SINGLE PHASE FLOW IN PARTIALLY FISSURED MEDIA

J. DoucLAs, JR.,* M. PESZYNSKA,** AND R. E. SHOWALTER***

ABSsTRACT. Totally fissured media in which the individual cells are isolated by the fissure
system are effectively described by double porosity models with microstructure. Such models
contain the geometry of the individual cells in the medium and the flux across their interface
with the fissure system which surrounds them. We extend these results to a dual-permeability
model which accounts for the secondary flux arising from direct cell-to-cell diffusion within
the solid matrix. Homogenization techniques are used to construct a new macroscopic model
for the flow of a single phase compressible fluid through a partially fissured medium from an
exact but highly singular microscopic model, and it is shown that this macroscopic model is
mathematically well posed. Preliminary numerical experiments illustrate differences in the
behaviour of solutions to the partially fissured from that of the totally fissured case.

1. Introduction.

The bulk characteristics of laminar flow through porous media are determined in the
homogeneous case by two essential parameters, the porosity and the permeability of the
medium [10]. A more detailed description of flow in naturally fractured porous media was
initiated by necessity in the petroleum industry during the 1940’s, where the high rate
of recovery in the initial stages of reservoir production in fractured media often led to
substantial overestimates of well production and capacity. In fact, the storage capacity
of naturally fractured reservoirs varies extensively and depends largely on the degree of
fracturing and the consequential range and distribution of the values of porosity and per-
meability. An extensive list of references on flow in fractured rocks is available in [34]. Any
theory of flow through fractured media must account for this range of size in the pores and
interstitial openings. The primary pores are the smallest, but they account for about 30%
of the volume, while the relatively widely spaced and highly permeable fractures constitute
only about 2% of the volume. This leads to the basic characteristics of fractured media,
namely, that most storage can occur in the pore system while the fractures are responsible
for most transport. The wide range in values of porosity and permeability in these two
regions together with their volume distribution and geometric arrangement greatly com-
plicate the development of models for flow in naturally fractured media. The objective is
to accurately characterize the pressure changes and depletion history of the medium, and
much effort over decades has been devoted to reproducing the transient response of the
fluid exchange between fractures and matrix blocks.
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Any attempt to exactly model the flow through such highly inhomogeneous media leads
to very singular problems of partial differential equations with rapidly oscillating coefhi-
cients. As an alternative, many methods of averaging have been developed, and these lead
to various models of dual-porosity and dual-permeability types. The development of such
dual models began with [8] where the fractured medium is represented by two independent
overlapping flow fields, one representing the porous matrix and the other representing the
system of fissures. These are coupled together to form a system of two (possibly degener-
ate) parabolic equations over the flow domain, one for the density field in each component
of the medium, and these can be specialized further to reflect the assumptions incorpo-
rated in the corresponding model. The two components are treated symmetrically in the
resulting system of two parabolic partial differential equations; such models are thus said
to be of parallel flow type. In particular, this type of dual-porosity model for the idealized
case of a totally fissured medium is developed in [8]: there is no flow in the porous matrix
but only through the system of fissures, because the matrix is assumed to be composed
of individual blocks which are isolated from each other by the very well developed system
of fissures. In the more general dual-permeability case for which the fissure system is
less developed and there is some flow permitted within the porous matrix, we call this a
partially fissured medium. This more general model should prove useful in describing the
variety of features which occur in naturally fractured media. These parallel flow models of
dual-porosity or dual-permeability type have been developed substantially for a variety of
problems; see [33, 14, 1, 7, 16, 21, 28].

Essential limitations of the parallel flow models include the suppression of the geome-
try of the small matrix blocks and their corresponding interfaces on which the coupling
occurs as well as the lack of any distinction between the space and time scales of the two
components of the medium. These deficiencies motivated the class of models of distributed
microstructure type. Such models are known in many cases to be the limit (by homoge-
nization) as the scale of the inhomogeneity tends to zero, and they provide a means not
only to justify rigorously the model but also to represent it as a continuous distribution of
blocks with prescribed geometry. Here we shall develop a distributed microstructure model
for the flow of a single phase, slightly compressible fluid in a partially fissured medium,
hereafter denoted by PFM. This is defined to be a porous medium in R3 composed of two
interwoven and connected components, the first being a matrix of porous blocks and the
second being a system of fissures, so it exhibits both dual-porosity and dual-permeability
characteristics. Note that it is impossible to satisfy these geometric constraints in R2.
Limiting cases of the geometry arise when one of the two components of the medium be-
comes disconnected. In the special case of disjoint porous blocks which are separated by
the system of fissures, it is called a totally fissured medium and denoted hereafter by TF M.
Single phase flow, as well as more complicated flows, in a TF M have been investigated
by several authors; see [2,5,6,11,20,31]. The recent book [19] contains a survey of these
and other results on distributed microstructure models. Below, we develop such a model
of single phase flow in the general case of a PFM which in the limit (as the ratio of the
volume of space occupied by the connecting portion of the matrix to the bulk volume of
the matrix tends to zero) reduces to the corresponding model for a TF M.

The common characteristics of fissured media are that the matrix of porous blocks
occupies a much larger volume than the fissures and that it is relatively much more resistant
to fluid flow than is the fissure system. As a consequence, most of the flow passes through
the system of fissures, while bulk storage of fluid takes place primarily inside the porous
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matrix formed by the blocks. In a TFM the flow in the blocks is induced only by the
exchange of fluid which takes place on the block—fissure interfaces, and any interaction
between the blocks is possible only via the neighboring system of fissures, which separate
the blocks. The proper description of flow in a fissured medium requires both global and
local characteristics; it is not possible to capture the duality between macro— and micro—
structure by means of standard models for flow in porous media (see [11]).

In partially fissured media, blocks are connected to neighboring blocks, so that some
part of the flow passes through the block interconnections. While the primary flow will
continue to be that from blocks into fissures followed by flow within the fissures, the flow
in the porous matrix has more than only a local character, as in the case of a TFM.
In a PFM, it is possible that the behavior in nearby blocks can influence directly the
behavior in each, not just indirectly via the system of fissures. In many situations this
effect is less promiment than the bulk flow in the fractures, but in others where the matrix
has a moderately higher permeability and the interconnections between the blocks are
sufficiently large it can have a noticeable effect .

Exact microscopic models of flow in a fissured medium customarily treat the fissures
and the matrix systems as two Darcy media with different physical parameters. The dis-
continuities in the parameter values across the matrix—fissure interfaces are severe, with
the ratios of their values in the fissures and blocks usually being of some orders of mag-
nitude; moreover, the characteristic width of the fissures will be very small in comparison
with the size of the blocks. Consequently, the exact microscopic model, written as a classi-
cal interface problem, is numerically and analytically intractable. The common technique
used to overcome this difficulty is to construct models which describe the flow on two
scales, macroscopic and microscopic (see [2,5,6,11,20,31]). At the macroscopic scale of the
reservoir the whole domain of flow is seen as occupied by a pseudo—porous medium with
the “impermeable” solid part being replaced by the matrix of permeable blocks and the
pores representing the fissures. In these models, the microscopic scale appears through the
necessity to define the flow on matrix blocks. The flow in the two scales is related through
interface conditions on the faces of the blocks that conserve mass and momentum (and, in
the case of some more complicated fluids, additional quantities); these interface conditions
present themselves as boundary conditions on the blocks and as distributed source terms
in the macroscopic equations.

Derivations of these two—scale models of distributed microstructure type have been
carried out for the case of totally fissured media, and they are based on an averaging
over the exact geometry of the region (see [2,3]) or by the construction of a continuous
distribution of blocks over the region as in [31] or by assuming some periodic structure
for the domain that permits the use of the homogenization technique (see [20] or [23]
for a review). The general modeling framework has also been applied to derive models
for multiphase, multicomponent, and nonisothermal flows in a TFM, for which some
analytical as well as numerical results exist (see [4,11,24,25, 19]).

In this paper we shall construct by means of homogenization a model for the simplest
type of flow, that of a single phase, compressible fluid, in a partially fissured medium.
We shall apply general ideas of homogenization (see [9, 29] and the specific framework
introduced in [5]) for modeling of flows in fissured media. The plan is as follows. In §2
we review the construction of a model for single phase flow in a TF M. In §3 we develop
an exact e-model for diffusion in a PF'M which provides the basis for the homogenization
construction; §4 contains technical calculations which lead to the limiting model composed
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of macroscopic and microscopic equations. In §5 we summarize the limiting model and
comment on its well-posedness. The concluding §6 consists of some remarks on the ob-
served relative behavior of the various models in some preliminary numerical experiments.
These indicate that the qualitative differences in behavior of solutions of the PF M model
from those of the TF'M are sufficiently large to be observable. Realistic numerical models
constructed from typical data will be developed elsewhere.

2. A Homogenized Model for Single Phase Flow in a TFM.

Here we review the derivation by homogenization of a model for single phase flow in
totally fissured media following [6,11]. The notation below closely follows that of these
papers as well.

We begin with the microscopic model of single phase flow in a fissured domain (2,
a bounded open subset of R3, over the time interval I = (0,7), T > 0. The fissure
and matrix components of the domain are denoted by ¢ and €,,, respectively. Their
boundaries are denoted by 0€2y and 0€2,,. The fissure-matrix interface is given by I, =
082y N 08y,. The domain is assumed to have a periodic structure, with the cell of the
period being taken to be Y = (0,1)3 for simplicity (see [11,12,13] for different choices in
the shape of the period); hence, Q consists of a lattice of copies of Y. The cell Y retains
the double component structure of the fissured domain and Y = Tfu?m, with Yy and Y,
denoting the fissure and matrix parts of the cell. Let I'f,, be the part of I¢y,, contained
in Y, and let I'¢f and I'y,,, denote the respective intersections of 0Y with Q; and €y,.
We note that, in the totally fissured case, the block interconnection T'y,,, is is empty (see
Figure 1). By 7,,, we denote the normal unit vector to I't,, which points in the direction
out of Y,,, and by 7y its counterpart out of Y.
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FIGURE 1. Fissured Media

TFM

In addition to the assumption of periodicity of the geometry, we assume that the physical
parameters of the problem have Y —periodic character, which implies that the solutions
to the differential problem also exhibit certain periodic behavior. They have, however,
also some macroscopic (non—periodic) behavior which is seen on the scale of the whole
reservoir. We are interested in capturing and possibly decoupling both of these solution
modes, the “global” (macroscopic) mode and the “local” (microscopic—periodic) mode;
this will be achieved by the technique of homogenization. To this aim, we shall investigate
the asymptotics of solutions as € — 0 to a family of properly scaled problems posed on
domains €2° formed by unions of copies of cells €Y. Below, we use € as a superscript or
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subscript on coefficients or variables to denote objects periodic with respect to €Y; we
omit this notation when ¢ = 1.

In order to define the e-model, we first recall the model of flow of a slightly compressible,
viscous fluid of density p, viscosity p, and compressibility ¢ in an ordinary porous medium
of porosity ¢ and permeability k. The equation of state relating the pressure to the density
is given by

(2.1) dp = cpdp.

Conservation of momentum is expressed by Darcy’s law, which together with the continuity
equation (conservation of mass) leads to the equation (see [10, 11])

dp
2.2 +_v. =
(22) $% V- (AVp) =0,
in which the mobility X is defined by

(2.3) A=

m?
tively. The e-model on Q° consists of differential equations on each of the subdomains 2%

and €27, for the density, which will be denoted by py on 2% and by 7. on §7,, respectively,
plus two interface conditions on I'},, to insure conservation of mass and momentum across
F?m. An exterior boundary condition and an initial condition must also be specified, but
they do not enter into the derivation of the limit model. In the totally fissured case, it has
been shown that, to preserve the magnitude of the flux crossing the interfaces contained
within a fixed volume of the medium as € — 0, it is necessary to scale the mobility in the
blocks by the factor €2 (see [5]). Thus, the e-model of diffusion in a TFM has the form

Let the system of fissures and matrix blocks in Q¢ be denoted by Q‘} and €2 . respec-

Opf.e
(2.4) ©f g’;’ —V-(A\fVpse) =0, z€Q5 tel,
076 2 €
(2.5) Pm g V- (eAmVy) =0, €, tel,
(2.6) AfVpse Nm = A Ve hm, T € L%, t €1,
(2.7) Ye = Pt.e zels,, tel.

If ps . and 7. are expanded in powers of € and the formal analysis of these expansions is
carried out (see [5]), it can be seen that the leading terms for the densities in the fractures
and matrix blocks satisfy the following system of equations:

Y:| 0
28) o 1O 1) 0, (A Vaps) = sl wEQ el
1
(2.9) gmr(z,t) = —— Am VyYo - Nmdl, x €, tel,
Y| Jr;..
0
(2.10) gom%(x,y,t) - Vy (A Vyv0) =0, y€Yn(x), x€Q, tel,

(2.11) vo0 = py,0, y €Y, (x), e, tel,
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where |Y| and |Y7| denote the volumes of the reference sets Y and Y%, respectively. The
effective mobility tensor Ay is given by

8wi

)dy,
Y

1
2.12 A z-:—/,\((L--YJF
( ) (f)] ‘Y| Yf f ’J‘ f‘ 8]

with the auxiliary functions wg, k£ = 1,2, 3, being Y —periodic solutions (modulo a constant)
of

(2.13) Viwg =0, y €Yy,
(2.14) Vywk "Ny =—€x-Nf, YE&E Ffm,

where e, is the unit vector in the direction of the k—axis.

Equation (2.8) is to be solved in Q for the macroscopic density, pso. The right-hand
side of this equation contains the distributed source term, g, which evaluates the flux
across the boundary of the block Y, (z) topologically attached to the point z € € in the
two-sheeted covering of €2. Blocks over different points in {2 are disconnected; thus, no flow
can take place directly from one such block to another. It is this feature that identifies
this distributed microstructure or two-scale model as being a dual porosity model for flow
in a totally fissured medium.

If the scaling of the permeability in the blocks had been omitted, then the limit process
would have led to a single porosity macroscopic system that fails to represent the delay
that is inherent in the flux entering the fractures from the blocks. It is precisely this
delay that led three decades ago to the introduction by Barenblatt, Zheltov, and Kochina
[8] and Warren and Root [33] of simpler parallel flow models, which were limited by the
computational capacities then available, in order to match observed reservoir behavior
better. For further discussion, see [14, 11,5, 17,18] and the references therein.

3. Single Phase Flow in a PFM: the e—Model.

In this section we develop an e-model for single phase flow in a partially fissured medium.
In the next section we apply homogenization to the e-model to derive the limiting, macro-
scopic model for this type of flow.

Let us first discuss what would happen if we were to change only the geometry of the
TFM. This seems to provide a possible model for a PF M, since we did not explicitly use
the assumption that the matrix blocks be disconnected in the construction of the e-model,
nor did it seem to be used when passing formally to the limit as € — 0. However, the
scaling of the permeability in the blocks and the form of the interface conditions implicitly
contain the assumption of local disconnectivity; nowhere was there a provision for global
flow to take place totally within the matrix. This lack is clearly apparent in the auxiliary
problems (2.13)—(2.14) whose solutions are used to close the homogenization process and
to evaluate the permeability tensor in the macroscopic treatment of the fractures. Hence,
no macroscopic model can result from the TFM e-model that can successfully model
flow having two global parts, as is intuitively inherent in the case of a PFM. Thus, it
is necessary to redesign the e-model to account for the connectivity of the blocks, while
still accounting for the local interaction between the fracture and block structures. In
particular, it is necessary to provide for the existence of a globally defined density in the
matrix, in addition to the local description of the density in a block; i.e., both the rapidly
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varying and the slowly varying components of the density in the matrix must enter into the
model. Thus, we are led heuristically to introduce two scalings of the permeability in the
matrix, but only one in the fractures. (The porosity, the viscosity, and the compressibility
do not scale.)

As in the e-model for diffusion in a TFM, we use pys. to describe the density in the
fissures; but, in order to describe the density in the matrix, instead of one variable we use
two variables. The first, py, , leads to the global description of the density in the matrix,
while the second, «., will provide the required information about the local behavior of the
density as restricted to a single cell. We specify two coefficients, a and 3, which determine
the “proportion” between the slow and rapid (global and local) phases of the “total” density
in the matrix as measured on the interface I'f,,,. Note that a +8=1, 8> 0, a > 0.

The e—model is as follows:

0
(3.1) 0y gi’e — V- (AfVpse) =0 in Q5 x I,
Opm.e e
. Pm - *\m m.,e) — 3
(3.2) at’ V- (AnVome) =0 in QF x1T
07e 9 . e
(3.3) Pmgy V- (eAmV7ye) =0 in UY,, x 1,
(3.4) BANVpse-n5+ EAmVY%e - tm =0 onT% x1I,
(3.5) ariVpre nf +AnVome Nm =0 onl%, xI,
(3.6) Pfe = Ppme+ Ve on 'y, x I,
(37) Ye = KPm,e on anm X ],
. mV Pm,e* NMm + KE A Ve * Ny, = on X 1.
3.8 AV P, 2AmV 0 | N

The first three equations describe “fast”, “moderate”, and “very slow” flow, which are
defined in the fissures, the matrix, and individual blocks, respectively. In order to stress
the difference between the definitions of p,, . and 7., note the different spatial domains on
which the equations (3.2) and (3.3) are to be solved. The equation (3.3) is to be solved
in the set of interiors of what are now artificially disconnected individual blocks, while
(3.2) is to be solved in the whole of 2%, which includes all of the blocks and the interfaces
between adjacent blocks to form a globally connected set. The conditions (3.4) and (3.5)
conserve mass across the interfaces L%, between the density in fissures and the “total”
density in the matrix, with prescribed proportions between the two components of the total
density in the matrix; (3.5) is an ordinary interface condition, while (3.4) is typical for a
fissured medium interface condition with the permeability coefficient scaled to preserve
the magnitude of the flux across the union of all interfaces contained in a fixed volume as
¢ — 0. As a consequence of those two relations, the fluxes described by the two density
variables in the matrix satisfy the equation

(07

ﬁgQAmV% ‘N on I'%, ..

(39) )\mvpm,s *Nm =

The condition (3.6) expresses conservation of momentum between the fissures and the
matrix, with prescribed proportions between the two phases (global and local) in the
matrix. We note that the condition (3.6) is, in a mathematical sense, dual to the conditions
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(3.4) and (3.5) (see below notes on the well-posedness of the problem). The system is
complemented by a pair of conservation equations (3.7) and (3.8) (momentum and mass) on
(the artificial interface) I'¢,, . The constant x appearing in these (pairwise dual) equations
gives the option of imposing another proportion between global and local phases of the
density in the matrix to hold on I';,,,. We require that 0 < x < 1.

The combination of the three constants «, (3, and k determines the proportions between
the different components of the total density in the matrix on the boundary of the blocks
Y,® . The relevant values in a particular application can be established by an experimental
or numerical study. Some choices of the values of the parameters {«, 3, k} have special
interpretations, as discussed below. For example, the case of a = 0, # = 1 is interpreted
as follows: the interface I'},, is “impervious” for the “global flow” in the matrix (described
by the variable p,, ¢) or, in other words, that the changes in p,, ¢ arise only by interaction
with ¢, which, in turn is “fed” by the flow in the fissures across I'¢,,. On the other
hand, the choice of K = 1 for conditions on I'},,, leads to the interpretation that the
fluxes associated with the “local” and “global” variable are mutually “reflected” from
the (artificial) boundary. One might also see then (3.7) and (3.8) as a pair of “standard
interface conditions” modified to indicate that both variables are considered on the same
side of '}, , rather than on opposite sides as it is the case of classical interface conditions.
Finally, if « =0, 8 =1, k =1, and I'¢,,, = 0 (formally), then the model reduces to the
e-model for the TF M case. The model derived in the limiting process from this choice is
equivalent to the model for TF M, as shown later. Other choices of a, 3, and & lead to
different patterns of splitting between the two pseudo-phases.

Independent of the choice of a, 3, and &, one can prove that the system (3.1)—(3.8) is
well-posed , when complemented by the appropriate initial and boundary conditions

(3.10) Pf,e(®,0) = pginit, z € QF,
(3.11) Pm.e(,0) = pminit(x), =€ Q5 ,
(3.12) v(x,0) = Yinit(x), x €y,
(3.13) AfVpre-no =0, x € 002N 00N,
(3.14) A Vpme -na =0, x € 00N o,
(3.15) E2Am Ve -0 = 0, x € 00N IN;,.

It is a system of linear parabolic equations coupled by interface conditions. The coupling
on interfaces is the crucial element in the system, and it is the main source of difficulty in
its analysis and approximation. One can see that the dynamics of the problem is governed
by an analytic semigroup, in the general setting of the following well-known result (see e.g.

[30]).

Theorem 1. Assume that V and H are Hilbert spaces, with V dense and continuously
imbedded in H. Let a(-,-) be a continuous bilinear form defined on V such that the form
a(-,-) + (-, -)u is V—coercive; i.e., for some positive constant c, a(u,u) + (u,u)y > cl|ul/3.
Then, whenever f € C¥([0,00),H), 0 < v < 1, and ug € H, there exists a unique
u € C([0,00),H) N C((0,00),H) such that u(t) €V fort >0 and

(W' (t),v)3 + a(u(t),v) = (f,v)n, Yve,

(3.16) () =
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To apply the theorem in order to prove well-posedness of (3.1)—(3.15) (or its more
general form, with an external source term f as admitted by the theorem) we need to
define an appropriate abstract setting for the problem. Let

H = L*(Q%) x L*(Q5,) x L*(Q,).

Note that L2(Q2,) = L?(UY,S). The scalar product in H is defined as

(u, ’U)H = ¢ rurvide + Gm (ugvs + uzvs)de.

05 Qz,

Next, set
V={uc Hl(ch) x H'(Q5,) x H'(Q5,) : u1 = aug + Bug on [y, kus = ug on Ty }

and define the bilinear form

a(u,v) E/ﬂ

Under appropriate assumptions on the data of the problem (specified in Corollary 2 below),
the required hypotheses of the theorem hold on V, H, a(-,-). Hence, the Cauchy problem
(3.16) has a unique solution.

Now we demonstrate that this problem is a variational form of our differential problem
(3.1)—(3.15) by the following calculation. Let v = (v1,v2,v3) € V, multiply (3.1), (3.2),
and (3.3) by the corresponding components of v, and integrate the resulting equations over
Qf, Qp, and Qy,. Integration over (25, means integration over individual blocks, followed
by summation over all of the blocks. Application of Green’s theorem and the boundary
conditions on Jf2 leads to the relations

(AfVuy - Voy)dz + / (Am Vg - Vg + €A, Vug - Vug)dz.
Qz,

€
f

Opy,e
/ (gbf g’; v + AfV - pf75VU1)d$ = / AfVpse - npvidl,
Qs Tfm

0pm.e
/ (¢m Pm, vg + )\mvpm,s : V’Ug)diﬂ = / )\mvpm,e * N v2dl’ +/ )\mvpm,e * Nmv2dl’,
Q

e ot Tfm Crm
0
/ (¢m e vz + 52)\mv76 ' VUS) dr = / 52)‘mv7€ ' nm'UBdF + / 52)\mV’Y€ : ﬂm’Ude,

where the integrals over I't,, and I';,,, should be understood as a sum over all blocks
of integrals on the interfaces restricted to the individual blocks. The flux conservation
conditions (3.4) and (3.5) give

1
/ AfVpre-npvdl = —— e2Am Ve - Nmu1dT,
Tfm B Jry,,
a

/ AV Pm e - Mmvadl = — €2 Am Ve - Ny vodl,
I‘fm :8 I‘fm
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while it follows from (3.8) that

/ AV Ppm e - NMmv2dl = —/s/ EZAmV'yE - Nmuadl.
me

me

Add the equations above, apply the relations v; = awvy + vz on I'fp, and vz = Kvp on
Lpum, and set w = (pf.e, Pm.e,7y). Together with (3.13)-(3.15) we then obtain

(3.17) (v, v)y + a(u,v) = 0.

Conversely, these calculations can be reversed to show that a solution of (3.17) is a gener-
alized solution of (3.1)-(3.8) and (3.13)—(3.15). This leads to the following corollary.

Corollary 2. Let A¢ and Ay, be symmetric, positive-definite tensors, and let ¢¢ and ¢p,
be positive. Then, the system (3.1)-(3.15) with square-integrable initial values as specified
in (3.13)-(3.15) is a well-posed Cauchy problem.

4. Single Phase Flow in a PFM: the Macroscopic Model.

We shall apply the method of matched asymptotic expansions to the e-model of the
previous section when the functions are expressed in terms of two spatial variables, the
“slow” variable z and the “fast” variable y = x/e, which represents the local behavior on
the scale of the cell €Y, as € — 0. The time variable will always belong to the interval I;
it will not be necessary to repeat this below.

We assume the following formal asymptotic expansions (see [9,29,32] for the general
multiple scale expansion method and [19, 5] for applications to flows in fissured media):

(4.1) pre(®) = pro(@,y) +epp il y) +psa(z,y) + ...,
(4.2) Pme(T) = pm,o(2,Y) + €pm1 (2, y) + €% pm 2 (z,9) + .. -,
(4.3) Ve(®) = Y0(x,y) + en(z,y) + 2va(,y) + .- -,

(4.4) V=V,+e 'V

in addition, we assume that the functions p;;, 4 > 0, are periodic in the y-variable with
period Y.

Now, insert (4.1)—(4.4) into (3.1)—(3.8) and compare like powers of . By (3.i,k), we
shall mean the equation for k*"-order terms in ¢ in the equation (3.7). Thus, the pair
(3.1,-2) and (3.4,-1) (which is satisfied for 0 < 8 < 1) give the equations

Vg (AfVypro) =0, yeYy, x €,
)\nypf,o-nf =0, yEFfm, x € (.

Equations (4.5) and (4.6), together with periodicity of ps o on I'sf, imply that

(4.7) ps.0 = pro(z)

is independent of the fast variable y, as it should be so that p;o can indicate just the
smoothed, global behavior of p in the fissures.
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Similarly, (3.2,-2) and (3.9,-1) (as a consequence of (3.4,-1) and (3.5,-1)), together with
(3.8,-1) imply that

(48) Pm,0 = pm,()(x)a

so that py, ¢ also describes global behavior, now in the matrix. Then, it is immediate from
(3.6,0) and (3.7,0) that

(4.9) pro(@) = apmo(z) + Br0(;y), ¥ € Dhp; Y0(2,Y) = kpm,o(z), ¥y € Thpy
Next, (3.1,-1) gives the relation
Ve AVypso) +Vy - AVepro) +Vy - (AfVypr1) =0, z€Q, y €Yy
Jfrom (4.7), we see that
(4.10) Vy - (AfVypsa) =0, ye¥y.
Then, (3.4,0) implies that
(4.11) (ArVypsra1) -ng = —(AsVepro) -0, Y € Ty
As in the derivation of the model for a TFM, we let ws, k£ =1,2,3, denote Y-—periodic
solutions (up to a constant) of
(4.12) Viowsr =0 in Yy,
(4.13) Vywrk -nf = —ex-ny¢ on sy,

where, as before, ej, is the unit vector in the direction of the k—axis; the mobility A has
been assumed to be a diagonal tensor in (4.13), though it is a simple extension to allow it
to have a more general form. Then, p¢ 1 can be represented in the form

aPfo
(4.14) pra( waﬂ oz, () +c(z), €, yeY;.

Next, the equation generated by (3.1,0) reads as follows:

9ps,0
7 a]; = Vo (ArVaps0) = Vy - (AfVapy)
(4.15) = Vo ArVypsa) = Vy - (AfVypr2) =0, z€Q, ye¥y
Integrate (4.15) over Yy, use (4.14) for the fourth term, use (4.7), and divide the result by
Yl
|Yf\ Opo 1 /
~— Vg - AV d
1
(4.16) - m L Ve (Ar(Vapsa + Vypy,2))dy
¥

8wf 8pf0 )
2 T 4y | = 0.
( Z /y oy;  om; Y
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Let

1 owrs;
4.17 A ~:—/ A (Y5655 + =L dy,
( ) ( f)w Y] v, f(| f‘ J 5yj)
where 6;; is the Kronecker symbol, and set

1
(4.18) qu(x,t)=m . Am VyYo * 1im dL.
fm

It follows from (3.4,1) that

1

(4.19) A (Vzpp1+ Vypga) -np = =3

Now, observe that

/ p-nfd]f‘zf p-nde—i-/ p-nfdfz/ p-nfdf‘:—/ P Ny dl
oYy Lys Lym Lym Lgm

for any Y -periodic p.
Since py,1 and pyo are Y -periodic, it follows from the divergence theorem, the observa-
tion above, (4.19), and (4.18) that

1
w1 [ Ve As(Vepra+ Vypr))dy = — | Ap(Vepsi+ Vypyre) - ng dl
Y Jy, Y| Jay,
1
(4.20) =W At(Vapsa+ Vyps2) -0y dl
TCim
-t AV ir = — L0 (2.1)
T By, I T TR
Thus, using (4.17) and (4.20), we can rewrite (4.16) in the form
8pf’0 . 1
(4.21) Cr—5, (2,1) = Vo - (ArVapso) = —qum(xa t),

where it is convenient, here and below, to set
Dy = pp|Ys|/IY] and @ = pm|Y|/|Y].

A similar construction can be given in order to determine the equation satisfied by
pm,0. Define auxiliary functions wy, x, £ =1, 2, 3, by replacing the subscript f everywhere
it appears in (4.12) and (4.13) by the subscript m. Analogously, define an effective mobility
tensor A,, by replacing f by m in (4.17). The argument above can be repeated to derive
the following macroscopic equation for p,, o:

8pm,0
ot

(87
- V- (Amvxpm,O) = EQfm(ma t) - KQmm(-Tat)

(4.22) O,
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with

1
Imm(z,t) = m/r A VYo * N dT

The difference in the right hand side comes from the fact that, in calculations over 0€2,,,
we do not have to change the outer normal from 7y to 7,, and that

p-nmdF+/ D Nm dl,
I"fm

/ p-nmdr:/
OYm IN

mm

where the integral over I',,,, need not vanish for non—periodic p.

Physically, the total flux of v calculated on the cell Y is comprised by g¢,, and gmm,
the latter being a source in the matrix equation while gr,, splits to be a source in the
fissure equation and a sink in the matrix equation.

The local problem for the density on the block at the point z results from (3.3,0), (3.7,0)
(together with the consequence of (3.6,0) derived above):

B
(4.23) m% Yy AmVyy0) =0, y € Yo,
(424) 70(377 y) = K;pm,O(x)a (AS mev
1 o
(4.25) y(z,y) = Epf(x) — Epm(x), y € L.

5. The Limit Model.

In this section we summarize the limit two-scale PF M-model and complement it with
suitable conditions on the external boundary 0€2 of Q2 for ¢ € I, as well as initial conditions
for x € Q and t = 0. Then, we discuss the model, including its relation to the T'F' M -model,
and address its well-posedness.

We shall rewrite the equations derived in the previous section for p¢,0, pm,0, 70 (and drop
the subscript zero). In summary, the model consists of the following system of equations,
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holding for z € Q and t € I:

8pf 1
Nl b, —L V- (A = ——Qtm,
(5.1) 15—V (AsVpy) 595
0pm, o
(5.2) @m% —V-(AnVom) = qum — KQmm
1
(5.3) qrm(z,t) = m A AmVyy - N dL,
fm
1
(5.4) Gmm (T, 1) = m/r A VyY - Ny dT,
v
(55) (Pma - vy : ()‘mvy’}/) = 0, (AS Ym(l‘),
(5.6) Y(z,y,t) = Kpm(z, 1), Yy € Lom,
1 o
(57) 7($’yat) = Bpf(x’t) - Bpm(xat)a Yy S F_fma
(5.8) pf(377 0) = ,Of,init(-T), t=0,
(59) pm(x; 0) - pm,init(x)y t= O,
(5.11) (AmVzpm(z,t)) - o =0, T € 04,
(512) 7('773 Y, 0) = 7init($a y)a yE Ym(.’L‘)

Note that the variables p; and p,, depend on the global space variable z and the time ¢,
but not on the local space variable y, and the coefficients ® ¢, ®,,, m, A, Ay, and Ay, are
functions of x, while v depends on all three variables; consequently, g, and ¢, depend
on z and t. The initial values p¢(-,0) and pp,(-,0) also must depend on z alone; if the
simulation begins from an undisturbed state, the values for v(z, y, 0) should be consistent
with the initial values for p; and pp,; i.e., (5.6) and (5.7) should be satisfied at the initial
time, as well as later. Except under unusual circumstances, the boundary values for py
and p,, should be equal.

The PFM-model (5.1)—(5.12) can be characterized as a two—sheeted model, as was
the model for a TFM discussed in [2,6,11]. Here, we shall call the sheet on which the
global equations are defined the macrosheet; on it reside the equations (5.1) and (5.2) and
the associated boundary and initial conditions (5.8)—(5.11) for the two globally defined
densities. The topology on this sheet is the standard Euclidean topology on R3. Since in
the T'F'M—model there was only one global function, the density in the fissures or fractures,
the macrosheet was called the fracture sheet in that model. The second sheet, which we
call the microsheet in this model and was called the block sheet in the T'F'M—model, is
more complicated. It consists of the product space €2 x Y, with the discrete topology on
Q and the usual Euclidean toplogy on Y; i.e., the blocks are topologically disconnected.
Equation (5.5) defines the local density function, 7, subject to the boundary conditions
(5.6) and (5.7), which impose consistency in the momentum between the macrosheet and
the microsheet, and the initial condition (5.12). Consistency (conservation) in the mass
both on the macrosheet and between the two sheets is expressed by the flux conditions
(5.3)—(5.4).
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For the particular choice o = 0, 8 = 1, and k = 1, the source in the fissure equation
is equal to —qfp,, the term which represents the interaction of the fissure system with the
blocks. The source in the matrix equation equals —g¢;,,,, which accounts for the balance
of the two components of the “total density” in the matrix. Further, if I',,,, — 0, then
Gmm — 0, so that the equation (5.2) is decoupled from the system, and its solution remains
constant in time. Then, the total flux of the “local variable” goes through I'f,,, and the
system is reduced to the T'F'M model, as expected.

The system (5.1)—(5.12) can be considered as a pair of parabolic equations coupled
through an integro—differential relation dependent upon the solution of an infinite system
of parabolic equations in diagonal form. The esssential feature distinguishing flow in
fissured reservoirs from flow in unfissured media, that of the delay caused by the slower
flow in the matrix blocks, is indicated by the integral terms in the equations (5.1)—(5.2).
In the case of TFM obtained from the above system upon setting o = 0, § = 1, and
I'yum = 0, those integral terms can be represented as convolution integrals with kernels
describing the fading memory effects, as discussed in [2,20,23,24]. The integro—differential
system for the T'F'M-model reduces to the single equation

) )
(5.13) @%—V-(Afvpf):—wg, reQ tel,

with a positive, monotone decreasing kernel 7, singular at the origin. The discrete equiv-
alent of TFM-model was first shown to be mathematically well-posed by Arbogast [2].
Later, Hornung and Showalter [20] and Peszynska [23,26], using techniques related to
strongly positive kernels (see [15,22], offered other analyses as well as numerical techniques
(see[27]) for TF M by studying the integro—differential equation (5.13).

To our knowledge, there exist no analytical nor numerical results for systems analogous
to the PFM-model, described by (5.1)—(5.12). Below we show that the system is well-
posed. A numerical method, so as to be generalizable to more complex flows in a PFM,
will be developed elsewhere.

Theorem 3. Let the assumptions of the Corollary 2 from §3 hold. Then, the system
(5.1)—(5.12) is well-posed.

Proof.
This is a consequence of the general result recalled in Theorem 1. We define appropriate

spaces
H = L*(Q) x L}(Q) x L*( x Yy,),

with the scalar product

1
(u, ’U),H = /Q(@fulvl + &, usv9 + m/ quugvgdy)dx,
Ym

and

V ={v = (v1,v2,v3) € H'(Q) x H'(Q) x L*(Q, H'(Ynn)),

v1 = avy + Puz on L'y, v3 = kvg on Ly}

Note that V and H satisfy the assumptions of Theorem 1. Next, we define the form

1
a(u,v) = /Q(AfVul -Vu1 + A, Vuy - Vg + m /Y Am Vyus - Vyvgdy)da:
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and then verify that the sum, a(-,-) 4 (-, -)3 is V—coercive. This involves showing that the
“macroscopic” permeability tensors Ay and A,, are positive definite. This has been done,
for example, in [6] for a TF M. Then, using a calculation to be shown below, we conclude
that the variational form of the Cauchy problem (5.1)—(5.12) is (3.16) with u = (p¢, pm, Y)
and ug = (p,inits Pm,init, Yinit)- Hence, the well-posedness of the problem follows.

It remains to check that (3.16) is our variational problem. First, take v = (vq,v9,v3) €
V, multiply (5.5) by v3, integrate the equation over Y, and €, and apply Green’s theorem
to get

/Q/Y (gbm'y'v3+)\mvy'yvyvg)dydac:/Q(/F )\mvy'y-nmvgdf—i-/ Am Vv nmvsdl)dz
m fm

me

1
— [G [ AaVrmodt=5 [ AV mmuadres [ AV, nmoadt)ds,
18 Ffm /8 Ffm

me

where we have noted that vs = (v1 — ave)/B on I'ty, and vz = kvg on I'y,p,. Since vy and
vy are independent of y, (5.3) and (5.4) imply that the right hand side of the last identity

is equal to
«@

/S;( ‘Y‘ Qfm(%vl ﬂ’Ug) + K/UQ‘Y‘qmm)da;,

Now, multiply (5.1) and (5.2) by v; and wvq, respectively, integrate over €2, sum the two
equations, and apply the result above, scaled by the factor |Y|~!, to get

1
/((I)fp}vl+Afvpf'VU1+(I)mplm,v2+Amvpm'v'U2+m/ (Fm v3+AVyy-Vyv3dy))
Q Ym

1 o 1 1 o
= ——Q@tmV1+ =qfmV2 — KQmm? da:—l——/(quv——v——l—v K)qum>dl'.
[ (= asmert Gasmia=rtmmia)dot g [ (1¥lagm(or =00 varlY1

Since the terms on the right hand side cancel, the last equation is the desired relation
(5.14).

6. Concluding Remarks.

The essential objective above was the derivation by means of the homogenization method
of the indicated PF M model with dual-permeability. In the geological setting of rocks and
fissures in which the diffusion parameters of the two media are so extremely different, the
additional global flow through the matrix can frequently be ignored; that is, the dual-
porosity model of TF M is sufficient. In the more general situation of porous media with
two components, the other extreme would consist of a pair of component media whose
parameters are of similar order in magnitude; then the flow in each of the components is
a substantial contribution. The model of PFM with dual-permeability as developed here
contains both of these extreme cases.

Preliminary numerical experiments were undertaken to investigate the qualitative dif-
ferences in the behavior of solutions to three different models of flow in a fissured medium:
the classical single porosity model, the distributed microstructure or two-scale model of
a totally fissured medium, and the corresponding model that was introduced above for a
partially fissured medium . A sink was introduced in the fissure system, active only for an
interval of time, after which the system began to move to a new equilibrium. The values
of the responding densities as functions of time at a nearby point were recorded. We chose
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a =0 and k = 1 in the partially fissured medium in order to maximize the separation of
ps and pp,by the blocks.

The first observation was that in all models the pressure dropped downward from the
initial equilibrium value until the time at which the sink was deactivated. It was seen
that, of these three models, the fissure density of the partially fissured medium had the
largest initial response rate, and that of the totally fissured medium had the largest total
value in response to the sink. The drop in the fissure density in the totally fissured medium
was significantly more pronounced than the corresponding drop of density in the single
porosity model. This is a reflection of the fact that the fast flow in the fissure system of
the totally fissured medium provides a more efficient way to deliver fluid to the sink than
the single porosity system. Moreover, the fissure system in the partially fissured medium
initially responded even more dramatically, but the fissure density there quickly leveled
off at a somewhat higher level. This apparent stability results from the weaker coupling
to the blocks and the corresponding slower drop of block pressure in a partially fissured
medium than in a totally fissured medium. The fissures are being supplied by these blocks
during this period. The blocks in a totally fissured medium are coupled exclusively to
the fissures, so they respond more quickly to the drop in fissure density than those of the
partially fissured medium model where they are coupled to both the fissures and to the
slower matrix flow. The wide variations in block density and the correspondingly slow
flow within the blocks causes a substantial delay in the time that the system needs to
stabilize. It was precisely this last effect, observed long ago, that provided the motivation
for the development of such coupled models of flow through fractured reservoirs. Finally,
the matrix density in the partially fissured medium dropped very slowly during the period
in which the sink was active. It is this flow in the matrix which represents the connectivity
between the blocks. It drains slowly into the system of blocks, and this contributes to the
relative stabilization of the block system in the partially fissured medium in comparison
with that of the totally fissured medium.

We note that the totally fissured medium is obtained formally by setting x = 0. More-
over, by adjusting the parameters o, 3, and k, one can calibrate the model to obtain a
very wide variety of response curves. If we are given a real multi-porosity reservoir, then,
as previously referenced evidence in the literature shows, and our current simple results
confirmed, it is important to construct a fully coupled model describing the effects of the
inhomogeneous nature of the reservoir. Such two-scale models give us then the information
about the local (microscopic) distribution of the fluid. However, this information can have
a significantly different character in the dual-permeability case of interconnected blocks
from the one for isolated blocks. In reality we can expect that some part of the global flow
will occur within the interconnected system of the blocks, and this component of the total
flow is described by this model for a partially fissured medium.
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