THE STOKES SYSTEM
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1. STOKES’ SYSTEM

The motion of a (possibly compressible) homogeneous fluid is described by its density
p(x,t), pressure p(x,t) and velocity v(x,t). Assume that the fluid is barotropic, i.e., the
density and pressure are related by a state equation

p = s(p)
in which the constitutive function s(-) is non-decreasing and characterizes the type of
fluid. The conservation of mass of fluid is expressed by

p+V-(pv)=0,
and the conservation of momentum has the form
pv — (M +11)V(V - v) — iy Av + Vp = pf(x) in Q.

Here f(x) is the mass-distributed force density over Q2. These three nonlinear equations
comprise the system for a general compressible fluid.

In order to obtain a linear model to approximate the solutions of this system, we con-
sider small oscillations about a rest state at which v = 0 and, hence, the pair po(z), po(x)
satisfies

Vpo=pof(z), po=s(po).
Let ¢o(z) = @g—g(po(x)) denote the compressibility of the fluid at the rest state. Using
the chain rule with the state equation yields

9]
Vo = E[;Vpo = poco(x)pof () -
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Introduce a small parameter € > 0 to characterize the size of the oscillations and the
deviation from the rest state, and consider the corresponding asymptotic expansions

p = po(x) +ep'(z,t) + O(?),
p = po(x) +ep'(z,1) + O(e?),
v =cevl(z,t)+ O(?).

Again from the chain rule we obtain
o (1) = co(@)po(@)p! (x: 1)
Conservation of mass implies to first order in € that
pt+ Vo (pov') =0.
From conservation of momentum we get
lpo+ep V' — e + ) V(V - v') — e Av' + V(po +ep') = (po + ep')f (),
and then the definitions of rest state and compressibility give the linear system
po(x)vh — (M + ) V(V - v1) = AV + Vp' = ¢o(a)po(z)f (z) p',
co(@)p' + V- v + co(x)po(2)f(2) - v! =0,
vi=0onTy, M(V-v')n+2ue(v,n) —pn=0onT,

for small variations of a compressible fluid. Here the two sets I'y, I'y comprise a partition
of the boundary I' = 02. In the incompressible case, c¢o(x) = 0, we obtain the Stokes’
system,

pO(x>V1_u1AV1+Vp1 :Ov V'V1:07

vli=0onTy, 2ue(v,n)—pn=0onT;.

Navier-Stokes System. The material derivative of velocity has been approximated
here by the acceleration. For the calculation of the acceleration of a fluid element, the
displacement of that element along with the points must be considered. The momentum
of the small subdomain B C § travelling with the fluid is [, pv(z + u(z,t),t) dz, and
its derivative is given by the Chain rule as

/Bp (8v(:zr +;t<% D8 4 gv(w + (e, 1), 1) vy(z + u(z, 1), t)) dr.

Thus, the momentum equation for the fluid includes the additional term (v-V)v = v,0;,v,
and the corresponding system is the Navier-Stokes system

pv — AV + (v-V)v+Vp=f, V.v=0inQ,
v=0onTy, —pn+2ue(v,n)=gonly,

for a viscous incompressible fluid. Note that the quadratic nonlinearity arises from the
geometry of the motion, and it is not based on any independent assumptions.
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2. THE WEAK SOLUTION OF THE STOKES SYSTEM

The motion of an incompressible homogeneous fluid is described by its pressure p(x, t)
and velocity v(x,t). The (evolutionary) Stokes system is to find such a pair of functions
on the smoothly bounded region €2 in IR™ for ¢ > 0 which satisfy the initial-boundary-
value problem

po(z)V — pAv +Vp =1£, V-v=0in QxR",
v=0onIl xR",
v(0) = vq in Q,

where I' = 012 is the boundary of €. If we separate variables, i.e., look for a solution in
the form v(z,t) = eMu(x) for some number \, we are led to the stationary Stokes system

(2.1a) po(z)A\u — pAu+ Vp =1£, V-u=0inQ,
2.1b u=0onTl
( :

for the pair u(z), p(x). We focus on this system, but the results apply as well to the
evolutionary system.

Remark 2.1. For a pair of functions u € H'(Q), ¢ € H'(Q), we have

/V-uqu:—/u-quaH—/u-nqu
Q Q r

Formally, this shows that Ker(V-) = Rg(V)!t so we expect Rg(V) = Ker(V-)* up to
closure in appropriate spaces. Eventually, we will need to construct carefully realizations
of the gradient and divergence operators.

Now, if the pair u(z), p(z) is a solution to the stationary Stokes system (2.1), then for
every w € H'(Q) we have

)\/po(x)u~wdx+u/Vui-Vwidx—/(Vui~n)wids
Q Q r

_/Q(V.W)pdx+A(W-n)pdS:[2f'Wd$-

We define the space Vo ={w e H(Q): V-w=0inQ, w =0 on I'}. The weak form
of the problem is now to find

(2.2) ueVy: )\/on(:r;)u-wd:c—l—u/QVui-Vwidx:/Qf-wda: for all w € V.
Define a continuous bilinear form a(-,-) on Vy by
a(u,w) = /Q (Mpo(x)u-w + uVu; - Vw;)der, u, w € Vg,
and the linear functional f(-) on Vg by

f(w):/f-wdx, w € Vy,
Q
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where f € L?(Q) is given. Note that the principle part of a(-,-) is a double sum

Oou,; Ow;
Vui . sz N Z 8:cj 8xj

2,7=1

which contains all first-order derivatives. Thus, the space Vj is appropriate, and we have

the estimate
ow;
aw, w) / Z (axj)

2,7=1

This gives the ellipticity condition
(2.3) a(w,w) > ¢yl|lw||?, forallweV,

for some constant ¢y > 0. We noted already that a(-,-) is continuous in both variables
with respect to the Vi norm, and likewise the functional f(-) is continuous. We have the
following result immediately.

Theorem 2.1. There is exactly one weak solution of the stationary Stokes system
(2.4) ueVy: a(u,w)=f(w) forallw € Vy.

There remains the issue of the sense in which the weak solution of (2.2) satisfies the
strong formulation (2.1).

3. THE STRONG SOLUTION
With the space Vo ={w e H(Q): V-w=0inQ, w=0 on I'}, the weak form of
the stationary Stokes problem is given by
uc Vg: )\/po(a:)u-wdx+p/Vui-Vwidm:/f-wdm for all w € Vg .
Q Q Q

We need to characterize the annihilator of the space Vy, the kernel of the divergence
operator in H}(Q2). This will be used to show the equivalence of the weak form of the
Stokes equation with the strong formulation, and it is related to the characterization of
the range of the gradient operator in H™!().

For background, we begin with the following profound result on the annihilator of

V={velFQ)=DQ): V-v=0}

Theorem 3.1 (DeRham). Let 2 be a domain in R". Then £ = Vp in D'(2) if and only
if f(v) =0 for allveV.

A related result is the following.

Theorem 3.2. Let §2 be a bounded domain in IR"™ with Lipschitz boundary. If p € D'(2)
satisfies Vp € H1(Q), then p € L*()), and we have the estimate
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Theorem 3.2 was proved by Magenes & Stampacchia if 2 has a C'! boundary and by
Necas for the case of a Lipschitz boundary. Related results were obtained by Deny &
Lions.

Recall that the space L?*(€2) /IR is just the quotient of L?(Q) with the constant functions.
An estimate equivalent to (3.5) is

(3.6) 1Pl r2(0) < Co (! /Qp(x) dz| + HVP||H-1(Q)> :

Furthermore, these estimates are equivalent to the statement that the gradient operator

V : L*(Q) — HY(Q) has closed range.
Now we define the space V; to be the closure in Hj(Q2) of the space V.

Theorem 3.3. Let €2 be a bounded domain in R"™ with Lipschitz boundary. Then Vi =
Vo.

Proof. First we check that V; C Vi if u = limu,, in H}(Q), with u,, € V, then we
have V -u,, = V-u=0,s0ueV,

Next we show that Vi = V. Let T' € V|| and assume further that the restriction to
V; vanishes. Since Vj is a closed subspace of Hj(Q) = Hj(Q2)", T has a continuous
linear extension to all of H}(Q2), namely, t € H™!(Q). But t(v) = 0 for all v € V, so
from Theorem 3.1 and Theorem 3.2 we obtain t = Vp for some p € L?(Q). Therefore,
T(v)=t(v) = —(p,V-v) =0 for all v € Vy, and this shows that 7" = 0. Since this is
true for every T' € V|, for which T'|y;, = 0, we have V; = V|, as desired.

O

Corollary 3.4. The annihilator Vi is {Vp: p € L*()} in H1(Q), and V is dense in
Vo.

Corollary 3.5. If u is a solution of the Stokes problem, then u € H'(Q)) and there is a
p € L*(Q) for which

po(x)du — pAu+ Vp =f| V-u=0inQ,
u=0onl.

Finally, we show that from Theorem 3.2 we can obtain a restricted form of Theorem 3.1
that is sufficient for our purposes above. Thus, our Theorem 3.3 is independent of
Theorem 3.1.

Theorem 3.6 (Luc Tartar). Let Q2 be a bounded domain in R™ with Lipschitz boundary.
Then £ € HY(Q) and £(v) =0 for all v € V if and only if £ = Vp, p € L*(Q) .

Proof. Let there be an increasing sequence of open sets for which €, C Q.1 and
UQ,, = Q. For each m > 1 the gradient operator V,, € L(L*(Q),H(Q)) has closed
range. Thus, its adjoint V! € L(H}(Q), L*(Q)) is divergence, and its annihilator in
H1(Q) is Ker(V],)* = Rg(V,,).

Let f € H1(Q) and f(v) = 0 for all v € V. Then for each u € Ker(V. ), the zero-
extension to () is denoted by u, and it has compact support in 2. By a regularization
argument, U is the limit in H}(Q) of functions from V, so we have u € V and f(u) = 0.
Hence, the restriction of f to ©,, is in Ker(V!,)* = Rg(V,,), so f = Vp,, on Q,, for a
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Pm € L*(Q). Since Q,,, C Qyy1 we have pr, 1 — pr = ¢ on Q,,, and we can modify p,, 11
by a constant so that p,41 = pp on Q,,. Thus, f = Vp with p € L2 (), and then by

loc

Theorem 3.2 we obtain p € L*(2). O

4. THE NORMAL TRACE

Recall that the trace map ~: H'(2) — L*(T") is the restriction to the boundary I' of
each function u in H'(Q). The kernel of this continuous and linear map is the subspace
H;(Q) of those functions which vanish on the boundary, and it is characterized as the
closure of C§°(Q) in H'(2). We denote the range of v by B, and it follows that this is a
complete space with the quotient norm

IV = inf{|lw|m : we HY(Q) with y(w) = ¥}.

Note that B is the space of all boundary values of functions in H'(€2), and we can identify
L*(T") with its dual and obtain B C L?(I') C B’. The corresponding quotient map of
H'(Q)/H;(Q2) onto B is an isomorphism, and so also is the dual map 7/ of B’ onto
H ()%, the indicated annihilator of H}(Q2) in the dual H'(Q2)'.

Now we define the space W(Q2) = {u € L*(Q) : V -u € L*(Q)} with the graph norm

iRy = Il + IV - ullZ

It follows easily that this space is complete, and it can be shown that the smooth functions
are dense in this space. Furthermore W(2) is much larger than the space H'(Q) =
H'(Q)™ of vector-valued functions, and the injection H!(Q2) — W() is continuous. The
trace map has a natural meaning on H!(Q2), namely, componentwise, but we shall need
to extend it somewhat to all of W (). This is the point of the following result.

Theorem 4.1. There exists a unique map vy, continuous and linear from W (Q) onto
B’ such that, for all functions u € HY(Q), v,(u) = v(u) - n is the normal trace, i.e.,
the generalized restriction to the boundary I' of u-n, and this map satisfies the extended
Stokes formula

(4.7) (0, Vw)yz + (V- u,w) 2 = v, (u) (y(w)), uecW(Q), we H(Q).
Proof. Let u € W(Q) and define f € H'(Q2)' by

f(w):/Q(V-uw—l—u-Vw)dx, w e H'(Q).

For each w € H}(Q) we have f(w) = 0. (This follows first for w € C§° and then by
continuity for all w € H}(Q2).) That is, f € HJ(Q)*, so from above we see there is a
g € B for which f = +/(g) = go~. It follows that for each ) € B and for each w € H(Q)
with vy(w) = 1, the value of

(4.8) g(v) = /Q(V -uw +u- Vw)dx

is independent of the choice of w, and we have |g(¢))| < |[ul|w@q)||w| #1(q). By taking the
infimum over all such w we obtain [g(¢)| < [[ullwq)||¥||s. It follows that this continuous
linear functional on B satisfies ||g||z < ||u|lw ). We denote the dependence of this g on
u by setting g = v,(u), and this defines v, € L(W(Q),B) as desired.
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Finally, we note that for u € H*(Q2) and smooth w on Q we have

/V uw dx—/ v(u) - ny(w) dsS,

and the smooth functions are dense in H'(f2), so we have v,(u) = u-n in L*(T).
It remains to show that 7, maps onto B’. Let h € B’, and then solve the Neumann

problem for a p € H'(2) with p— Ap =0 in 2 and g_p = h on I'. That is,
n

pe H(Q): /(pq—l— Vp-Vq)dr = h(y(q)) for all g € H'(9).
Q
This has exactly one solution, and we then set u = Vp € L*(Q). It follows that V -u =
p € L*(Q), and so u € W(Q) with h = 7, (u) on T. O

Remark 4.1. By solving an appropriate Dirichlet problem, we can show that the func-
tional (4.8) satisfies ||g|lz = ||ullw@)

Remark 4.2. Note that it is only the normal component of the boundary trace that

retains any meaning for functions from W (£2).

5. THE MIXED PROBLEM

We shall consider the stationary Stokes system
Au—pAu+Vp=f£, V-u=0in 2,

u=0onTy, —pn=gonly,

Ou
Hon
for the pair u(x), p(z). Here the two sets I'g, I'; comprise a partition of the boundary
[' = 09, and we are given the functions f € L?(Q2) and g € L*(T';).

Now, if the pair u(z), p(z) is a solution to the stationary Stokes system, then for every
w € H'(Q) we have

/)\u-wda:+u/Vui-Vwida:—,u/(Vui-n)wids
Q Q r

_/Qp(v.w)dx+/r(w.n)pds_/Qf'wdm.

We define the space V.= {w € H(Q) : V-w =0inQ, w = 0 on I';}. Then our
solution is chosen from this space, and if we also choose our test function w € V above,
it follows that

/)\u-wdzv+u/Vui-Vwid:B—u/ (Vu; - n)w; ds
Q Q IR

+/ (W-n)pds:/f-wdx.
r, Q

Thus, the weak form of the problem is now to find

ueVv: /()\u~w+,uVui-Vwi) dx:/
Q

f-wdx+/ g-wds forallwe V.
Q r

As before, we obtain the following result.
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Theorem 5.1. There is exactly one weak solution u to the stationary Stokes system.

Note also that the pressure p is determined up to a constant.
Conversely, let’s assume that u is a solution of the weak form of the stationary Stokes
system. Then from the inclusion u € V we obtain u € H'(Q), V-u=01in Q, and u =

0 on I'y in the sense of boundary trace. Furthermore, by taking test functions w € Vy =
V NH(Q), we find that

Au — pAu—f € Vi,
the indicated annihilator of Vi in H™1(Q), and so it is a gradient, and we have
M- pAu—f=-Vp, pel?Q).

It follows that for each i = 1,2, ...,n we have uVu; —pe; € L*(Q) and V - (uVu; — pe;)
is the i-th component of pAu — Vp = du — f € L*(Q). This shows that we have each
uVu; —pe; € W(Q) and so there is a well-defined normal trace on the boundary. We
use this equation to substitute for f in the weak form to obtain

/(uVui-Vwi+(uAu—Vp)~w) dx:/ g-wdsforallwe V.
Q T

Since V - w = 0, the i-th component of the integrand on the left side is given by
V - [(uVu; — pe;)w;] . The generalized Stokes theorem implies that its integral over €2 is
given by

/ Yo (uVu; — pe;)w; ds,
Iy

and so from above we obtain

/(,ua—u—pn)-wdx:/g-wdsforalleV.
Iy on Iy

It is in this sense that we have

ou
p——pn=gonli.
on

Remark 5.1. Because of the special properties of the space B, the condition ~,(w) =0
on I'y is different from the condition ~,(w) =0 for allw € V.

6. THE NAVIER-STOKES SYSTEM

We shall consider the stationary Navier-Stokes system
(6.9) A —pAu+ (u-Viu+Vp=f, V.-u=0inQ, u=0onTl,

for the pair u € H'(Q), p € L*(Q2). The boundary condition is meant in the sense of
trace on I' = 99, and we are given the function f € L*(Q). This is distinguished from the
Stokes system by the nonlinear momentum term (u-V)u = u;0;u, and the corresponding
problem is the Navier-Stokes system.
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Now, if the pair u(z), p(x) is a solution to the Navier-Stokes system, then for every
w € H'(Q) we have

/)\u-wdaz+u/Vui-Vwidx—,u/(Vui-n)wids
Q Q r

_i_/Q(u.v)u.de—/Qp(V-w)dg;—k/F(w-n)pds:/Qf-wdx.

We define the space Vo = {w € H}(Q) : V-w=0inQ, w = 0onTI'}. Then our
solution belongs to this space, and if we also choose our test function w € Vi above, it
follows that

//\u-wdx—l-,u/Vui-sz-dm—F/(u-V)u-wdx:/f-wdx.
Q Q Q Q

Thus, the weak form of the problem is now to find

(6.10) uEVO:/

(Au-w+ uVu,; - Vwy) dx+/(u-V)u-wdx
Q

Q

_/f'wdxforallWEV(y
Q

Next we confirm that the additional momentum terms above are meaningful, so we
define the function

(6.11) b(u,v,w) = /Q(u -V)v-wdzx

for appropriate u, v, w. To this end, we obtain the following consequences of the Sobolev
imbedding Theorem 4.3 from our textbook.
For each u € H}, we have

lullre < CE)ullm, 1<g<oo, ifn=2,
llu|lzs < C(Q)||u|| g, if n =3,
[ulle < CQ)|ull s, if n = 4.

These lead to the following.
Lemma 6.1. If 2 <n <4, then the trilinear form b(u,v,w) is bounded on H(Q)?.

Proof. We use Holder’s inequality repeatedly.
For n = 2:

!/Uj Oyvi wy dz| < Cllugl|zsl|05vi| 2| wil| ra -
Q
For n > 3:

|/uj 05v; wi dx| < Cllugl| p2n/m—2 || 003 L2 |wil| 7
Q
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Conversely, let’s assume that u is a solution of the weak Navier-Stokes system (6.10).
Then from the inclusion u € Vy we obtain u € HY(Q), V-u=0in Q, andu=0onT
in the sense of boundary trace. Furthermore, by taking test functions w € V, we find
that

M —pAu+ (u-Viu—-feVvy,
the indicated annihilator of Vi in H™1(Q), and so it is a gradient, and we have
M —pAu+ (u-Viu—f=-Vp, pelLl*9).

Thus, u is a solution of the original system (6.9), and so these two formulations are
equivalent.
We develop some additional properties of the trilinear form b(u, v, w).

Lemma 6.2. Foru € V, and v € H}(Q) we have b(u,v,v) = 0.
Proof.

/ U (83-2]2-) U; dxr = 1/ U 83‘(1]2')2 dx = —1/(83%)(112)2 dx

so it follows by summing on all these that

1
b(u,v,v) = —3 /(V ~u)|v|grdr =0.
0

Corollary 6.3. Foru € Vg and v, w € H}(Q) we have b(u,v,w) = —b(u, w, V).
Proof.
0=0b(u,v+w,v+w)=>0buv,w)+buw,v)
0J

We shall prove there is a weak solution of the Navier-Stokes system (6.10) as a direct
application of our basic existence Theorem 2.1 of our textbook. To do so, we begin by
defining an operator A : Vo — V|, by

Atw)(w) = [

Q
We have shown in Lemma 6.1 that A(+) is bounded, and we check from above that it is
V-coercive: by Corollary 6.3 we have

Au~wd:1:—|—u/Vui-Vwidvab(u,u,W), u, w € V.
)

A(u)(u) > u/ Vu; - Vu;dr + b(u,u,u) > ¢llul|?>, w eV,
0

for some constant ¢y > 0. It remains to establish some form of continuity of A(-).

Lemma 6.4. The map u — b(u,u,-) is weakly continuous from Vg to Vi, that is, if
u,, > u in Vg then b(u,,, Uy, w) — b(u, u, w) for each w € V.

Proof. By the Rellich-Kandorochov Theorem 4.2 of the text, we have strong convergence
u,, — u in L*(Q), and so for each w € V we obtain

b(Wpy Wy W) = —b(Wy, Wy Uyy,) = — / U, j (OjW;) Ui dx — —b(u, w,u) = b(u,u,w).

Since the sequence {b(u,,, u,,, -)} is bounded in V{, the same holds for each w € V. O
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Note that the preceding result depended on the observation that for each w € V the
bilinear function b(-, w, ) is continuous on L?(().

Corollary 6.5. The operator A : Vo — V| is weakly continuous.

Theorem 6.6. There exists a weak solution u to the stationary Navier Stokes system
(6.10).

Proof. We have shown that A : V, — V| is weakly continuous, hence, of type M,
bounded, and coercive, so it is onto. O

Finally we note that the operator A is not monotone. We actually used the more gen-
eral form of our Theorem 2.1. Furthermore, we have not said anything about uniqueness
of the solution.
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