INTERFACE APPROXIMATION OF DARCY FLOW
IN A NARROW CHANNEL

FERNANDO MORALES AND R.E. SHOWALTER

ABSTRACT. A mixed formulation is introduced for the singular
problem of Darcy flow in a porous medium in a region containing a
narrow fracture or channel with width O(€) and high permeability
(’)(%) The solution converges as ¢ — 0 to that of Darcy flow
coupled to tangential flow on the lower-dimensional interface or
boundary.

1. INTRODUCTION

The flow of fluid through a fully-saturated porous medium is de-
scribed by the constitutive law of Darcy,

(1.1a) a(z)u(z,t) + Vp(z,t) + g(x) =0,
and the conservation law
(1.1b) c(z) % LV uz,t) = Fa,t).

Here u(z,t) is the fluid flux, p(x,t) the pressure, and g(x) is the gravity
force, the storeage rate term c(x) is (slight) compressibility and porosity
of the fluid and porous medium with sources F'(x,t). The density
factor has been dropped from each term of (1.1b). The flow resistance
a(x) is fluid viscosity times the inverse of permeability of the porous
medium. The system (1.1) is supplemented with appropriate boundary
and initial conditions to make the initial-boundary-value problem [3].
The backward-difference approximation for % leads to a corresponding
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boundary-value problem for the stationary system
a(z)u(z) + Vp(z) + g(z) =0,

(1.2) (@) A pla) + V - ulz) = F(z),

where A = h™! is the reciprocal of the time increment h > 0. Here we
study such a problem for which the resistance coefficient a(x) is of order
€ > 0 on a thin region with width of order € separated from the primary
region by an interface, and we show that it is approximated for small
€ by the problem on the primary region with tangential flow on the
lower-dimensional interface. Such a situation provides a model for the
relatively fast flow through an internal fracture in the porous medium
or in a narrow channel of high permeability along a wall where the
packing of particles is inefficient. See [7, 14, 12| for further discussion
and development of such models and [2] for a model of diffusion from
an underground nuclear waste repository into surrounding geological
layers.

The convergence of the singular narrow fracture problem to that
of the interface problem has been studied before [9, 13] in the classical
variational formulation on Sobolev spaces with linear transmission con-
straints posed on the interface. The usual constraints in this classical
formulation are equality of pressures and the consequential matching
of a linear combination of normal flux and pressure from each side for
the complementary transmission condition.

We shall introduce a special mized formulation [6, 5, 8] which permits
more general interface conditions of the form

P —p’—oau'-n
op?
ot

for the respective jumps in pressure and flux in (1.1). With the L2-H*
mixed formulation, which is equivalent to the classical formulation, we
can obtain the case with a = 0. With the H(div)-L? mixed formu-
lation we can obtain the case with # = 0 which is needed here, but
this introduces substantial difficulties in the convergence analysis. The
formulation we introduce here is a combination of H(div)-L? in the pri-
mary region and L?-H! in the narrow channel, that is, a mized mized
formulation.

The mixed evolution problem [4, 10, 17, 16] is necessarily of degener-
ate type, since in the limit it becomes either elliptic (8 = 0) or parabolic
(6 > 0) on the interface. We use the holomorphic semigroup represen-
tation of the solution to obtain rather general conditions on the data
that yield existence of solutions and then use energy estimates of the
C° semigroup representation to obtain the strong convergence of the
solutions. This approach also permits inclusion of the parabolic-elliptic
case of the system (1.1) with semidefinite ¢(x) > 0.

_ul.n_|_u2.n:
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In the remainder of this section we describe the singular stationary
problem with ¢ > 0 and show that the ‘mixed mixed’ formulation
is well-posed. In Section 2 we rescale the domain to get the spaces
independent of ¢ and corresponding estimates on the solutions. The
limit interface problem, which is satisfied by the limit of the solutions
of the singular problems as € — 0, is displayed in Section 3. There we
establish the convergence. In Section 4 similar results are obtained for
the corresponding evolution problems.

The Singular Problem. Vectors are denoted by boldface letters, as
are vector-valued functions and corresponding function spaces. We use
X to denote a vector in RN ™', If x € RY, then the RV x {0}
projection is identified with x = (x1,z9,...,zy_1) so that x = (X, zy).
The RV ™! gradient V and divergence V. are denoted similarly.

Consider a domain Q¢ = Q; UT' U Q5 in IR representing a porous
medium as the union of disjoint adjacent subdomains €2y, 25 separated
by a smooth domain I' = 9Q; N 9Q in RY ™. Thus, we assume the
interface I' is flat. Denote the thin fracture domain with width € > 0
by

QB={(x,ay):0<ay<ezel}

It is bounded below by I' and above by its vertical e-translate, I'+-¢. Let
Q; ¢ RY be a domain for which Q; NQ5 = @ and 9Q,; N9, =T, and
set Q° = Q; UT'US. For any function on €2 we denote its restrictions
to 27 and to 5 with superscripts 1 and 2, respectively.

The singular stationary problem on €; U T U is

(1.3a) ay (z)u' + V p! 4 g(x) = 0 and
(1.3b) ci(x) Aptt 4+ V -ut = F€in Q)
(1.3¢) p'=0 ondQ —T,
(1.3d) pot — po? = qu®' - n and

Apt —ut n4u? -n=f5 onTl,

(1.3e) e€ay (z)u“® + V p°? + g(r) = 0 and
(1.3f) ¢y (2) A\p™? + V -u“? = F in Q5,
(1.3g) u“> . n=0on 00 —T,

for the fluid pressure p*!, p? and velocity u®!', u? on the respective
domains €2, Q5. The coefficients are a;, ¢; on €y and eas, co on 5.
The interface conditions on I' are that the normal fluid flux from €2, is
driven by the pressure difference with resistance @ > 0 and that fluid
is stored there at the rate 5 > 0.

With appropriate conditions on the data, we show that as € | 0, the
solution of (1.3) converges to the solution of the interface problem on
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the primary region, {2y U T,

(1.4a) au' + Vp' + g =0 and
(1.4b) Aepp' +V-u' = Fin O,
(1.4c) pt=0o0n 99 —T,
(1.4d) pl—aul-n=p*onT,
(1.4e) as(X)0? + Vp? + g(x) = 0 and
(1.4f) AP+ V- -a2=fr+u' -nonT,
(1.4g) a?-n=0in HY2(aD).

The two-way coupling is attained by passing the pressure p? from I to
Q; with the Robin condition (1.4d) and the normal flux u' - n from Q,
to I" as a source in (1.4f).

The Mixed Formulation. First we show that the stationary singular
problem has a unique solution. For our weak formulation of the system
(1.3) we use the spaces

Vi={vel?Q): V-vleL*(), v 'n|r € L*(I)},
Q ={ge L*(): Vg’ e L* ()}

with the norms

1/2
ve = (Ve + IV - V! ey + IV mliZa)

V]

1/2
@ = (Il + 1196 ey -

The solution of the singular problem (1.3) satisfies

]

(1.ba) u“ e Ve pfe: /

au - vdr — / p’V -vdr
Ql Ql

—l—e/ aou’ - vdr + Vpe-vdx—l—/pG’Zvl-ndS
Q

5 2% .

+/a(u6’1-n)(v1-n)dS:—/ g -vdr,
r .

(1.5b) / Acufqd:c%—/ Aczpequ—ir/)\ﬁpe’QquS
o Q5 r

+ V -uqdr — /
o Qs

:/ qudx—i—/fqudeorallveVe, q € Q.
Qe r

ue-qux—/ue’l-andS
r
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Remark 1.1. We have combined the H(div)-L? mized formulation on
Qy with the L?-H' mized formulation on QS. Each q € Q° has a well-
defined trace ¢*|r € HY?(08:) and similarly each v € V€ determines
a normal trace v' -n € H~Y2(98,). For each such v we additionally
require that the restriction v' - n|r to functions on T belongs to L*(T).
This permits the definition of the coupling terms on I' in (1.5). This
non-standard choice of spaces permits the more general transmission
conditions (1.3d). Moreover, there are no transmission constraints used
to couple the spaces along T'.

Define operators A¢ : V¢ — V' B : V¢ = Q', C°: Q° — Q° by
(1.6a)

Aeu(v):/ au - vdr —i—e/
o) Q

(1.6b) Bu(q)=— | V-ugqdz +/
ol r

(1.6¢c) Cp(q) Z/Q1 clpqd:H/Q

Then the system (1.5) is a mized formulation for (1.3) of the form
u eve pre:
Au(v) + B 'pf (v) = —g(v), v € V¢,
—Bu(q) + ACP°(q) = [(q), 1 € Q"
Such problems are well-posed under rather general conditions. See

3, 6, 16].

Theorem 1.1. Assume that V and @) are Hilbert spaces and A, B,C
are continuous linear operators A:V —-V' B:V —->Q', C:Q — Q'
such that

e A is non-negative and V -coercive on Ker B,
e C is non-negative, symmetric, and

/ . . . . .
e B is bounding, i.e., it is 1-1 and

asu - vdr + / a(u“' -n)(v'-n)dS,
r

€
2

ul-nq2d5+/ u- Vgdr,
Q5

Cqudx+/ﬁp2q2 ds.
r

€
2

B
(1.7) inf sup 1Bvigl_ > co > 0.
€Qvev [[vllviialle

Then for every f € Q', g € V' and X\ > 0 the system
ueV, pe@:
(1.8) Au+Bp=—-ginV,
—Bu+MCp=finQ,
has a unique solution, and it satisfies the estimate

(1.9) [ullv +llplle < K(ligllv: + [ fllo)-
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In order to apply Theorem 1.1, we use the following classical result.
Lemma 1.2. There is a ¢ > 0 for which
(1.10) IVl Z2g0g) + Nlall 7z > cellallZagag)
for all g € H(9).
(See Proposition 5.2 of [15].)

Lemma 1.3. For each ¢ > 0, the operator B¢ satisfies the inf-sup
condition (1.7) on V€ and Q°.

Proof. Let ¢ € ()¢ and denote by & the unique solution of the mixed
problem

V- Vé=¢"inQy, VEn=¢onT, £=0o0n0Q, —T.
Set vl = V& Then -V - vl = ¢t and vl - n = ¢® on I' with
cillviiez, @) < llg*llz2.) by the Poincaré inequality. Set v = Vg°.
For v = [v!,v?] on Q¢ we have v € V¢ and with (1.10) the estimate

Bv(q) = — V-vlqld:r—f—/

vl-nq2dS—|—/ v? . V¢ dr
o r

2

= |q1|2dl’+/|q2l2da:+ V| dx
o r Qg

Ce 1
> [Wpdet§ [ P ([P o [ VR
o Q5 r Q5

> c|vi

Ve QI Q° >
with ¢o = min(cy, 3, &), and this yields the inf-sup condition (1.7). O

Theorem 1.4. Assume that 0 < ¢ < 1, 0 < X\, 0 < o,0 < £,
a(+), c(-) € L>=(Q°), a(z) > a* > 0 and c(z) > 0 on Q°, F° € L*(QF),
gt € L*(Q), and ff € L*(T"). Then the system (1.5) has a unique
solution.

We show below that the limit problem (1.4) is likewise well-posed in
a mixed formulation (1.8).
2. THE SCALED PROBLEM

By scaling €25 in the vertical direction with z = €z, we reformulate
the singular problem (1.5) on the domains

D={(x2):0<z<l,xel'}, Q=Q,UTIUQ,.
These domains and the corresponding spaces

V={vel?Q): V-v' e L*(Q), vl n|p € L*(T)},
(2.1) Q={qe L*(Q): Vi cL*(Q)}
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are independent of €. The norms on the spaces V and () are given by
2 12 1 2 1/2
Ivliv = (V1220 + 19 ¥ ey + v nlla )

1/2
lallo = (a3 + IV IEae ) -

The gradient is written as V = (V, Ory)s and it becomes (V, 10.) on
5 under the scaling above. The scaled singular problem is to find

(2.2a) u“ eV, peq: / au’ - vdr — p°V-vdr
Ql Q1

—|—€2/ asu®-vdr + € 6p€~\7dx +/ 0.p° vy dx
QQ Q2

Qo

—|—/p572v1-nd8+/a(u€’1-n)(v1-n) as
r r
——/ ge-vdx—e/ g - vdx
Ql QQ

(2.2b) / Aclpeqd$+e/ )\cgpequ+/)\6p2q2d5
1951 Qo T
+ V~u€qu—e/ a? eqd:v—/ uj\’,zazqd:v—/ue’l-nQZdS
951 Qo Qo I

:/ F“lqu—i—e/ F€’2qd:c—i—/f15q2d5forallvGV,qEQ.
951 Qo I

Theorem 1.4 shows that the system (2.2) has a unique solution for each
€, 0 < e < 1. This solution satisfies the equations

(2.3a) au®+ Vp-+g° =0 and

(2.3b) Aapt+V.u =FinQ,
(2.3¢) p°=0o0n0 — T,

(2.3d) pt —p“? = au®' - n and

(2.3e) ABp? — ut-n+ (eu uy’) n=fionT,
(2.3f) €ay 0 + %pe +g° =0, €2ay uj’vz + 0.p° + egy =0 and
(2.3g) X Pt +eV - + D5 = e F©in Q

(2.3h) (eu?, ujv2) n=0o0n0d —TI.
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The Estimates. We shall assume additionally that

(2.4a) | F| 12(qe) is bounded and F'* = F' in L*(Q),
(2.4Db) gt > gin L2(Q)), g*(%,€2) = g(x) in L*(Qy),
(2.4c) and ff = frin L*(T).

Note that €'/2F2¢ is bounded in L?(Q), so eF>¢ — 0.
Set v =u, ¢ =p°in (2.2) and add to obtain

(25) a"([u[l5 o, + Il eu™?[I§ o,) + allu™" - nl[72 ) + MBI |72

1/2 ¢ 1/2 €, €
AL 2R g, + A 2|2 ) = /Qdea:
1

—I—/ eFptdx ~|—/ffp€’2d5—/ ge-ued:v—/ gt eu‘dr
Qo T (951 Q2

< C(IFMlo.2 + I fEllo.0) [1P%llq + llgllo.q (luH oo, + lleu?[lo,o,)
The constant C' is independent of € < 1. From (2.3f) we have

(2.6a) IV 02 [lo,0 < ellas]| ooy || 02 + &0, 2,
(2.6b) 10-p% 10,0, < € llaz| Loe () | 4 llo, 0 + € llgivllo, 2
so we obtain for 0 <e <1

(2.7) V0% [lo,0, < llazllze oy | €a®?[lo, 0, + | &°1lo, 0z

From (2.3a) we obtain

IV o0 < Nlasllz=n u™Hlo.0, + 10,0,
With the boundary condition (2.3c) and the Poincaré inequality, this
shows the left side of (2.5) bounds ||p© 1||Hl qu)- The transmission con-
dition (2.3d) and (2.7) in (1.10) show that the left side of (2.5) bounds
HpE’QH%‘Il(QQ)‘ We conclude from these together with (2.6b) and (2.3b)
that each of the sequences

(2.8) o, 0, [leu all?

[u®' - 0|2,

(2.9 p" men, [Ip™

, IV a2y
0,

HY@)y |2 0:p°

’ 1

is bounded. In L%(,) we know only that the combination V - a2 +
19.u5} is bounded due to (2.3g).

Remark 2.1. The preceding can be done with the boundary condition
(2.3¢) replaced by a Neumann condition if the coefficient ci(-) is not
tdentically zero and A > 0. This would use the following result.

Lemma 2.1. Assume the nonnegative function ci(-) is non-zero in
L>(Q). There is a ¢ > 0 for which

1/2

||Vq||L2 @ tlla Q||%2(Ql) >c ||Q||%{1(Ql)
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for g € HY().

The Weak Limits. We have bounds on u® = [u®!, eu*?] in V and
on p¢ = [p, p®? in HY(Qy) x H'(€), hence, in Q. Therefore, there
must exist p € Q, u = [ul,u? € V, n € L?(£) such that for some
subsequence, hereafter denoted the same, we have weak convergence

(2.10a) p¢ L pin Q, strongly in L?*(Q),

(2.10Db) uet B outin L)) and V- ut! =V -ul in L2(Qy),
(2.10c) a?ust -n % oY?ul nin LA(D),

(2.10d) eu“? X u? in L?(Qy),

(2.10e) %83 p¢m, 0.p° — 0 strongly in L*(€).

In the equation (2.2b), take limits with ¢ = e¢ € OOO(QQ) then from

(2.10d) we conclude (€8, u5’, ¢ ) pra), D) — (0 Uy ) D). D) =
0, so the component u% = u% (%) is independent of z in Q. Again with
€q in (2.2b) with a general ¢ € @, take limits and use (2.10d) to con-
clude

0 = lim euN 0, qu—/ un (%) 0.q(%, ) dx

e ([ o)

/FuN<x> (¢(F.1) - ¢(7,0)) dF

Since this holds for all ¢ € @, in particular with ¢ (z,0) = ¢|r = 0 and
q(Z,1) =q|rs1 = ¢(T) for ¢ € C3°(T) arbitrary, we obtain u% = 0.

Now consider a function v € (C5°(2))V ™!, set v = (1v,0) in (2.2a)
and let € | 0 to obtain

6/ ag(a:)ﬁﬁ’2~\7dx+/ (%p€+g6)-\~/dx—>
QQ Q2

/a2ﬁ2~\7da:+/ <€p+g>-vd:c:o.
QQ QQ

This holds for all v € (C5°(£22))V !, so we conclude the lower-dimensional
Darcy-type constitutive law

ay (2) 0%+ Vp? +g=01n Q.

From (2.10e) it is clear that p? does not depend on the variable z, i.e.
p? = p*(x). Therefore if we assume

(2.11) as = as(X), g = g(x) in Qo

we conclude 0? = 0?(x) is independent of z in .
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3. THE LiMIiT PROBLEM

Define the subspaces

(3.1a) Vo={veV: d.v’=0and v} =0in Q}
={[v}, v} e L*() x L*(I') : V-v! e L*(), v -ne L)},

(3.1b) Qo={¢€Q:0.q=01in U} = {[¢",¢°] € L*(Q) x H'(")}.

That is, v? = [v3(x),0] when v € V and ¢* = ¢*(x) when ¢ € Q.
If v € V then we have [v!, 1v?] € V. Using the latter and a ¢ € Qo
as test functions in (2.2), we obtain

/alue'vdx—/p6V~de —l—e/ as0%? - v dz
(91 Q1 Qo

[ O vdr s [povinds s ottt ds
Qo I I

:—/ g-vda:—/ g vidr,
Ql Q2

/ )\clp€qu+e/ )\CQpeqdaU+/)\ﬁpe’2q2dS
951 Qo T
+ V-uequ—e/ ﬁ€’2-6qd:v—/u€’l-nq2d5
o Qo r

:/ Feqd:c+/ eFEquJr/fqudS.
Q1 Qo r

Letting € | 0 we find that the limits [u®!, e u®?] — u and p¢ — p of the
indicated subsequences are a solution of the limit problem

(3.2a) ue Vg pey: /alu-vdx—/ pV -vdx
Ql Ql

—l—/ ai®-vdr + [ Vp-vdx —|—/p2v1-ndS
Q r

Qo

+/a(u1~n)(v1~n)dS:—/ g~vdaz—/ g vdr,
r 91 Q2

for all v € Vg, q € Q.
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This problem is a mixed formulation (1.8) with the operators

(3.3a)
A'u (v) :/91 al(a:)u-vd:c—i-/ﬂz ag(fc)ﬁw?dx—l—/a(ul~n)(v1~n)dS,

r

(3.3b) B’u(q)=— | V- -uqdx —|—/

Q1 Qo

a - %qda:nL/ul-andS,
I

(3.3¢) C% (q) =/ clpqd:c+/ﬁp2q2 ds.
(951 I

Surface area on I' is dS = dx, and functions of x can be regarded as
functions on Qy or I Thus the second terms in A and B° can be
written as integrals over I', namely, [.ast-VvdS and [0 - V ¢dS.
Note the degeneracy in C°: the co-terms on €2y have vanished in the
limit. Theorem 1.1 applies to these operators on Vi and ()g. The inf-
sup condition follows from the proof of Lemma 1.3. As a consequence
of the uniqueness of the solution of the limit problem (3.2), not only
a subsequence but the original sequences [u®!, e u®?], p¢ converge as
indicated to [ul, u?], p.
We summarize the above as follows.

Theorem 3.1. Assume the conditions of Theorem 1.4 and (2.4) and
(2.11). Then the sequence [ut, e u®?], p° of solutions of the correspond-
ing scaled problems (2.2) converges weakly in 'V x @Q to the solution
[ul, u?| € Vy, p € Qo of the limit problem (3.2), and

¢ L p weakly in H'(Qy) x HY(Qy), strongly in L*(1).
The Strong Form. From (3.2a) we obtain (1.4a), (1.4e), and
0t mon, + [V on s a(t (v m)bdS =0
r
for all v € V. Note that (1.4a) shows p' € H'(Qy), so its trace
is in HY2(08);), and so we have (1.4d) and (1.4c). Choosing q €

Co° (1) x C§°(G) in (3.2b), we first obtain (1.4b) and (1.4f). Since
V -u? € L*(G), the third term in (3.2b) can be rewritten

—/ -Vgdr = —/ﬁﬁqdi - /6-ﬁqdf<— <D, g >ar for q € Qu,
Qo I I

so we obtain also (1.4g). Thus, the system (1.4) is the strong form of
the limit problem (3.2).

Strong Convergence. Assume additionally the strong convergence

(3.4) g¢ — g in L*(Q) and f§ — fr in L*(T).
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Set v =u, ¢=p°in (2.2) and add to obtain the identity

1/2 1/2
Puc|2 o, + €l ay "2 g, + allut - ]2 + ABIP2 e

1/2 1/2 ¢ € €
PP g A |2 o, = /Qdea:
1

—l—e/ Fepdx —l—/ffpe’QdS — ge'ued:c—e/ gt -udr
Qo r 951 Qo

From the strong convergence of the source terms (3.4) and the strong
convergence of the sequence {p: e > 0} in L?(2), we can estimate

(3.5)

lim sup{|| a;

€E—

< )\||cl/2p||g Ql+/ Flpd:p+/ fppZdS—/ g-udx—/ g-uldr .
’ o r of) Q2

Set v.= u, ¢ = p in the limit problem (3.2) and add. Using the
resulting identity to evaluate the right side of (3.5), and then using the
weak lower semicontinuity of the norms, we obtain

Il ay

2 ut 1/2 € € €
VPR o, Il ay e uc|2 o, Falutt n |2y + A8 2y }

1/2 1/2 € € €
lim sup{|| a;* w3 o, + ]| a2 w2 o, +alu nZa g+ ABIP 2220y }

e—0
2 2~
< lay*at|2 o, + |l ay 21\092+a\ru 1y + AP ey

1/2 1/2 €
< liminf{|| a, Puc)2 o, + ay +allutn|[Z ) +A5|p ’2||Lz<r>}-

But since these norms converge to their value at the weak limit, it
follows that the convergence is strong in the indicated norm.

Theorem 3.2. Under the assumptions of Theorem 3.1 and (3.4), we
have strong convergence

(3.6a) ut — u' in L2(Q), eu”® — u? in L*(Qy),
(3.6b) pt — ptin HY(Q), and p* — p* in H'(Qy).
€2

— 0

An important remark is that || euy” — u% |lo.0, =
implies that we could have the normal component blowing up with the
rate || u$’ lo.a, ~ €7, 0 < p < 1 without any contradiction. Still
we can conclude some information about the order of magnitude of
the normal component. Suppose first that u% # 0 and consider the
quotients

H 11%« ||07Q2 —0
€,2
T oo, lleusy? ey llo,o,
The lower bound holds true for e > 0 small enough and adequate
0 > 0 then we conclude the quotient of tangent component over normal

component L?-norms blows-up, i.e. the tangential velocity is much
faster than the normal one in the thin channel.

HWQMQQ Heff2

> 0.
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If u3 = 0 we can not conclude the same reasoning, so a further
analysis has to be made. Suppose then that the solution u, p of (3.2)
is such that u? = 0; then (3.2b) takes the form

/ )\cpqu—/ u-qu:v:/ qu:)s—l—/ qua:+/fp'y(q)d5
Q1 951 951 Qo r
forallg e M

and we conclude

(3'7) - <u “n, 7y (Q) >H*1/2(F)7H1/2(I‘)

:/F(/Olp(zﬁ,z)dz)v(q)d%r/Ffr’y(q)dff,

je. u-n = <f01 F(Z,2) dz) + fr. But on the other hand, if u?> = 0
then it is clearly in L2, (Q3) and so u € L2, (Q). Then, in particular
it must hold u-n = u?-n = 0 on I, then, if we impose the condi-

tion <f01 F(z,2) dz> + fr # 0 (3.7) is impossible and || u%? ||g,q, >

2 :
| uy” [0, 0, for € > 0 small enough as discussed above.

4. THE EVOLUTION PROBLEMS

We shall resolve the initial-boundary-value problem for the equations
(1.1) with the coefficients, interface and boundary conditions as given
above, that is, for the singular evolution system

(4.1a) ap (x)u' + Vp' +g“'(x) =0 and
(4.1b) cl(x)agzl FVou = FCin Q,
(4.1c) pr=0 ondQ —T,
(4.1d) pot — po? = au®' - n and
ﬁagj —u“ n+u? n=f onTl,
(4.1e) €ay (r)u? + Vp? + g“?(r) = 0 and
(4.1f) e (w)agj LV out? = Fin O,
(4.1g) u“?>.n=0on 00 T,
with initial conditions
(4.1h) c(2)pt(-,0) = cy(x)p) in Q,
(4.11) ca(2)p™?(-,0) = co(w)py in 0,

(4.1j) Bp2(, Bpg on T.

]
=
|

13
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Since we shall describe the limit as ¢ — 0, we first rescale as in
Section 2 to get an evolution system in mixed form

u‘(t) eV, p(t) € Q:

(4.2a) Au(t) + B p(t) = —g inV/,
(4.2D) B + ST = (g,
(4.2¢) Cp(0) = Cpo,

in which the spaces (2.1) are independent of € and the operators are
chosen as for the scaled singular problem (2.2), namely,

(4.3a) A‘u (V):/Q ai(z)u-vder

+62/ ag(a:)u-vdx—i-/a(ul-n)(vl-n)dS,
Qo r

(4.3b) Bu(q) = — V-uqdaz+/u1-nq2d5

Q1 r

+e/ ﬁ”%qdw—l—/ ui 0.qdw
QQ Q2

(4.3¢c) Cp(q) :/Q cl(x)pqu—l—e/ﬂ CQ(x)pqu.—k/FﬂquQdS.

2

The functionals are given by

ﬁﬂzégﬂ@w%wmfégﬂww%wuvev

f@@=£fﬂ@W%ﬂmaéw%mwmw
+/Fff(8) ¢*(s)dS, qe€Q,

where each g/ € L?(Q;), and ff € L*(T'); F* will be determined below.
We shall show that the elliptic-parabolic system (4.2) is governed
by an analytic semigroup on a Hilbert space determined by C¢ and
that the limiting form corresponds similarly to an analytic semigroup
which realizes an elliptic-parabolic equation in €y constrained by an
elliptic equation on the part I' of its boundary. Then we establish the
convergence as € — 0 of these solutions of the evolution problems.
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4.1. The Scaled Problem. Assume the conditions of Theorem 1.4
on all data. Additional assumptions on F(¢) will be prescribed below.

First we simplify the problem (4.2) by a translation. Let u¢, p¢ be
the solution of the stationary problem (2.2) with g and ff as given
(independent of t), F~! = F%? =, and A = 0. Subtract u¢ from u®(¢)
and p¢ from p(t) to get the problem (4.2) for the differences, but with
g =0, ff =0, and initial value py — ps.

Consider the case of 5 = 0. The parabolic region for the system (4.1)
is Qo = int{x € Q: c(x) > 0}. Then fQo c(z)p(x)q(x) dz is a continu-
ous scalar-product on the restrictions {¢q|o, : ¢ € @}, and we denote
by Q. the completion of these restrictions in that scalar-product. This
is the state space for (4.1), the weighted space L*(€,cdz) with the
measure dy = c(x)dzx. We let QS be the space @), with the (equivalent)
scalar product Cp(q) for 0 < ¢ < 1. Then we have the uniformly
bounded and dense restrictions ) — ¢ and uniformly bounded inclu-
sions Q¢ — @Q'.

Define the (unbounded) operator L on Q¢ by L'p = f € QSifp € Q
and there exists a u € V such that Au + B'p = 0, —Bu = C*f.
Then u and p are unique, and we have

(Lp,p)q: = C°f(p) = —Bu(p) = =B p(u) = Au(u) > 0,

so L¢ is accretive on Q. A similar calculation shows that L€ is symmet-
A¢ BN .
R e )
onto {0} x Q¢/, so I + L¢ is onto Q¢ and L€ is m-accretive on Q¢. The
evolution system (4.2) is equivalent to the initial-value problem

ric, because A€ is symmetric. Theorem 1.4 shows that

dp:lt(t) + L6p6(t) — (Ce)*lfe(t)’ 0<t<T, pg(o) — o,

in the Hilbert space ()¢, so we get existence and uniqueness of the
solution from the Hille-Yosida-Phillips theorem. (See Theorem IX-1.19
and Theorem IX-1.27 of [11] or Theorem 1.5.2 and Theorem IV.4.1 of
[15].) The case of § > 0 is similar; it follows as above but with Q.

replaced by Q.5 = Q. P L*(T).

Theorem 4.1. Assume the hypotheses of Theorem 1.4. Then for ev-
ery po € Q., T > 0, and Holder continuous F¢ € C"([0,T],Q.) for
some 0 < r < 1, there is a unique solution u¢ : (0,7] — V and
p°: [0, 7] — Q with p* € C([0,T],Q.) N C*((0,T],Q.) of the scaled
evolution problem (4.2). This solution satisfies

(4.4a) au®' + Vpo' +g“'(z) =0 and

ap671 61 €1 ;
(4.4Db) L= +V.u" = F(z,t) in Q,

(4.4¢) pt=00n0Q —T,

15



16 FERNANDO MORALES AND R.E. SHOWALTER

(4.4d) pol — po? = au®' - n and
ap672 €1 ~€,2 €,2 €
(4.4e) ﬂat —u®'n+ (en”’ uy) n=fi(s) onT,
ca ﬁe,2+% e,2+~e,2 T :6’

(44f) 2 i €,2 pQ ge 2( )

casuy + 0,p" +egy (x) =0,

€,2 .

(4.4g)  €co T +eV 0?4 0.u = e FY(x,t) in Qy
(4.4h) and  (en?, ujvg) n=0o0n0—T,
at each time t > 0 and the initial conditions
(4.41) Cl(')pe’l('ao) = Cl(')Pé(') in §,
(4.43) 02(')196’2('70) = 02(~)p(2)(~) in §y,
(4.4K) By 2(,0) = Ap} onT.

If po € Q and F¢ : [0,T] — Q. is absolutely continuous, then p° :

0, T] — Q. is Lipschitz continuous and V - us' € L (0,T; L*(;)).
The system (4.4) is the strong form of (4.2). Note that since F*(-,t) €
/

', necessarily F*(z,t) = 0 wherever ¢(x) = 0. The last statement of
the theorem follows from the inclusion @', — @’ with unit norm and
(4.4b).

A similar construction applies to the spaces (3.1) and operators (3.3),
so we obtain the corresponding result for the limit problem

u(t) € Vo, p(t) € Qo :
Alu(t) + B p(t) = —g in V),

d
~But) + SC(0) = (1) in Q)
Cop(O) = Copg.
Theorem 4.2. Assume the hypotheses of Theorem 1.4 and (2.11). Set

Qb = Qo N Qy and define Q! to be the completion of the restrictions
{dlay : ¢ € Qu} in the scalar product [, c1(2)p(x)g(x) dx. Then for
0

every py € QL, T > 0, and F' € C" ([O,T],Qi’) with 0 < r < 1,
there is a unique solution u : (0,T] — Vo and p : [0,T] — Qo with
pe C([0,T],Q1NC* ((0,T],Q) of the limit evolution problem (4.5).

This solution satisfies

(4.6a) a; (z)u' + Vp' +g'(z) =0 and
)

(4.5)

1
( cl(x)aa%jLV'ul:Fl in Oy,
(4.6¢) pt =0 on o —T,
(

4.6d) p'—au'-n=p*>onT,
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(4.6¢) ax (%) 02 + Vp? + g*(%) = 0 and
(4.6f) ﬁaa—zf+€~ﬁ2 = fr+u'-n|p on T,
(4.6g) u’ n=0o0ndQ%-T
at each time t > 0 and the initial condition

(4.6h) ()p'(,0) = (i) on Qi
(4.61) pp?(-0) = fBpg onT.

4.2. Convergence. Assume the situation of Theorem 4.1. By the
translation above, we reduce to the case of g° = 0 and ff = 0, since
these functions are independent of time. Also we assume that py € @,
each F°:[0,T] — Q. is absolutely continuous, and

(4.7a) IF 20,000 1% F<llLi 01y are bounded,
(4.7b) Fhe % Flin L2(0,T;Qy),

(4.7¢) gt = g in L*(Q), and

(4.7d) fe 5 frin LA(T).

Theorem 4.3. Assume the conditions of Theorem 1.4, (2.4), (2.11)
and (4.7). Then the sequence u® = [u®' eu*?], p° of solutions of the
corresponding scaled problems (4.4) converges weakly in V x Q to the
solution [u',u? € Vo, p € Qg of the limit problem (4.5), and

(4.8a) p° — p strongly in L*(0,T; H'(Qy)) x L*(0,T; H' (%)),
(4.8b) u — u strongly in L*(0,T; L*(21)) x L*(0,T; L*()),
(4.8¢) o ?ut - n — o?ul - n strongly in L*(0,T; L*(T)).

Proof. Test (4.2a) on u®(t) and (4.2b) on p*(t), add and integrate to
obtain

/o AU (1) (u (1)) dt+2Cp"(T) (p(T)) = / FE(8)(0 () dt+5C"po(po).

Since F© € L>(0,7;Q:), we find that both of supy<,7 Cp(t)(p(t))

and fOT Auc(t)(u(t)) dt are bounded, and this gives bounds on each of
lut | r20.7:22(00)) and ||eu?|| r20.7;22(00)) independent of € > 0. From
(4.4b), the uniform bound on £Cpe(t) in L*(0,T’; L*(€1)), and the inf-
sup condition on B¢, we get || V-u!|| 20,7 12(0,)) and [[us'n| 207120y
bounded. The Darcy laws (4.4a) and (4.4f) imply that each of

||Vp€’1||L2(o,T;L2(Ql))7 ||Vp€’2||L2(0,T;L2(Qg)), ||%azpe||L2(0,T;L2(Qg))a

is bounded. Finally, we use Poincaré inequality with (4.4c) and (4.4d)
to bound

10 20 @1y 192N 20,0 (0
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From the preceding estimates, it follows there are weakly convergent

w w . .
subsequences [u®!, eu®?] = u and p® — p in the respective spaces

V:L2<O,T,V)7 Q:L2(07T7Q)7

and 9, p¢ — 0 strongly in L?*(0,T; L*(€)).

Choose ¢ € C§°(€22), apply (4.2b) to ¢ = e and take the limit as
e — 0 to get O,u% = 0. Then apply it to e¢® for a general ¢ € Q
to get ud = 0 as before. Next apply (4.2a) to v = (2v,0) where v €
C5°(£2y). Assume (2.11) and take the limit as e — 0 to get u? = 6?(x, t)
independent of z.

The above shows and that the limits u, p belong to the corresponding
subspaces

Vo = L*(0,T:Vy), Qo= L*0,T;Qy).

Since u®, p° are solutions of (4.4), they satisfy
49) u eV, peQ:

/ Acu( t))dt+/TBelpe(t)(v(t))dt—/OTBEuE(t)(q(t))dt

—/'wﬁ< Wyit= [ F a0t + Cmlaf0)
0

for all v € V, q € Qwith ¢ € H'(0,T;Q.) and ¢(T) = 0.
Let v € Vo and ¢ € Qp be given with ¢ € H*(0,7;Q!) and ¢(T) = 0.

Apply (4.9) to [v!,2v?] € V and ¢, then pass to the limit as € — 0 to
obtain

(410 uecVy peQ:

/AO dt+/0 Bo'p(t)(v(t))dt—/ Bou(t)(q(t))dt

0

—Acwx“”ﬁ /f° (1))dt + Cpo(q(0))
for all v € Vg, ¢ € Qy with ¢ € H*(0,T;Q}) and ¢(T) = 0.

This is an equivalent weak formulation of the limit evolution system
(4.5). (See Section IIL.3 of [15].) We shall establish uniqueness for
(4.10), and that implies the original sequences [u®!, e u?|, p° converge
weakly to u, p as indicated above.

Define the continuous linear £ : Qo — Q) by L(p) = —B% € Q]
where u € Vg, p € Qy, A’u+ B°p = 0in V). The system (4.10) is
equivalent to the linear degenerate Cauchy problem

(4.11) %cop@) L Lplt) = (1), 0<t<T, Cp(0) = C'py.

For uniqueness of the solution it suffices by Proposition I11.3.3 of
[15] to show that L is symmetric and @Qg-coercive. The symmetry
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follows as before, so it remains to verify the coercivity. Denote by Wy
the space Vj with the scalar product A°(-,-) given by (3.3a). Then the
imbeddings Vy — W, and W{, — V{ are bounded and A" : W, — W/,
is the Riesz isomorphism. If £(p) = —B%u, then

(4.12) Lp(p) = A"u(u) = |luly, = |4}y,
> col A"ully; = cllBY plly, = cacllplla,,

where the last follows since B°  is bounding. This shows that £ is
Qo-coercive.

It remains to verify the strong convergence statements in (4.8). For
v € V denote the (weaker) norm

(4.13) ||V||2:/ al(x)lvl|2dx+/ ag(x)|v2|2dx+/oz|vl-n|2dS.
951 Qo r
Then we have
T
= [ A de =
0

T
TG + i)+ [ FOp o
0
and by weak lower-semicontinuity,

limsup [[u‘||? <

e—0
T
— AT BT) + 4Cm(m) + [ SO0 e
0
T
:/ Au(u) di < liminf [u|*

0 e
Thus we have lim_q |[[u||* = |Jul|?, and with weak convergence in the
norm (4.13) (weaker than || - ||v), we obtain strong convergence in the
norm (4.13).

Finally, from the flux convergence (4.8b) and the Darcy laws (4.4a)
and (4.4f) we have {Vp°} strongly convergent in L*(0, T; L*(Q2)). From
the boundary condition (4.4c) and the Poincaré inequality we get the
sequence {p®'} strongly convergent in L?*(0,7; H'(€;)). Then from
(4.8¢) and the transmission condition (4.4d) we get (the trace of) {p“*}
strongly convergent in L?(0,T; L*(T')), hence, in L*(0,T; H'(2)).

U
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