = (h, L*4) ,  for h in N and 4 in D(L*). From the identifications 
H s VL G &(I,*)' we have i(t*j'h, 4j* = I@,  $1 = (Aflh, 4 j = jL?,J?ki, 4 j, 
for h in V ,  and 4 in D(L*). This implies (L*)'iz E Vj' and (L*)' = 9 on Vl. 
Denote this extension of 9 : V: 4 Vi by 9, = (E*)' : H D(L")'. 

Similarly, we obtain an extension A, : H  -+ D(M*)' of Ji' by taking the 
(continu~us) dud of M":D(M*)i -+ H. Since M is self adjoint, we h a w  
~ A A ~ t ~ n i ~ ~ l l x ~  D(j@) = D(Jl*) .  
" U U " C ' V '  U i A J  

Let (ti(t): t 2 0) be the weak solution obtained in Theorem 2 in the 
form u(t)  = S(t )u0;  (S( t ) :  t 2 0 )  is the anaiytic senigroup of bounded . --. operators ;n w,, ger,era+,ed '=y d = -&'-'2. SiIIGe this uririjvrnUn .,--A- is 
analytic, we have the following abstract regularity result. [23,31,63,64j. 
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THE SGBOLEV EQUATION, I1 93 

Sioce id and L are reguIarIy accretive and M is self-adjoint, we have the 
foi1ov;ing. i25, 341. 

Proof B y  hypotheses, we have iD(M), H ;  1- $1 2 [[D(L),  H ;  O ! ;  
H;! - @ j  and this last space is preciseiy jD(L), H ;  1 - 4 -t 401 by (3.1). The 
result follows from (3.2). Q,E.D. 

r m f  The operator is iiii isoii10rphism OF [D(Mj; $1 onto [H, 
q ~ ~ p y .  & j  by (3.3;. 3 u ;  iH, Eo(M">'; 4j  is preciseiy [H9 D(~M) ' ;  4! by 

Leama 3.3; ibis is comiained in [id; D(L,ji; $(I - 811. But we assumed O > 0, 
so 4(1-0) < 112 and Lemma 3.3 implies [H, D(%)'; 4(l-0)] = [H, D(L*jf; 
(p(l-0)j. Thus we have shovm that A'z maps [D(M): 15; iiilto [H, I?(E+)'; 
+(I - 1511. Since 2, is ara isomorphism of C(L) onto Hand of M onto D(L+ji, 
we have by (3.3) that 9 c i  is an isomorphism of [H, D(L*)'; $(I -8)l onto 
[LfL), H; 4(1-8)]. The desired result follows by trzcing the composite 
op&raiol= 9, Q.E.D. 
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94 R. E. SHOWALTER 

pro($ -1 - - - 1  'A: --- ' -1-C :-,,A LA"" nnt. WIUL:U:: 1s U U L ~ ~ ~ ~ C U  Ilclll the semigroup by u(t)  = $(t)tb,. 

Choose N as in Lemma 3.6 and let t  > 0. Lemma 3.1 shows that u(t )  E 

D(L). Regarding the differentiability of the fumtion u :  (0, co) + E(L), 
we have for 6 f O suEicie~1t1y siiiall 

This follows from the semlgroup property, the commutativity of &' with 
each S(4), 2nd the fact that dN$i t /2 )u ,  is in W,,, (Lemma 3.1). Smce S ( - )  
- -  A ---- 1- 3 . c  --.. :"I 1-  .- ;\ aid !T,, at ti2, the expressio~ in (3.5) to  the right 
of .d-N converges in Wll, as 6 -+ 0. Hence the left side of (3.5) converges in 
D(L). (Note that dUN is continuous from Wm into D(L); this follows from 
Lemma 3.6 arid the closed-graph theorem 1'53, 541.) 

This argument can be repeated to show zd is infinitely difierentiable. 
Q.E.D. 

Remark The above proofs apply if D(M1/2) = D(M*'I2). The result of 
Theorem 4 also follows if we drop this requirement but assume the folloving: 
ma, E ID(&), H ;  $1 for some real 6, O 5 4 K i/2. Ho~eve r ,  the existence of 
weak solutions for non-self-adjoint Mis still open. D
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Rmza~ k~ 1) The Eq. (4.1) is more natural for our concrete weak problems 
than is (1.1) in V; since Yi is not iaecessarily a space of distributions. Since 
(4.1) holds for all 4 in C,", it follows that (1.1) is satisfied in 9'. 

2) More general f can be used bat the s t r ~ c t ~ r e  of TW,; is often diiiicdttio 
describe. 

3) 'These resu!ts arc also valid when m = i. D
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THE OWE?"^ 6 nddificn !n the h p o t h r c r  sf Theorem 5. asmnze V c W3 
m < I amlf  = 0, Thm the function u i ~ , ~ t i v  each t > OO? equal ax. LO a f & ~ d i ~ l - ~  
u(.; t) f,z F f .  L!cr e~zch x E C, t(x9 .,) i.~ g.m!:,.!'C OM ( Q j  mf, mid u(x, t )  satides 
(5') 08 GX@> m). 
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